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The effects of state feedback and input transformation with
application to Lur’e systems

Zhisheng Duan, Jin-Zhi Wang and Lin Huang

Abstract— Given a linear system, necessary and sufficient
conditions are established for the existence of a state feedback
and input transformation such that the closed-loop system
becomes extended strictly positive real ESPR) or SPR. The ap-
plication to Lur’e systems is also given. The results show that
a multivariable Lur’e system with bounded sector constraints
can always be stabilized by a state feedback and input/output
coupling under a stabilizability condition. An extended Chua’s
circuit with two nonlinear functions is given as an example to
illustrate the results.

I. INTRODUCTION

Modern control theory has got a great success in theory
and applications. The idea of feedback control has been
used in linear and nonlinear systems to solve practical
engineering problems. Various feedback controller design
methods have been established, see [14], [9], [28] and ref-
erences therein. The effects of state feedback in the closed-
loop pole assignment and optimal control were studied
very early[11], [1]. Compared with state feedback or output
feedback, the input transformation has been paid much less
attention in linear system theory by now except that it
played an important role in input and output decoupling
control[26]. The effects of input transformation are always
ignored from a mathematical viewpoint, since it is only a
variable transformation. In fact, input transformation can
also be used as a design degree of freedom to improve
system properties.

The strict positive realness(SPR) and ESPR of transfer
functions are important properties of dynamic systems.
They play crucial roles in absolute stability and hyper-
stability, passivity analysis, quadratic optimal control, and
adaptive system theory[1], [19], [4], [16]. Along with the
development of the study on SPR and ESPR of transfer
functions, the corresponding algebraic conditions for SPR
have been established, namely, the Kalman-Yakubovich-
Popov(KYP) lemma[27], [20]. It has been recognized as
one of the most basic tools in systems theory. By combin-
ing frequency-domain and algebraic criteria, analysis and
synthesis for absolute stability of Lur’e systems have been
studied broadly[3], [25], [18], [2]. Special Lur’e systems,
Chua’s circuits, have also attracted a lot of interest[12], [15],
[17], [23], [24]. This paper is devoted to studying the effects
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of state feedback and input transformation for SPR, ESPR
and absolute stability of Lur’e systems.

The rest of this paper is organized as follows: In section
2, necessary and sufficient conditions are established for the
existence of a state feedback and input transformation such
that the closed-loop system is ESPR or SPR for given linear
systems. In section 3, the idea of input transformation is ap-
plied to Lur’e systems. Here we also call it input and output
coupling. It is proved that a multivariable Lur’e system with
bounded sector constraints can always be absolute stable by
choosing a state feedback and input transformation under
a stabilizability condition. Lur’e systems with unbounded
sector constraints can be considered similarly. In section 4,
an extended Chua’s circuit with two nonlinear functions is
presented as an example to illustrate the results.

II. STATE FEEDBACK AND INPUT TRANSFORMATION
FOR ESPR AND SPR

The standard definitions of ESPR and SPR are as fol-
lows[13].

Definition 1 A transfer function G(s) is said to be ESPR
if G(s) is analytic in Re(s) > 0 and satisfies G(jw) +
GH (jw) > 0 for w € RU {oo}.

Definition 2 A transfer function G(s) is said to be PR
if G(s) is analytic in Re(s) > 0 and G(\) + GH()\) > 0
for all Re(\) > 0. G(s) is said to be SPR if G(s — ¢€) is
PR for some € > 0.

Before giving the main results in this section, the follow-
ing important KYP lemma is needed.

A| B

201.22] G; -
Lemma 1 Given G(s) oD )
ESPR, if and only if there exists P > 0 such that

T _ T
(PA—i—AP PB-C )<O.

G(s) is

BTP-C -D-DT

In addition, if (A4, B) is controllable, (A, C') is observable,
C' is with full row rank and D = 0, G(s) is SPR if and
only if there exists P > 0 such that

PA+AT™P<0 PB=C".

Given a linear system
to -
y =

where A € R™*", B ¢ R™*™,C € R™", D € R™™.
The transfer function from u to y is G(s) = C(sI —

Ax + Bu,
Cx + Du, M
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A)"'B + D. We propose the following state feedback and
input transformation,

u=Kzx+ Lv, 2)
then the closed-loop system becomes

{:'v = (A+ BK)x+ BLv,
y =

(C+ DK)x+ DLw. )
In what follows, we see if there exists a state feedback and
input transformation as in (2) such that system (3) is ESPR.
For this problem, we can get the following result easily.
Theorem 1 There exists a state feedback and input
transformation as in (2) such that system (3) is ESPR, if
and only if G™!(s) € RH,, i.e., A— BD~1C is Hurwitz
stable.

Proof By Lemma 1, system (3) is ESPR, if and only if
there exists ) > 0 and any matrix Y (Y = K@) such that

AQ+ QAT +BY +YTBT BL-QCT -YTDT 0
( L"BT —CQ - DY —DL—LTDT )< '

4)
Rewrite (4) as

( AQ_+C gAT —%CT ) N ( _BD ) ¥ L+
(( —p ) L)F <o,

by the LMI method [13], [10], there exists Y, L such that
the inequality above holds, if and only if there exists A > 0
such that

( AQ QAT —qc” ),A< s )(BT - D7) <.

Bly Schur complement, the inequality above holds if and
only if D is nonsingular and the following two inequalities
hold

AQ+QATfBLVlCQ7QCTD_TBT+§QCTD_TD‘%X2<Q
()
AQ + QAT — ABBT <. ©6)

Take A sufficiently large, the inequality (5) holds if and
only if

AQ + QAT —cTD"TBT —BD'CcQ <0. (7)

Using LMI method in [13] again, there exists A such that
(6) holds, if and only if there exists Y (Y = K@) such that

AQ + QAT + BY +YTBT <.

The inequality above holds naturally when (7) holds. There-
fore, (5) and (6) hold simultaneously, if and only if (7)
holds. That is, A—BD~'C is Hurwitz stable, i.e., G~1(s) €
RH.. This completes the proof.

Corollary 1 There exists a state feedback matrix K and
input transformation L = I in (2) such that system (3) is
ESPR, if and only if A — BD~'C is Hurwitz stable and
-D - DT <.

Corollary 2 If we do not consider the state feedback,
then the problem above becomes to find a matrix L such
that G(s)L is ESPR. This is equivalent to the existence

of a common @ such that AQ + QAT < 0 and (A —
BD7'C)Q + Q(A— BD~1C)T < 0 hold simultaneously.

Remark 1 Comparing Theorem 1 with Corollary 1, one
can see that the effect of L is to adjust D such that —DL —
LTDT < 0. By the canonical LMI method, all solutions
K, L can be parameterized under the condition in Theorem
1.

Remark 2 State feedback can change the closed-loop
eigenvalues of systems, and input transformation can change
zeros of systems. We can improve system properties by
combining state feedback with input transformation. The
effects of input transformation are always ignored from a
mathematical viewpoint. In this paper, we take input trans-
formation as a design index to improve system properties.

In system (3), state feedback and input transformation
are implemented simultaneously. If we implement them
separately, we have the following system,

{J

Let uy = Kx,us = Lv, then we get a new closed-loop
system as follows,

{7

Compared with system (3), there is no state feedback in
system output in the system above. By the method in
Theorem 1, one can get
Theorem 2 If (A, B) is stabilizable and D is nonsingu-
lar, then there exists (K, L) such that system (9) is ESPR.
Proof By Lemma 1, system (9) is ESPR, if and only if
there exists @ > 0 and any matrix Y (Y = K@) such that

Az + Buy + Buso,

Cx + Dus. ®)

(A4 BK)x + BLwv, ©)
Cx + DLwv.

AQ + QAT + BY +YTBT  BL-—QCT —0
LTBT —CQ —-DL-LTDT :
(10)
Rewrite (10) as
AQ + QAT + BY +YTBT —QCT
—cQ 0 +
B B

_D>L® U+(<_D>Lm mMT <o

By the method in [10], [13], there exists L such that the
inequality above holds, if and only if there exists A > 0
such that

AQ+QAT + R —QCT Y BBT
-CQ 0 —-DBT

where R = BY + YTBT and

—BDT

AQ+ QAT + BY +YTBT <. (12)

By Schur complement as in the proof of Theorem 1, the
inequality (11) holds if and only if D is nonsingular and

AQ+QAT+BY+YTBT-BD'CcQ-QCT"D-TBT <.
(13)
(13) and (12) hold simultaneously if

AQ+QAT+BY+YTBT+BBT+QCcTDTD~1CQ < 0.
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Obviously, BBT can be cancelled by taking Y, so there
exist ) > 0 and any matrix Y such that the inequality
above holds if and only if there exist () > 0 and Y such
that

AQ+ QAT + BY +YTBT + Q¢ D TD 1cQ <.

Because of the stabilizability of (A, B), the inequality above

holds naturally. This completes the proof.

Remark 3 It is well known that the existence of a
common Lyapunov matrix for two Hurwitz matrices is
very difficult to solve, see [21] and references therein.
From (12) and (13), one can see that a special kind of
problem of the existence of a common Lyapunov matrix
under state feedback appears here, that is, if (A4, B) is
stabilizable, there exist () > 0 and a state feedback matrix
K such that (A + BK)Q + Q(A + BK)T < 0 and
(A+BK + BC)Q+Q(A+ BK + BC)T < 0. Obviously,
this problem can be generalized to the existence of ) > 0
and K such that

(A+ BK + BC1)Q + Q(A+ BK + BC,)" <0, ,
(A+ BK + BC,)Q + Q(A+ BK + BC,)" <0

for given r matrices C1,--- , C, with compatible dimen-
sions, if (A, B) is stabilizable.

In what follows, we discuss the effects of state feedback
and input transformation for SPR in strictly proper systems.
Given a linear system

{1 -

where A, B and C' are as given in (1). Under the state
feedback and input transformation as in (2), the closed-loop
system becomes

{3 :

Then by Lemma 1, if C' is with full row rank and (A, B)
is controllable, (A, C') is observable, system (15) is SPR if
and only if there exists () > 0 such that

Az + Bu,

Cu, (19

(A+ BK)z + BLv,

Cx. as)

(A+BK)Q +Q(A+BK)" <0, QCT =BL. (16)

For simplicity, in what follows we suppose C = (I, 0)
without lost of generality. Obviously, there exist () > 0 and
any matrix L such that QCT = BL if and only if CB
is nonsingular. Write ) and B as the following blocked

matrices
o Q1 Q2 - B1
Q_(Q1T2 Q2 )’ B_(B2 )’
where ()7 and B; are m X m nonsingular matrices, by
C = (I, 0)and QCT = BL, one knows that

Q1 =DBiL, Qi,=DB,L.
Then take

g I 0\ L0
S\ QLo 1)\ -BB' L)’

one gets
T _ [ @1 0 [ B:
@8 ‘( 0 QrQszQ;lQm)’ SB—( 0 )
Let
A A
SAS_l _ 1 12
( Ay Ay ’

then one can get the following result by taking congruent
transformation on (16).

Theorem 3 If C'B is nonsingular and (A, B) is stabi-
lizable, let C = (I,, 0), then there exists a state feedback
and input transformation (K, L) such that (15) is SPR if

and only if As as given above is Hurwitz stable.
Proof Taking congruent transformation by S on (16),
one gets

S(A+ BK)S™18QST + 5QsTs~T(A+ BK)TS <0,
5QsTs—TeT = SBL.

Noticing the structures of SQST and SB discussed above,
the inequality above implies that As is stable. When A, is
stable, one can find K and () such that the inequality above
holds by stabilizability of (A, B).

Remark 4 From Theorem 3, one can see that the ex-
istence of (K, L) such that (15) is SPR is equivalent to
the existence of a stable submatrix in A after a similarity
transformation. Because of the equality QCT = BL, @ and
B have a special structure. It results in a special structure
of A. In addition, the effect of L here is actually to adjust
B such that CBL is positive definite.

Remark 5 If state feedback disappears in (15), the
problem becomes to find a matrix L such that C(sI —
A)7IBL is SPR. From the proof of Theorem 3, this is
equivalent to the existence of a diagonal blocked matrix
Q = diag(Q1,Q2) > 0 such that AoQ + QAL < 0,
where Ay = SAS™!, S is the matrix defined above by
the structure of B.

III. APPLICATIONS TO MULTIVARIABLE LUR’E SYSTEMS

Consider the following multivariable Lur’e system

{7

where A,B and C are as given in (1), o(y) =
(01(y1), -+, ©m(ym))T. In the Lur’e system above, every
y; 1s only input to ¢;, i.e., it has a diagonal nonlinearity.
Combining with the idea of input transformation given
above, we consider the following input and output coupling

Az + Bu — By(y),

Cx, (7

Lur’e system under state feedback. Take v = Kz and
z = Ly, consider system
& = (A+ BK)x— By(z),
{ y = Cu, (18)

where p(2) = (¢1(21), -+, Pm(2m))T. Obviously, system
(18) is generated by (17) under state feedback and a special
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kind of output transformation. In order to study the absolute
stability of (18), we consider the following system,
{ & = (A+ BK)x— By(z), (19)
z = LCu.

One can get the following simple conclusion for the abso-
lute stability of (18).

Conclusion 1 system (18) is absolute stable if and only
if (19) is absolute stable.

Remark 6 In the viewpoint of mathematics, system
(18) is very simple, its absolute stability can be studied by
system (19). But it is interesting in the viewpoint of input
and output information coupling of systems, see [6], [7],
[8] for the effects of input and output coupling in nonlinear
systems, and [5] for the multiplier design for ESPR.

In what follows, we discuss the absolute stability of (18)
with nonlinear functions satisfying sector constraints

0<pi(0)o < po®, i=1,...,m. (20)

Suppose p = diag(u1,- - , ftm) and the transfer function
from —p(z) to z in (19) is Gxr(s) = LC(s] — A —
BK)~!B. Combining Conclusion 1 with the Popov cri-
terion for Lur’e systems[18], one can get

Conclusion 2 If there exist K and L such that =1 +
G (s) is ESPR, then system (18) is absolute stable with
sector nonlinearities (20).

By Conclusion 2 and the method in the section above,
one can get

Theorem 4 If (A, B) is stabilizable and p; are positive
bounded numbers, then there always exists (K, L) such that
(18) is absolute stable with sector nonlinearities (20).

Proof By Conclusion 2, we only prove that there always
exist K and L such that 4= + Gk (s) is ESPR, that is,
there exists P > 0 such that

P(A+ BK)+ (A+BK)'P PB-CTLT <0
BTP - LC 2t )
By the method in [22-24], there exists L such that the

inequality above holds, if and only if there exists A > 0
such that

P(A+BK)+ (A+ BK)'P-)CTC PB
BTP —out ) <V
21
and
P(A+ BK)+ (A+ BK)TP PB
( (A+ )B+TSD+ ) —2u‘1—/\1)<0(22)

hold. Obviously, if (A, B) is stabilizable and p is positive

bounded, then there always exist K and P > 0 such that
(21) and (22) hold by taking A large enough. This completes
the proof.

Theorem 5 If A is Hurwitz stable and p is positive
bounded, then there always exists L such that such that
(18)(without state feedback) is absolute stable with sector
nonlinearities (20).

Proof Obviously, if A is Hurwitz stable, (21) and (22)
always hold.

Remark 7 From Theorem 4, one can see that Lur’e
system (18) with bounded sectors can always be absolute
stable by choosing an input/output coupling matrix L under
a stabilizability condition. The extreme case here is to
choose L as a zero matrix. Of course this case has no sense.
All solutions L can be parameterized by the solutions to
the matrix inequalities by the method in [22-24], one can

choose some suitable L.
Similarly, one can also consider unbounded sector con-
straints as follows

0< pilo)o, i=1,...,m. (23)

By the traditional absolute stability of Lur’e systems, one

knows that if Gk, (s) is SPR, then system (18) is absolute
stable with nonlinear functions satisfying (23). Here the
design problems for (K, L) can be studied by the method
given in the section above.

IV. AN EXTENDED CHUA’S CIRCUIT WITH TWO
NONLINEAR FUNCTIONS

By [23], [24], Chua’s circuit can be considered as a single
input and single output Lur’e system. Some coupled Chua’s
circuits were studied in [12]. In order to study the effects of
input and output coupling here, we consider the following
extended Chua’s circuit with two nonlinear functions. Its
differential equation is as follows

v = Av + B(fi(vi1), f2(vi2))", (24)
where . L 0
CllR12 CllR12
small A = e -1 .
Ci12R12 01211%12 Cia ’
- —f11
) I, I,
Ci1 01 V11
B = 0 T , V= V12 , f1 and f5 are two
0 0 113

nonlinear functions defined as
fi(z) = G2z + 0.5(G11 — Gi2)(Jz + 1] — |z — 1]),
fo(z) = Gaoz + 0.5(G21 — G22)(|Jz + 1| — | — 1]).
Rewrite (24) as

v = Aw-—Bi(g1(), 92(42))", 25)
Y = Clv7
where
—1 _ Gio 1 0
C'111?/121 C11 ?111312 N
_ - _ Gao _
Ar = Ci2R12 C12R12 ) Ci2 Cl%z »B1 =
- —Ri11
0 i I

G110*G12 0
11 Gor1—C . 1 0 O
( 0 2101222>,01—(o 10 )
0 0

y = yl),g1(m):gz(x)20.5(|m—|—1|—|1:—1), v is as

Y2
given in (24). Obviously, system (25) is with Lur’e form.

And g; satisfy
0 <zgi(x) < 22, i=1,2.

Taking parameters Cy; = 1,012 = 10,R11 = 0,Ri12 =
1,L1 = 1/1487,G.1 = -127,Gi12 = —0.68,Go1 =
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—0.1, G2 = 2, system (25) has a canonical chaotic attractor
with these parameters [17], see Fig. 1.
(@) v11(¢),v12(t),413(¢) (b) wv11,v12,i23 space

o w0 w0 a0 w0 70 @0 w0 00

Fig. 1 The solution of (25) with initial value v(0) =
0.1,0.9, —1]7.

Let K(s) = Ci(sI — A1)"'B; be the transfer func-
tion from (gl(yl,gg(yg))* to (yhy?)* in (25). For the
parameters chosen above, A; is Hurwitz stable. By The-
orem 5, there exists L such that I + LK (s) is ESPR.

Actually, by solving LMI, one can get such a L easily,
I - —-1.279 —2.7723

—0.9959 —5.3222
following system is absolute stable,

{ v = Al'U_Bl(gl(Zl)7 gQ(ZQ))Tv
y =

Clv,
where z = (21, 22)T = Ly, Ay, By and C; are as given in
(25). See Fig. 2 for the solution of (26) at the same initial
value given above.
@ v11(t), v12(t), 113(¢)

. For this L, of course the

(26)

(b) v11,v12,1%23 space

5 a6

Fig. 2 The solution of (26) with initial value v(0) =
0.1,0.9, —1]7.

V. CONCLUSIONS

The effects of state feedback and input transformation
are studied for ESPR, SPR and absolute stability of Lur’e
systems. The results show that input transformation can play
useful roles in these kinds of problems. Compared with
state feedback, input transformation has been paid much
less attention in linear system theory. In fact input transfor-
mation can change zeros of systems, and state feedback can
change the eigenvalues of closed-loop systems. Therefore,
by combining state feedback with input transformation, one
can improve system performances effectively.
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