
Min-max Feedback Model Predictive Control
with State Estimation

Dong Jia and Bruce Krogh
Department of Electrical and Computer Engineering, Carnegie Mellon University

Pittsburgh, PA 15213, USA
djia@andrew.cmu.edu, krogh@ece.cmu.edu

Abstract— This paper proposes a state estimation scheme
for output feedback min-max model predictive control (MPC).
A set-membership state estimator bounds the current states
of the physical system. A standard state estimator provides
state feedback for the state feedback control law in MPC
optimization over the prediction horizon. The paper presents
a recursive method for the set-membership state estimation
and conditions for bounded stability of the closed-loop system.
The approach is illustrated with an example.

I. INTRODUCTION

Model predictive control (MPC) strategies generate con-
trol inputs by solving optimal control problems at each
control step using a predictive model of the system dynam-
ics [10], [11]. We call the problem solved at each control
step the MPC optimization problem. This paper concerns
MPC strategies for dealing with disturbance inputs that are
unknown but bounded. This leads naturally to min-max
optimization problems to minimize the objective function
against the worst-case value of the uncertainty. Min-max
MPC problems have also been considered for robustness
against parameter uncertainties [5], [9], [13]. For min-max
optimization, a parameterized affine feedback law is used to
obtain a solution that is less conservative than the standard
open-loop MPC optimization [1], [8], [9].

When perfect state measurements are not available, con-
trollers need to estimate the system state based on mea-
surements of system outputs. For bounded uncertainties,
set-membership state estimators have been proposed to
provide bounds on system states [2], [4]. In this paper,
both a standard state estimator and a set-membership state
estimator are used to provide state information for min-
max MPC with output feedback. The set-membership state
estimator provides a bound for the current system state.
A standard state estimator is incorporated in the MPC
optimization to estimate the state that will be available to
the feedback control law over the prediction horizon. This
reflects the fact that, with output feedback, the controller
takes the same control action for different states that can
generate the same output.

Recursive approaches to compute set-membership state
estimation have been proposed in literature [3], [6], [12],
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[14]. Precise computation of set-membership state estima-
tion was proposed in [14] for systems where the initial
state and disturbances are bounded by polytopes. But the
precise representation and computation of the polytopes can
be computationally intensive and uses excessive memory.
In this paper, we use ellipsoids to approximate bounds
on the current state. Ellipsoidal approximation algorithms
have been given in [3], [6], [12] for recursively computing
bounds on the current state of a system. Those algorithms
cannot be applied directly for the min-max robust feed-
back MPC scheme proposed in [8], however, since they
compute the optimal ellipsoidal approximation without any
constraints. The min-max MPC scheme in [8] requires that
the approximation should completely satisfy the prediction
computed at the previous control step. We propose a method
to deal with this constraint.

II. PRELIMINARIES AND NOTATION

Throughout this paper, we use 0 and I to denote the
zero matrix and the identity matrix of proper dimension,
respectively. rank (A) is the rank of the matrix A ∈ �m×n.
range (A) is the range of A. null (A) is the null space of
A. C− is the pseudo-inverse of a matrix C ∈ �m×n. When
m < n and rank (C) = m, C− = CT

(
CCT

)−1
. span (X ),

X ⊆ �m, is the subspace of �m spanned from X . dim (X )
denotes the dimension of span (X ). r ⊥ X means that
rT x = 0 for all x ∈ X . R⊥ is the orthogonal complement
of the subspace R ⊆ �m.

Several operations on sets are used to simplify the
presentation of our scheme. The linear transformation of
a set X ⊂ �m by a matrix A is defined as

AX = {y ∈ �m|∃x ∈ X � y = Ax}
The Minkowski sum between two set X ⊂ �m and Y ⊂ �m

is defined as

X ⊕ Y = {z ∈ �m|∃x ∈ X , y ∈ Y � z = x + y} .

If Y has only one element, i.e. Y = {y}, we denote the
Minkowski sum by X ⊕ y. The Cartisan product between
two sets X ⊂ �mx and Y ⊂ �my is defined as[ X

Y
]

=
{

z ∈ �mx+my |∃x ∈ X , y ∈ Y � z =
[

x
y

]}
.
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The over-approximation of a set X ⊂ �m is a set Y ⊂ �m

such that X ⊂ Y .
It is difficult to compute and represent sets of reachable

states in general. In this work, a special class of sets,
ellipsoids, is used to over-approximate sets of reachable
states. An ellipsoid E (Q, c) ⊂ �m is is a set of points
defined by a positive semi-definite symmetric matrix Q ∈
�m×m and a vector c ∈ �m:

E (Q, c) =
{

Q1/2r + c ∈ �m|rT r ≤ 1
}

,

where c is the center of the ellipsoid. The eigenvectors
of Q are the axes of the ellipsoid and the corresponding
eigenvalues are squares of the corresponding radii. When Q
is nonsingular, the ellipsoid can be expressed by a quadratic
constraint:

E (Q, c) =
{

x ∈ �m| (x − c)T
Q−1 (x − c) ≤ 1

}
.

When Q is singular, the ellipsoid is said to be degenerate.
In numerical computation of the set-membership esti-

mation, we also use another special type of sets, called
cylinders. A cylinder X ⊆ �m is a set, for which there is a
vector r ∈ �m such that for any point x ∈ X , x+αr ∈ X ,
∀α ∈ �. The set of such r’s composes a subspace R, called
the direction of the cylinder X . An intersection of a cylinder
X is a set Xint ⊆ �m such that dim (Xint)+dim (R) = m
and Xint ⊕ R = X . The minimal intersection satisfies
that ∃x ∈ Xmin

int , Xmin
int − x ⊥ R. If an intersection

Xmin
int = E (Q′, c′) is a degenerate ellipsoid, the cylinder X

is an ellipsoidal cylinder, denoted by C (P, c). An ellipsoidal
cylinder C (P, c) can be defined by a quadratic constraint.

C (P, c) =
{

x ∈ �m| (x − c)T
P (x − c) ≤ 1

}
.

III. MIN-MAX MPC WITH STATE ESTIMATION

Consider an LTI system with external disturbances and
measurement noise of the form

x (k + 1) = Ax (k) + Bu (k) + Fw (t) (1)

y (k) = Cx (k) + Gv (k) (2)

subject to system constraints on states and controls pre-
sented in general as

g (x (k) , x (k) , u (k) , w (k)) ≤ 0, (3)

where x ∈ �mx , u ∈ �mu and y ∈ �my are state, control
and output vectors of the system, respectively. w ∈ W =
E (Qw, cw) ⊂ �mw is a disturbance bounded by the set W
and v ∈ V = E (Qv, cv) ⊂ �mv is measurement noise
bounded by the set V . A, B, F , C and G are system
matrices of proper dimension. We assume that the system
(1)-(2) is observable and rank (C) = my. For quadratic
object functions, we proposed the following min-max MPC
optimization in [7] for systems where the state can be

measured perfectly.

Min-Max MPC

min
K,ū

max
w

N∑
n=1

‖xp
n‖2

Γx
n

+
N−1∑
n=0

‖up
n‖2

Γu
n

where

K =
{
Kp

1 ,Kp
2 , · · · , Kp

N−1

}
ū =

{
ūp

0, ū
p
1, · · · , ūp

N−1

}
w =

{
wp

0 , wp
1 , · · · , wp

N−1

}
subject to

xp
n+1 = Axp

n + Bup
n + Fwp

n, n = 0, 1, · · · , N − 1
up

n = Kp
nxp

n + ūp
n, n = 1, 2 · · · , N − 1

up
0 = ūp

0

wp
n ∈ W = E (Qw, cw) , n = 0, 1, · · · , N − 1

xp
0 = x (k)

Robustness Constraints

∀w̃n ∈ W, n = 0, 1, · · · , N − 1
x̃n+1 ∈ Xn+1 = E (Qx

n+1, c
x
n+1

)
g (x̃n, x̃n+1, ũn, w̃n) ≤ 0
where

x̃n+1 = Ax̃n + Bũn + Fw̃n,

ũn = Knx̃n + ūp
n for n �= 0

ũ0 = ūp
0

x̃0 = x (k)

In [7], we developed an LMI-based scheme to compute
a suboptimal solution to the above min-max MPC opti-
mization. A time-varying affine state feedback law up

n =
Kp

nxn + ūp
n is introduced to reduce conservativeness.

The formulation above assumes that the state x (k) is
available. This work considers systems where perfect state
measurements are not available. An affine state feedback
control law is incorporated in MPC optimization up

n =
Kp

nx̂p
n + ūp

n, where x̂ denotes the estimation of the system
state x. The following full-order state estimator is incorpo-
rated into the MPC optimizations to provide state feedback
to the affine state feedback law over the prediction horizon:

x̂ (k + 1) = Ax̂ (k) + Bu (k) + L [y (k) − Cx̂ (k)] . (4)

Putting system states and estimator states together, we have
an augmented dynamics

[
x (k + 1)
x̂ (k + 1)

]
=
[

A 0
LC A − LC

] [
x (k)
x̂ (k)

]

+
[

B
B

]
u (k)+

[
F 0
0 LG

] [
w (k)
v (k)

]
(5)

The following MPC optimization is formulated by incor-
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porating the dynamics of the state estimator.

Min-Max MPC with State Estimation

min
K,ū

max
xp
0 ,w,v

N∑
n=1

‖xp
n‖2

Γx
n

+
N−1∑
n=0

‖up
n‖2

Γu
n

where

K =
{
Kp

1 ,Kp
2 , · · · ,Kp

N−1

}
ū =

{
ūp

0, ū
p
1, · · · , ūp

N−1

}
w =

{
wp

0 , wp
1 , · · · , wp

N−1

}
v = {vp

1 , vp
2 , · · · , vp

N}
subject to[

xp
n+1

x̂p
n+1

]
=
[

A 0
LC A − LC

] [
xp

n

x̂p
n

]

+
[

B
B

]
up

n +
[

F 0
0 LG

] [
wp

n

vp
n

]
up

n = Kp
nx̂p

n + ūp
n

up
0 = ūp

0

wp
n ∈ W = E (Pw, cw)

vp
n ∈ V = E (P v, cv)

xp
0 ∈ X0 = E (P x

0 , cx
0) = X (k)

x̂p
0 = x̂ (k)

Robustness Constraints

∀x̃0 ∈ X0, w̃n ∈ W and ṽn ∈ V, n = 0, 1, · · · , N − 1[
x̃n+1

˜̂xn+1

]
∈ X̄n+1 = E (Qx̄

n+1, c
x̄
n+1

)
g (x̃n, x̃n+1, ũn, w̃n) ≤ 0
where[

x̃n+1

˜̂xn+1

]
=
[

A 0
LC A − LC

] [
x̃n

˜̂xn

]

+
[

B
B

]
ũn +

[
F 0
0 LG

] [
w̃n

ṽn

]
ũn = Kp

n
˜̂xn + ūp

n for n �= 0
ũ0 = ūp

0

˜̂x0 = x̂ (k)

There are two estimators to estimate the current state. A
standard state estimator (4) computes x̂ (k) to provide the
initial state of the estimator dynamics in the optimization. A
recursive set-member state estimator that is not incorporated
in the MPC optimization formulation computes X (k) to
bound the current state. In Section IV, we formulate the set-
membership estimator and present an ellipsoidal approxima-
tion scheme for numerical computation. This approximation
is used as X0 in the min-max MPC optimization with
state estimation. Let Kp∗

n,k, n = 1, 2, · · · , N − 1, and ūp∗
n,k,

n = 0, 1, · · · , N−1, denote the optimal solution of the min-
max MPC optimization with state estimation at control step
k.

Assumption 1: There exists a set X̄RI ⊂ �2mx and a
control law u (k) = KRI x̂ (k) + ūRI for system (5) such

that

X̄RI ⊇
[

A BKRI
LC A + BKRI − LC

]
X̄RI

⊕
[

B
B

]
ūRI ⊕

[
F 0
0 LG

] [ W
V

]
.

Moreover any point

[
x
x̂

]
∈ X̄RI satisfies the constraint

g (x, x′,KRI x̂ + ūRI , w) ≤ 0,

for all w ∈ W , where x′ = Ax + B (KRI x̂ + ūRI) + Fw.
We call X̄RI the robust invariant set. �

The set constraints Xn on states are updated based
on predictions at the previous control step. After solving
the min-max MPC optimization with state estimation, the
controller predicts sets of reachable state as

X̄k+n+1|k ⊇
[

A BKp∗
n,k

LC A + BKp∗
n,k − LC

]
X̄k+n|k

⊕
[

B
B

]
ūp∗

n,k ⊕
[

F 0
0 LG

] [ W
V

]
,

for n = 1, 2, · · · , N − 1, and

X̄k+1|k ⊇
[

A 0
LC A − LC

] [ X0

{x̂ (k)}
]

⊕
[

B
B

]
ūp∗

0,k ⊕
[

F 0
0 LG

] [ W
V

]
.

The predictions are computed subject to the set inclusion
constraint,

X̄k+n|k⊆X̄k+n|k−1, for n=1,· · · ,N−1, and X̄k+N |k⊆X̄RI .

These constraints are feasible since X̄k+n|k−1, n =
1, · · · , N − 1, and X̄RI are used as constraints in the
min-max MPC optimization with state estimation. The set
constraints Xn are updated for step k + 1 by

Xn = X̄k+n+1|k, for n = 1, · · · , N − 1, and XN = X̄RI .

When the controller has bounds on w and v, the state
x of the system and the estimation x̂ by the standard

state estimator satisfy
[
x (k)T

x̂ (k)T
]T

∈ X̄k|k−1. We
impose the following constraint to the set-membership state
estimator [ X (k)

x̂ (k)

]
⊂ X̄k|k−1.

Theorem 1: If the min-max MPC with state estimation
optimization is feasible at the first control step k = 0, it
is feasible at all control steps k ≥ 0. Furthermore, the
state of the system (1)-(2) goes into the set

[
I 0

] X̄RI
within N steps and remains there for k > N . �

Proof: Following the proof in [8], we can show that
a feasible solution for the optimization at control step k
can be constructed by the optimal solution at control step k
and the control parameter for the control invariant set. This
implies that if the optimization is feasible at control step
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k = 0, it is feasible for all k ≥ 0. We then can show that[
x (k)T

x̂ (k)T
]T

goes into X̄RI within N step. This

means that x (k), the state of the system (1)-(2), goes into
the set

[
I 0

] X̄RI within N steps.
In [7], we proposed a three-step LMI-based numerical

scheme to compute suboptimal solutions for the min-max
MPC optimization for systems where the state can be
measured perfectly and the disturbances are bounded by
ellipsoids. Techniques in [7] can be easily extended for the
min-max MPC optimization with state estimation. In the
next section, we present a scheme to compute an ellipsoidal
bound for current state.

IV. RECURSIVE SET-MEMBERSHIP STATE ESTIMATION

We use the following recursive set-membership state
estimator to provide bound on x (k):

X (k) ⊇ Xk|k−1

⋂
Xk|y, (6)

where

Xk|k−1 ⊇ AX (k − 1) ⊕ Bu (k − 1) ⊕ FW (7)

Xk|y = {x|∃v ∈ V,� Cx + Gv = y (k)} (8)

We use ellipsoidal approximations to represent these sets,
X (k), Xk|k−1 and Xk|y. After the controller solves the
optimization problem, it computes x̂ (k) by (4). Since[

xT (k) x̂T (k)
]T

, satisfies the bound X̄k|k−1 defined as[
x − c

x|x̄
k|k−1

x̂ − c
x̂|x̄
k|k−1

]T [
P11 P12

PT
12 P22

][
x − c

x|x̄
k|k−1

x̂ − c
x̂|x̄
k|k−1

]
≤ 1,

Xk|k−1 is an ellipsoid E (Qk|k−1, ck|k−1

)
, where

ck|k−1 = c
x|x̄
k|k−1 − P−1

11 P12

(
x̂ (k) − c

x̂|x̄
k|k−1

)
Qk|k−1 =

[
1 −

(
x̂ (k) − c

x̂|x̄
k|k−1

)T (
P22 − PT

12P
−1
11 P12

)
·
(
x̂ (k) − c

x̂|x̄
k|k−1

)]
P−1

11

Unlike Xk|k−1, Xy|k is a hyper-cylinder satisfying:

CXy|k = y (k) ⊕−GV.

Assume that rank (G) = my. Let XProj
k|y =

E
(
C−G (Qv)−1

GT (C−)−T
, C− (y (k) − Gcv)

)
.

Proposition 1: Xk|y is an ellipsoidal cylinder, for
which null (C) is the direction and XProj

k|y is a minimal
intersection. �

Proof: It is easy to verify that for any r ∈ null (C)
and x ∈ Xk|y , x+αr ∈ X , ∀α ∈ �. So, Xk|y is a cylinder.
Let R be direction of Xk|y . We have dim (R) ≥ mx −my .

Any point in XProj
k|y can be expressed as x =

C−
(
G (Qv)1/2

s + y (k) − Gcv
)

, where sT s ≤ 1. It fol-

lows Cx = G (Qv)1/2
s+y (k)−Gcv . Since − (Qv)1/2

s+

cv ∈ E (Qv, cv), x ∈ Xk|y , that is, XProj
k|y ⊂ Xk|y . This

implies that XProj
k|y ⊕R ⊆ Xk|y .

For any x ∈ XProj
k|y and r ∈ null (C), xT r =

0. So, XProj
k|y ⊥ null (C). Then dim

(
XProj

k|y ⊕R
)

≥
dim

(
XProj

k|y
)

+ dim (null (C)) = dim
(
XProj

k|y
)

+ mx −
my . It’s easy to check that dim

(
XProj

k|y
)

= my . Since

dim
(
XProj

k|y ⊕R
)
≤ dim

(
XProj

k|y
)

+ dim (R) ≤ mx, we

have dim (R) = mx − my . So, R = null (C), that is,
null (C) is the direction of Xk|y .

If XProj
k|y ⊕ null (C) ⊂ Xk|y , there exists x =

C−
(
G (Qv)1/2

s + y (k) − Gcv
)

∈ Xk|y , where sT s >

1. It follows Cx = G (Qv)1/2
s + y (t) − Gcv . Since

− (Qv)1/2
s + cv �∈ E (Qv, cv), x �∈ Xk|y , which is a

contradiction. So, XProj
k|y ⊕ null (C) = Xk|y . Thus, XProj

k|y
is a minimal intersection of Xk|y .

Proposition 2: If E (Q, c′) is a minimal intersection
of C (P, c), then c − c′ ∈ R, where R is the direction
of C (P, c), and Q and P have same number of zero
eigenvalues, i.e. dim (R). If λ is a nonzero eigenvalue
of Q, 1/λ is a nonzero eigenvalue of P with the same
eigenvector. �

Proof: It is obvious that c ∈ C (P, c). Since E (Q, c′)
is a minimal intersection of C (P, c), there exists an r ∈ R
such that c ∈ E (Q, c′)⊕r = E (Q, c′ + r). It’s easy to verify
that E (Q, c′ + r) is a minimal intersection of C (P, c). If
c �= c′ +r, there exists x ∈ E (Q, c′ + r) such that 2c−x �∈
E (Q, c′ + r). We have (2c − x − c)T

P (2c − x − c) ≤ 1.
So, 2c− x ∈ C (P, c). Since 2c− x ∈ span (E (Q, c′ + r)),
E (Q, c′)⊕R ⊂ C (P, c), we have a contradiction. Therefore,
c = c′ + r, that is, c − c′ ∈ R.

Since E (Q, c′) is a minimal intersection of C (P, c), there
exists x ∈ E (Q, c′) such that (x − c)T

P (x − c) = 1. For
any r ∈ R, x+ r ∈ C (P, c), i.e., (x − c)T

P (x − c) = 1+
rT Pr ≤ 1. So rT Pr = 0. This implies that R ⊆ null (P ).

For any r ∈ null (P ) and x ∈ C (P, c), we have
(x + r − c)T

P (x + r − c) = (x − r)T
P (x − r) ≤ 1. So,

r ∈ R, that is, null (P ) ⊆ R. Thus, null (P ) = R, i.e. P
has dim (R) zero eigenvalues.

Since E (Q, c′) is a minimal intersection of C (P, c),
E (Q, c′) ⊥ R. So E (Q, c′) has dim (R) axes of zero
radius. This means that Q has dim (R) zero eigenvalues.

Let λ1, λ2, · · · , λmy
be nonzero eigenvalues of P and

x1, x2, · · · , xmy be corresponding orthogonal eigenvectors.
Since Pxi = λixi, xi ∈ span (P ). We have xi ⊥ null (P ).
It is easy to verify that

C (P, c) =

{
my∑
i=1

αixi√
λi

+ c′ + r

∣∣∣∣∣
my∑
i=1

α2
i ≤ 1, r ∈ R

}
.

Define Q′ to be the matrix that has mx−my zero eigenval-
ues and has 1/λ1, 1/λ2, · · · , 1/λmy as nonzero eigenvalues
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with x1, · · · , xmy as corresponding eigenvectors. Since(
my∑
i=1

αixi

)T (my∑
i=1

αixi

)
≤ 1 for

my∑
i=1

α2
i ≤ 1,

the ellipsoid E (Q′, c′) is

E (Q′, c′) =

{
my∑
i=1

αixi√
λi

+ c′
∣∣∣∣∣

my∑
i=1

α2
i ≤ 1

}
.

Obviously, E (Q′, c′) is a minimal intersection of C (P, c).
Since E (Q, c′) is also a minimal intersection, Q and Q′

have the same eigenvalues and the corresponding eigenvec-
tors. So, 1/λ1, 1/λ2, · · · , 1/λmy

nonzero eigenvalues of Q
and x1, · · · , xmy

are corresponding eigenvectors.
Based on the above two propositions, we construct

Xk|y = C (P, c) in the following way. Let c =
C− (y (k) − Gcv). Compute eigenvalues and eigenvectors
of C−G (P v)−1

GT (C−)−T . Denote the eigenvalues by
λ1, · · · , λmy , 0, · · · , 0 and the corresponding eigenvectors
by φ1, φ2, · · · , φmx . Then, we compute P by

P = Φdiag
(
1/λ1, · · · , 1/λmy , 0, · · · , 0)Φ−1,

where Φ =
[

φ1 · · · φmx

]
.

The set-membership state estimation needs to satisfy
X (k) ⊆ Xk|k−1 to guarantee stability of the min-max MPC
optimization with state estimation. Since Xk|y is a cylinder,
the optimal ellipsoids for X (k) is Xk|k−1. To handle this
issue, we propose that if Xk|k−1 is the optimal solution,
we compute an optimal approximation X̃ (k) of Xk+1|k ∩
Xk+1|y without the constraint Xk+1|k and propagate it for
future computation of the set-membership state estimation.
We modify recursive set-membership state estimator as

Xk|k−1 ⊇ X (k)
⊇ Xk|k−1 ∩ Xk|y⋂

X̃ (l) �=∅

[
Ak−lX̃ (l)

k−1⊕
m=l

(
Ak−m−1Bu (m) ⊕ FW)]

.

The optimal ellipsoidal approximation subject to this con-
straint can be computed through LMI techniques. To save
memory and reduce computation load, once the optimal
approximation is inside Xk|k−1, all X̃ (l) for l ≤ k are
set to be empty sets.

V. EXAMPLE

We consider the following discrete-time linear time-
invariant system:

x(k+1) =
[

0.6 0.4
0.8 0.5

]
x(k) +

[
0.6
1.0

]
u(k) +

[
0.1
0.1

]
w(k) ,

y (k) =
[

1 0
] [ x1 (k)

x2 (k)

]
+0.1v (k)

where x, u and y are the state, control output of the system,
respectively. w is the external disturbance to the system and
v is the measure noise. Both are bounded by the range

[−1, 1]. The system state needs to satisfy an ellipsoidal
constraint defined by E (Qx, cx), where

Qx =
[

1 0
0 4

]
and cx =

[
0
0

]
.

The system with eigenvalues of 1.1179 and −0.0179
is not stable. The objective is stabilize the system and to
satisfy the state constraints. The weighting matrices in the
cost function are assigned as

Γx =
[

1 0
0 1

]
and Γu = 100.

We define a state estimator of the form (4) and a
ellipsoidal constraint E (Qx̃, cx̃

)
for the augmented system

(5) as

Qx̃ =

⎡
⎢⎢⎣

1 0 0.6 0
0 4 0 3.6

0.6 0 1 0
0 3.6 0 4

⎤
⎥⎥⎦ and cx̃ =

⎡
⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎦.

We choose the feedback matrix for the state observer (4) as
L =

[
0.5033 1.0599

]T
. An ellipsoidal control invariant

set for the augmented system (5) is given by E (QRI , cRI)
as

QRI =

⎡
⎢⎢⎣

0.6548 0.7872 0.3341 0.5698
0.7872 1.0120 0.3411 0.6743
0.3341 0.3411 0.2633 0.3463
05698 0.6743 0.3463 0.5792

⎤
⎥⎥⎦

cRI =
[

0 0 0 0
]T

,

and the corresponding control parameters are

KRI =
[ −0.7356 −0.3823

]
and u0

RI = 0.

The system response by the min-max MPC with state
estimation is shown in Figures 1–3, where the initial state of
the system is

[
1 0

]T
and the prediction horizon is N =

2. The initial state is bounded by E
(
Qx

0|0, c
x
0|0
)

, where

Qx
0|0 =

[
0.01 0
0 0.01

]
and cx

0|0 =
[

0.9
0

]
.

We set the initial state for the state estimator as x̂ (0) =[
0.6 0.0

]T
. Figures 1 and 2 show the state trajectory

of the system. For the system with perfect state feedback,
we use the min-max MPC scheme proposed in [7]. The
performance of the system with state estimation is close to
that of the system with state feedback. Figure 3 illustrates
the system response in state space. The dashed ellipsoid is
the ellipsoidal constraint on the system state and the dash-
dotted ellipsoid is the projection of the control invariant set
used in the min-max MPC with state estimation. The dotted
ellipsoid is the control invariant set used in the min-max
MPC optimization for the system with perfect measurement,
which is defined as E (Qx

RI , cx
RI),

Qx
RI =

[
0.0203 0.0188
0.0188 0.0247

]
and cx

RI =
[

0
0

]
,
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with the corresponding control parameters

KRI =
[ −0.9412 −0.6176

]
and u0

RI = 0.

The projection of the control invariant set to the state space
of the system is much larger than the control invariant set
for the system with perfect state measurement because of
the noise in the output measurement and the imperfect state
feedback given by the state estimator (4). The simulation
shows that the state of the system goes into the control
invariant set within N = 2 steps and the state trajectory
converges to a set smaller than the control invariant set used
in the min-max MPC with state estimation.
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Fig. 1. System Response: x1
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VI. CONCLUSION

This paper presents a state estimation scheme for min-
max model predictive control where the state of the system
cannot be measured perfectly. This scheme uses two state
estimators. A standard state estimator provides a state esti-
mate for the controller and a set-membership state estimator
gives a bound on the system state. A recursive method
is provided for computing ellipsoidal set-membership state
estimation. In contrast to previous schemes for recursive

−1 −0.5 0 0.5 1
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
System Response in State Space

 x
1

 x
2

state of the system with state feedback
state of the system with output feedback
state of the state estimator (4)

Fig. 3. System Response in State Space

set-membership state estimation, the estimation subject to
constraints based on previous predictions. The proposed
min-max MPC with state estimation guarantees the bounded
stability of the system. Future work will address the design
of the L matrix in the state estimator (4) and the computa-
tion of the control invariant set.

REFERENCES

[1] A. Bemporad. Reducing conservativeness in predictive control of
constrained systems with disturbances. In Proceedings of the 37th
IEEE Conference on Decision and Control, pages 1384–1389, 1998.

[2] A. Bemporad and A. Garulli. Output-feedback predictive control
of constrained linear systems with disturbances via set-membership
state estimation. International Journal of Control, 73(8):655–665,
2000.

[3] D.P. Bertsekas and I.B. Rhodes. On the minimax reachability of
target sets and target tubes. Automatica, 7:233–247, 1971.

[4] R. Findeisen and F. Allgower. Min-max output feedback predictive
control with guaranteed stability. In the 16th Mathematical Theory
of Networks and Systems Conference (MTNS2004), 2004.

[5] H. Genceli and M. Nikolaou. Robust stability analysis of constrained
l1-norm model predictive control. Journal of AIChE, 39(12):1954–
1965, 1993.

[6] J.D. Glover and F.C. Schweppe. Control of linear dynamic systems
with set constrained disturbances. IEEE Transactions on Automatic
Control, AC-16:411–423, 1971.

[7] D. Jia, B. H. Krogh, and O. Stursberg. An LMI approach to
robust model predictive control. Jounal of Optimization Theory and
Applications, 127(2), 2005.

[8] D. Jia and B.H. Krogh. Min-max feedback model predictive control
for distributed control with communication. In Proceedings of the
American Control Conference, pages 4507–4512, 2002.

[9] M.V. Kothare, V. Balakrishnan, and M. Morari. Robust constrained
model predictive control using matrix inequalities. Automatica,
32(10):1361–1379, 1996.

[10] M. Morari and J.H. Lee. Model predictive control: past, present
and future. Computers and Chemical Engineering, 23(4/5):667–682,
1999.

[11] S.J. Qin and T.A. Badgwell. An overview of nonlinear model
predictive control applications. In F. Allgwer and A. Zheng, editors,
Nonlinear Predictive Control, pages 369–393. Birkhuser, 2000.

[12] F.C. Schweppe. Recursive state estimation : unknown but bounded
errors and system inputs. IEEE Transactions on Automatic Control,
AC-13:22–28, 1968.

[13] P.O.M. Scokaert and D.Q. Mayne. Min-max feedback model pre-
dictive control for constrained linear systems. IEEE Transactions on
Automatic Control, 43(8):1136–1142, 1998.

[14] J.S. Shamma and K.Y. Tu. Set-valued observers and optimal
disturbance rejection. IEEE Transactions on Automatic Control,
44:253–264, 1999.

267


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


