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Abstract— This paper proposes a state estimation scheme
for output feedback min-max model predictive control (MPC).
A set-membership state estimator bounds the current states
of the physical system. A standard state estimator provides
state feedback for the state feedback control law in MPC
optimization over the prediction horizon. The paper presents
a recursive method for the set-membership state estimation
and conditions for bounded stability of the closed-loop system.
The approach is illustrated with an example.

I. INTRODUCTION

Model predictive control (MPC) strategies generate con-
trol inputs by solving optimal control problems at each
control step using a predictive model of the system dynam-
ics [10], [11]. We call the problem solved at each control
step the MPC optimization problem. This paper concerns
MPC strategies for dealing with disturbance inputs that are
unknown but bounded. This leads naturally to min-max
optimization problems to minimize the objective function
against the worst-case value of the uncertainty. Min-max
MPC problems have also been considered for robustness
against parameter uncertainties [5], [9], [13]. For min-max
optimization, a parameterized affine feedback law is used to
obtain a solution that is less conservative than the standard
open-loop MPC optimization [1], [8], [9].

When perfect state measurements are not available, con-
trollers need to estimate the system state based on mea-
surements of system outputs. For bounded uncertainties,
set-membership state estimators have been proposed to
provide bounds on system states [2], [4]. In this paper,
both a standard state estimator and a set-membership state
estimator are used to provide state information for min-
max MPC with output feedback. The set-membership state
estimator provides a bound for the current system state.
A standard state estimator is incorporated in the MPC
optimization to estimate the state that will be available to
the feedback control law over the prediction horizon. This
reflects the fact that, with output feedback, the controller
takes the same control action for different states that can
generate the same output.

Recursive approaches to compute set-membership state
estimation have been proposed in literature [3], [6], [12],
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[14]. Precise computation of set-membership state estima-
tion was proposed in [14] for systems where the initial
state and disturbances are bounded by polytopes. But the
precise representation and computation of the polytopes can
be computationally intensive and uses excessive memory.
In this paper, we use ellipsoids to approximate bounds
on the current state. Ellipsoidal approximation algorithms
have been given in [3], [6], [12] for recursively computing
bounds on the current state of a system. Those algorithms
cannot be applied directly for the min-max robust feed-
back MPC scheme proposed in [8], however, since they
compute the optimal ellipsoidal approximation without any
constraints. The min-max MPC scheme in [8] requires that
the approximation should completely satisfy the prediction
computed at the previous control step. We propose a method
to deal with this constraint.

II. PRELIMINARIES AND NOTATION

Throughout this paper, we use 0 and I to denote the
zero matrix and the identity matrix of proper dimension,
respectively. rank (A) is the rank of the matrix A € R™*™.
range (A) is the range of A. null (A) is the null space of
A. C~ is the pseudo-inverse of a matrix C' € R™*"™, When
m < n and rank (C) = m, C~ = CT (CCT)fl. span (X)),
X C R™, is the subspace of R™ spanned from X. dim (X)
denotes the dimension of span(X). » L X means that
rTz =0 for all z € X. R+ is the orthogonal complement
of the subspace R C R™.

Several operations on sets are used to simplify the
presentation of our scheme. The linear transformation of
a set X C 1™ by a matrix A is defined as

AX ={yeR"|FIz € X 5y = Az}

The Minkowski sum between two set X C ™ and Y C R™
is defined as

XoY={zeR"|FTxeX yecVYs3z=x+y}.

If Y has only one element, i.e. Y = {y}, we denote the
Minkowski sum by X @ y. The Cartisan product between
two sets X' C R™= and )V C R™v is defined as
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The over-approximation of a set X C R™ is a set J) C ™
such that X C ).

It is difficult to compute and represent sets of reachable
states in general. In this work, a special class of sets,
ellipsoids, is used to over-approximate sets of reachable
states. An ellipsoid £ (Q,c) C R™ is is a set of points
defined by a positive semi-definite symmetric matrix ) €
R™*™ and a vector ¢ € R™:

£(Q,c) = {Q1/2r+c e R™rTr < 1},

where c is the center of the ellipsoid. The eigenvectors
of ) are the axes of the ellipsoid and the corresponding
eigenvalues are squares of the corresponding radii. When @
is nonsingular, the ellipsoid can be expressed by a quadratic
constraint:

£(Q,c) = {xeﬂ?m\(xfc)TQ’l (z—c) < 1}.

When @ is singular, the ellipsoid is said to be degenerate.

In numerical computation of the set-membership esti-
mation, we also use another special type of sets, called
cylinders. A cylinder X C R™ is a set, for which there is a
vector r € R™ such that for any point x € X, x +ar € X,
Va € R. The set of such r’s composes a subspace R, called
the direction of the cylinder X. An intersection of a cylinder
X is a set Xy € R™ such that dim (X;,¢) +dim (R) = m
and X;,,; ® R = X. The minimal intersection satisfies
that Jz € AXin, ymin _ » | R. If an intersection

wnt int

xmin — £(Q', ') is a degenerate ellipsoid, the cylinder X

int T

is an ellipsoidal cylinder, denoted by C (P, ¢). An ellipsoidal
cylinder C (P, ¢) can be defined by a quadratic constraint.

C(Pc) = {xe&m(x—c)TP(x—c) < 1}.

III. MIN-MAX MPC WITH STATE ESTIMATION

Consider an LTI system with external disturbances and
measurement noise of the form

z(k+1) =
y(k) =

subject to system constraints on states and controls pre-
sented in general as

Az (k) + Bu (k) + Fw (¢) (1)
Cz (k) + Gu (k) (2

g (@ (k)2 (k),u(k),w(k)) <0, 3)

where z € R+, u € ™+ and y € R™v are state, control
and output vectors of the system, respectively. w € W =
E(QY,c") C R™w is a disturbance bounded by the set W
and v € V = £(Q",¢") C RN™ is measurement noise
bounded by the set V. A, B, F, C and G are system
matrices of proper dimension. We assume that the system
(1)-(2) is observable and rank (C') = m,. For quadratic
object functions, we proposed the following min-max MPC
optimization in [7] for systems where the state can be

measured perfectly.

Min-Max MPC
N N—-1
. 2 2
i Y et + 3 el
’ n=1 n=0
where
K= {K{)7Kga e ’K][if—l}
0= ()
W = {wngfa"'awj]ov—l}

subject to
zh = Axb + Bub + Fwh,n=0,1,---,N -1

up = Kpzp +ap,n=1,2--+ N—1

ug:ﬂg
wheWw=£(Q",c"),n=0,1,---,N—1
xg =z (k)

Robustness Constraints

Y, €e W,n=0,1,--- N —1
Tni1 € Xop1 =€ (QF 1,60 14)
g (imjrwrl»ﬁnawn) <0
where
Tn+1 = AZ, + Bl + Fo,
Up = KpZp + @b forn #0
ay = uh

i’o = Z‘(k)

In [7], we developed an LMI-based scheme to compute
a suboptimal solution to the above min-max MPC opti-
mization. A time-varying affine state feedback law u? =
K2z, + 4P is introduced to reduce conservativeness.

The formulation above assumes that the state x (k) is
available. This work considers systems where perfect state
measurements are not available. An affine state feedback
control law is incorporated in MPC optimization uf =
KPiP 4-ub, where & denotes the estimation of the system
state z. The following full-order state estimator is incorpo-
rated into the MPC optimizations to provide state feedback
to the affine state feedback law over the prediction horizon:

#(k+1) = Az (k) + Bu(k) + L[y (k) — C2 (k)] . (4)

Putting system states and estimator states together, we have
an augmented dynamics

[iﬁiiﬂ }:[ LAC A—OLC} HEZ% }
[l &1

The following MPC optimization is formulated by incor-
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porating the dynamics of the state estimator.

Min-Max MPC with State Estimation

N N-1
min max Z ||fo||12~1 + Z ||U€L||12“u
K.,a $€,W,V — n re n

where

K= {Kvagv"'aKgl—l}
u = {ag,ay, Uy }
w = {wg,wi, - Wiy}
V= {U{]’Uga""vijil}
subject to

R I B 0 P
W LC A—LC || i
Bl [F 0
B|“ "o

y— P 4P 7P
U”n_K € +un

nTn

+
ufy = ub
whk eW=_E&(P",c")
b eV =E(PY ")
zh e Xy =E(F§,cf) =X (k)
zh = (k)
Robustness Constraints
Vig € Xy, w, € W and v, € V,n=0,1,---,N —1
-%njtl Y, = =
by S Xn =& fl 702
|: In+1 :| +1 (Q +1 +1)
g(jnyi'n+17an7@n) S 0

where
Z?n+1 _ A 0 5?77,
Zn | | LC A—LC Zn
N B N F 0 Wy,
B | 0 LG O
iy, = KPay, + @b for n #0
g = uh
i =2 (k)

There are two estimators to estimate the current state. A
standard state estimator (4) computes Z (k) to provide the
initial state of the estimator dynamics in the optimization. A
recursive set-member state estimator that is not incorporated
in the MPC optimization formulation computes X (k) to
bound the current state. In Section IV, we formulate the set-
membership estimator and present an ellipsoidal approxima-
tion scheme for numerical computation. This approximation
is used as Aj in the min-max MPC optimization with
state estimation. Let K, n = 1,2,---, N — 1, and @},
n=20,1,---, N—1, denote the optimal solution of the min-
max MPC optimization with state estimation at control step
k.

Assumption 1: There exists a set Xrr C R+ and a
control law u (k) = KrzZ (k) + trz for system (5) such

that

_ A BKrz 7
ARz 2 { LC A+ BKgs - LC ]XRZ

o []meelo m][V]

. T 5 . .
Moreover any point { 5 } € Xrz satisfies the constraint

g(z,2', Kri + gz, w) <0,

for all w € W, where 2 = Ax+ B(Kgrzi + urz) + Fw.
We call X'r7 the robust invariant set. g
The set constraints X&), on states are updated based

on predictions at the previous control step. After solving
the min-max MPC optimization with state estimation, the
controller predicts sets of reachable state as

X ) A BEL X
Fentllh = | LC A4 BKY, - LC | TRk

B .. F 0 w
o [almels ]V
forn=1,2,---,N —1, and
_ A 0 Xo
Herale 2 [LC A—LC][{:%(/{)}}
Bl o [F 07[W
o [almelo wl[V]

The predictions are computed subject to the set inclusion
constraint,

Xtk St njk—1, for n=1,--- ,N—1, and Xy, n,CXRr7.

These constraints are feasible since 2\_,’k+n| b1, N =
1,---,N — 1, and Xr7 are used as constraints in the
min-max MPC optimization with state estimation. The set
constraints X, are updated for step k + 1 by

X, = )?k+n+1|k, forn=1,---,N —1, and Xy = Xr7.
When the controller has bounds on w and v, the state
x of the system and the estimation & by the standard

T _
state estimator satisfy [1: k)" 2 (k)T] € Xyjr—1. We
impose the following constraint to the set-membership state

estimator
X (k)
s
Theorem 1: If the min-max MPC with state estimation
optimization is feasible at the first control step & = 0, it
is feasible at all control steps & > 0. Furthermore, the
state of the system (1)-(2) goes into the set [ I 0 ] Xrt
within N steps and remains there for k£ > N. 0

} C ')Ek|k—1-

Proof: Following the proof in [8], we can show that
a feasible solution for the optimization at control step k
can be constructed by the optimal solution at control step &
and the control parameter for the control invariant set. This
implies that if the optimization is feasible at control step
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k = 0, it is feasible for all £ > 0. We then can show that
[k &)
means that x (k), the state of the system (1)-(2), goes into
the set [ I 0 ]/?RI within N steps. |

In [7], we proposed a three-step LMI-based numerical
scheme to compute suboptimal solutions for the min-max
MPC optimization for systems where the state can be
measured perfectly and the disturbances are bounded by
ellipsoids. Techniques in [7] can be easily extended for the
min-max MPC optimization with state estimation. In the
next section, we present a scheme to compute an ellipsoidal
bound for current state.

goes into Xz within N step. This

IV. RECURSIVE SET-MEMBERSHIP STATE ESTIMATION

We use the following recursive set-membership state
estimator to provide bound on z (k):

X (k) 2 Xpjr—1 ﬂme, (6)

Xijg—1 2
Xkly =

AX(k—1)@® Bu(k—1)® FW (7)
{z|]FweV,5Cx+Guv=y(k)} ®)
We use ellipsoidal approximations to represent these sets,
X (k), Xyjr—1 and Xjy),. After the controller solves the

optimization problem, it computes Z (k) by (4). Since
[ 2T (k)T (k) ]T, satisfies the bound Xy ;_ defined as

z|T

T z|T
T = Cplp—1 Py Pris T C%k-1 | o4
- T|T PT P22 - T|z —
&~ Chlp 12 &~ Chlp

Xyjk—1 is an ellipsoid € (Qpr—1, Ck|k—1), Where

cz‘li_l — PPy (:ﬁ (k) — cz‘l‘:_l)

1 (20— i) (P - PER P

(20 = cifiy)| P

Unlike X1, Xyx is a hyper-cylinder satisfying:
Xy =y (k) & —GV.

Cklk—1 =

Qrk—1 =

that rank (G) = m,. Let X,j;oj

g(C G @) 6T ()T ey (k) - Ge)).
Proposition 1: Xy, is an ellipsoidal cylinder, for

which null (C) is the direction and leym] is a minimal

intersection. 0

Assume

Proof: Tt is easy to verify that for any r € null (C)
and z € Xy, v+ar € X, Va € . So, Xy is a cylinder.
Let R be direction of A},,. We have dim (R) > m, —m,,.

Any point in X,j;oj

c- (G (Q”)1/2s +y (k) — Gc“), where sTs < 1. It fol-
lows Cx =G (Q”)1/2 s+y (k)—Gc’. Since — (Q”)l/2 s+

can be expressed as x =

c’ € E(QY, "), x € Ay, that is, xlres

implies that X, @& R C Xy,

For any xk‘ye X,ﬁ;(’j and r € mll(C), zTr =
0. So, X" 1 null(C). Then dim (7" & R) >
dim (X,j;”oj) + dim (null (C)) = dim (X,fT;Oj) + Mg —
my. It’s easy to check that dim X;;Oj = m,. Since

dim (X,j;“’j ® R) < dim (X,j;”oj ) +dim (R) < my, we
have dim (R) = my; — my. So, R = null(C), that is,
null (C) is the direction of A,.

If X0 @ nll(C) C A

C (G @) s+ y (k) - ch)
1. It follows Cz = G(Q")"*s + y(t) — Gcv. Since
—(@Q")'?s + & ¢ E(Q,¢"), © ¢ Xy, which is a
contradiction. So, X,ﬁ;oj @ null (C) = Ay, Thus, X,ﬁ;oj
is a minimal intersection of Xy, .

Proposition 2: If £€(Q,c) is a minimal intersection
of C(P,c), then ¢ — ¢ € R, where R is the direction
of C(P,c), and Q and P have same number of zero
eigenvalues, i.e. dim(R). If X is a nonzero eigenvalue
of @, 1/X is a nonzero eigenvalue of P with the same
eigenvector. 0

Proof: 1t is obvious that ¢ € C (P, ¢). Since € (Q, )
is a minimal intersection of C (P, ¢), there exists an r € R
such thatc € £ (Q, ' )dr = £(Q, ¢ + r). It’s easy to verify
that £ (@, + r) is a minimal intersection of C (P, c). If
¢ # ¢ +r, there exists z € £ (Q, ¢’ + r) such that 2c—x ¢
E(Q,¢ +r). Wehave 2c—z —¢)" P(2c—z—¢) < 1.
So, 2¢ —z € C (P, ¢). Since 2c — x € span (£ (Q,c + 1)),
E(Q,)PR C C (P, c), we have a contradiction. Therefore,
c=c +r, thatis, c—c € R.

Since £ (@, ¢’) is a minimal intersection of C (P, ¢), there
exists z € £(Q, ) such that (z — )" P (z —¢) = 1. For
anyr € R,z+reC(Pc)ie, (x—c) P(x—c)=1+
rTPr < 1. So rT Pr = 0. This implies that R C null (P).

For any » € null(P) and = € C(P,c), we have
(z+r—c) " Pla+r—c)=@x—r)" P(z—r)<1. So,
r € R, that is, null (P) C R. Thus, null (P) = R, i.e. P
has dim (R) zero eigenvalues.

Since € (Q,c’) is a minimal intersection of C (P,c),
£(Q,d) L R. So £(Q,c") has dim(R) axes of zero
radius. This means that () has dim (R) zero eigenvalues.

Let A1, A2,-++, A, be nonzero eigenvalues of P and
T1,T2," ", Tm, be corresponding orthogonal eigenvectors.
Since Px; = \jz;, z; € span (P). We have x; L null (P).
It is easy to verify that

there exists =z =

S Xk|y, where sTs >

Yo

my

(67373
C(P,c)z{z L
i=1 VA

Zya?<17r€72}.

i=1

Define )’ to be the matrix that has m, —m,, zero eigenval-
ues and has 1/A;,1/Ag,---,1/),,, as nonzero eigenvalues
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with x1, -+, zy,, as corresponding eigenvectors. Since

my T m.y
E Q; T4 E ;4
i=1 i=1

the ellipsoid &€ (Q’, ') is

My

<1 for Za? <1,
i=1

my s my
5(@’,0’):{2 Zl—i—c'Za?gl}.
=1 \/)TL =1

Obviously, £ (Q’,¢') is a minimal intersection of C (P, ¢).
Since £ (Q,c’) is also a minimal intersection, @ and @’
have the same eigenvalues and the corresponding eigenvec-
tors. So, 1/A1,1/Xa,---, 1/, nonzero eigenvalues of @
and 1, -+, Zy,, are corresponding eigenvectors. |

Based on the above two propositions, we construct
Xy C(P,c) in the following way. Let c
C~ (y (k) — G¢¥). Compute eigenvalues and eigenvectors
of C-G(P*) ' GT (C‘)_T. Denote the eigenvalues by

A1, 03 Am,,0,-++,0 and the corresponding eigenvectors
by ¢1,¢2, -, ¢m,. Then, we compute P by

P = ®diag (1/)\1,-.-,1//\my70’...70) o1,
where ® = [ P Gm, ]

The set-membership state estimation needs to satisfy
X (k) C Xk|k—1 to guarantee stability of the min-max MPC
optimization with state estimation. Since A%, is a cylinder,
the optimal ellipsoids for X' (k) is &jx—1. To handle this
issue, we propose that if Aj;_; is the optimal solution,
we compute an optimal approximation X (k) of Xy N
Xjt1)y Without the constraint X}y, and propagate it for
future computation of the set-membership state estimation.
We modify recursive set-membership state estimator as

X1 2 X (k)
2 Xppp—1 N Ay

m k—1

ALY (1) €D (AF 7 Bu(m) @ FW)
X (1)#0

m=l
The optimal ellipsoidal approximation subject to this con-
straint can be computed through LMI techniques. To save
memory and reduce computation load, once the optimal
approximation is inside Xj;_1, all X (1) for | < k are
set to be empty sets.

V. EXAMPLE

We consider the following discrete-time linear time-
invariant system:

ws = [ 08 03 s+ 19 [uo+] 51w
_ a! (k)
y(k)y=[1 0] [ 22 (k) } +0.1v (k)

where z, u and y are the state, control output of the system,
respectively. w is the external disturbance to the system and
v is the measure noise. Both are bounded by the range

[-1,1]. The system state needs to satisfy an ellipsoidal
constraint defined by &€ (Q%, ¢”), where

o[} 4] me-1)

The system with eigenvalues of 1.1179 and —0.0179
is not stable. The objective is stabilize the system and to
satisfy the state constraints. The weighting matrices in the
cost function are assigned as

. [1 0
=l

We define a state estimator of the form (4) and a
ellipsoidal constraint £ (Qi, c* ) for the augmented system
(5) as

] and I'* = 100.

1 0 06 0 0
. o 4 0 36 . o
Q=16 0o 1 o |M=]|,
0 36 0 4 0

We choose the feedback n%atrix for the state observer (4) as
L= [ 0.5033 1.0599 } . An ellipsoidal control invariant
set for the augmented system (5) is given by £ (Qrz, crz)
as

0.6548 0.7872 0.3341 0.5698
0 _ 0.7872 1.0120 0.3411 0.6743
RT = 0.3341 0.3411 0.2633 0.3463

05698 0.6743 0.3463 0.5792
ecrz = [0 0 0 0],

and the corresponding control parameters are
Krz = [ —0.7356 —0.3823 ] and u%; = 0.

The system response by the min-max MPC with state

estimation is shown in Figures 1-3, where the initial state of
. T . .

the systemis [ 1 0 | and the prediction horizon is N =

2. The initial state is bounded by & (leo, 68\0>’ where
001 O

, , 0.9
@ojo = [ 0 0.01 } and ¢y = [ 0 }
We set the initial state for the state estimator as & (0) =
[ 0.6 0.0 }T. Figures 1 and 2 show the state trajectory
of the system. For the system with perfect state feedback,
we use the min-max MPC scheme proposed in [7]. The
performance of the system with state estimation is close to
that of the system with state feedback. Figure 3 illustrates
the system response in state space. The dashed ellipsoid is
the ellipsoidal constraint on the system state and the dash-
dotted ellipsoid is the projection of the control invariant set
used in the min-max MPC with state estimation. The dotted
ellipsoid is the control invariant set used in the min-max

MPC optimization for the system with perfect measurement,
which is defined as € (Q%z, ¢kz),

0.0203 0.0188 } . [ 0 ]
and ¢k = 0l

QRz = | 00188 0.0247
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with the corresponding control parameters
Krz =] —0.9412 —0.6176 | and u%; = 0.

The projection of the control invariant set to the state space
of the system is much larger than the control invariant set
for the system with perfect state measurement because of
the noise in the output measurement and the imperfect state
feedback given by the state estimator (4). The simulation
shows that the state of the system goes into the control
invariant set within N = 2 steps and the state trajectory
converges to a set smaller than the control invariant set used
in the min-max MPC with state estimation.

System Response: X

- - - state of the system with state feedback
0.8 — state of the system with output feedback
- - state of the state estimator (4)

0 20 40 60 80 100
Time Step

Fig. 1. System Response: x1

System Response: X,

- - - state of the system with state feedback
0.8} | — state of the system with output feedback
- - state of the state estimator (4)

0.6

0.4

0.2

0 20 40 60 80 100
Time Step

Fig. 2. System Response: 2

VI. CONCLUSION

This paper presents a state estimation scheme for min-
max model predictive control where the state of the system
cannot be measured perfectly. This scheme uses two state
estimators. A standard state estimator provides a state esti-
mate for the controller and a set-membership state estimator
gives a bound on the system state. A recursive method
is provided for computing ellipsoidal set-membership state
estimation. In contrast to previous schemes for recursive

System Response in State Space

2 == —
~k- state of the system with statefeedback
1.5F —s" state of the system with output feedback
,Zs— state of the state estimator (4) B

Fig. 3.

System Response in State Space

set-membership state estimation, the estimation subject to
constraints based on previous predictions. The proposed
min-max MPC with state estimation guarantees the bounded
stability of the system. Future work will address the design
of the L matrix in the state estimator (4) and the computa-
tion of the control invariant set.
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