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Abstract— This paper presents a mixed-integer linear re-
formulation for a subclass of two-level nonlinear discrete-
continuous decision problems also known as Stackelberg
strategic games. Solving the original (two-level and nonlinear)
model is algorithmically challenging. In fact, even global
solvers for standard (or single-level) mixed-integer nonlinear
programs are difficult to implement and relatively inaccessible.
The proposed transformation allows solving this class of Stack-
elberg games using mixed-integer linear programming theory
for which optimized solvers with large-scale computational
capabilities have been reported. Furthermore, the proposed
reformulation is achieved without adding any new integer
variables to the original model, a desired computational
property in case a large portion of the search tree has to
be enumerated.

I. INTRODUCTION

Consider the following class of optimization problems,
also known as Stackelberg games or bilevel programs [1]:

[P1] min
u

cT
0 u1 + cT

1 x̂1(u2) + cT
2 (u2)x̂2(u2) (1a)

s.t. h(u, x̂(u2), λ) ≥ 0 (1b)

u ∈ U1 × U2 (1c)

where x̂(u2) ∈ arg min
x

dT
1 x1 + dT

2 (u2)x2 (1d)

s.t. A1x1 + A2(u2)x2 = b(u2) (1e)

x1, x2 ≥ 0 (1f)

where n1, n2, m, p11, p12, and p12 are nonnegative integers,
p1 = p11+p12, x1 ∈ R

n1 , x2 ∈ R
n2 , u1 ∈ U1 ⊂ {0, 1}p11×

R
p12 , u2 ∈ {0, 1}p2 , b(u) ∈ R

m, c1 ∈ R
n1 , c2(u) ∈ R

n2 ,
d1 ∈ R

n1 , d2 ∈ R
n2 , A1 ∈ R

m×n1 , A2 ∈ R
m×n2 , h, b, c2,

d2 and A2 are affine in their respective arguments.
Program (1) models a class of decision situations in-

volving two players who try to optimize their respective
objective functions over a jointly dependent set. The first
player (or the leader or the upper-level decision maker) has
explicit control only on a subset of the decision variables,
denoted by u, and the second player (or the follower or
the lower-level decision maker) has explicit control on the
complement subset of the decision variables, denoted by x.
Assuming that both players are rational, the first player must
take into account the optimal reaction vector of the second
player when selecting his decision vector. Furthermore, note
that for a fixed leader’s decision sub-vector u2, the lower-
level problem is a linear program.
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Remark 1: For conciseness, we will hereafter denote by
[P1] the class of mathematical programs including (1) and
any mathematical program transformable to (1) by lineariza-
tion, using possibly additional binary variables, continuous
variables, or constraints.

The following assumptions are supposed to hold through-
out this paper.

Assumption 1: For simplicity or practical purposes, we
assume that the convex hulls of the sets defined by (1c),
and (1e)–(1f), and by (1b), (1c), and (1e)–(1f) are nonempty
and bounded, which ensures that (1) is well posed.

Assumption 2: The objective functions z1 and z2 are
bounded for all u and x satisfying Assumption 1.

Assumption 3: For any given upper-level decision sub-
vector u2 ∈ U , the optimal reaction set of the lower-level
problem is bounded.

Assumption 4: Given any upper-level decision vector
u0 ∈ U , the linear independence constraints qualification
(LICQ) holds for (1d)–(1f).

An example of application of the aforementioned opti-
mization model arises from the need to maximize some
measure of network security under intentionally disruptive
threat [2], [3].

The main objective of this paper is to cast [P1], which is
a two-level mathematical program, into an equivalent one-
level mixed integer linear program for which efficient global
solvers exist.

Next, we present an exact solution approach to (1), which
requires no additional binary variables.

II. MAIN RESULTS

The main contributions of this paper are summarized in
the following results.

Theorem 1: Problem (1) is equivalent to the following
mathematical program in standard (i.e. one-level) format:

[P2] min
u,x,λ

cT
0 u1 + cT

1 x1 + cT
2 (u2)x2 (2a)

s.t. h(u, x, λ) ≥ 0 (2b)

u ∈ U1 × U2 (2c)

A1x1 + A2(u2)x2 = b(u2) (2d)

x1, x2 ≥ 0 (2e)

λT A1 ≤ dT
1 (2f)

λT A2(u) ≤ dT
2 (2g)

λ ∈ R
m (2h)

dT
1 x1 + dT

2 (u2)x2 = λT b(u2) (2i)
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A short proof of Theorem 1 can be established by
invoking the fundamental strong duality theorem in linear
programming and its converse (e.g. see [4]).

Although Theorem 1 allows the use of one-level opti-
mization algorithms, note that P2 ∈ [P2] is, in general, an
instance of a mixed-integer nonlinear program for which
global solvers are difficult to implement and relatively in-
accessible. Mixed-integer linear algorithms, however, have
been extensively studied, and optimized solvers with large-
scale capabilities are available (e.g. see [5]). We now derive
an exact mixed-integer linear program that produce optimal
solutions to instances of [P1].

Nonlinear terms in [P2] consist of products of continuous
primal and dual variables from the lower-level problem, and
binary upper-level decision variables. Linearization schemes
for such product terms have been previously reported in
the mixed-integer programming literature (e.g. see [6]). For
example, the vectors u, λ, and x are feasible in (2g) if and
only if they satisfy the mixed-integer linear system:∑

i

∑
k

aijk(λi − λ̃ijk) ≤ d2j , ∀j (3a)

−(1 − uk)λijk ≤ λ̃ijk ≤ (1 − uk)λijk, ∀i, j, k (3b)

−ukλijk ≤ λi − λ̃ijk ≤ ukλijk, ∀i, j, k (3c)

where λijk and λijk are lower and upper bounds, respec-
tively, on the dual variable λi.

Note that an equivalent system of equations can simi-
larly be derived for the remaining product terms in (2),
thereby yielding a class of mixed-integer linear programs,
hereinafter denoted by [P3].

Theorem 2: Let F(P1) and F(P2) denote the feasible
sets of P1 and P2, respectively. Let O(P1) and O(P2)
denote the optimal sets of P1 and P2, respectively. Then
either of the following conditions hold:

1) F(P1) and F(P2) are empty;
2) F(P1) is nonempty bounded, F(P2) is unbounded,

and O(P3) is nonempty bounded.
For some element (x, y), let πx(x, y) denote the projec-

tion of (x, y) onto its x-component; that is, πx(x, y) = x,
and define the projection ΠS1

(S2) of a set S1 onto a set S2

by ΠS1
(S2) = {πx(x, y) : x ∈ S1, (x, y) ∈ S2}.

Theorem 3: A decision vector (u0, x0, λ0) ∈ U ×R
n+m

is feasible in P1 only if πx(u0, x0, λ0) is an extreme point
of the polytope {x ∈ R

n : A1x1 + A2(πu2
(u0))x2 =

b(πu2
(u0)), x ≥ 0}.

Proposition 1: There exists some real vector λ̄ ∈ R
m

with ‖λ̄‖ < ∞ such that πF(P1)(O(P3)) = O(P1).
Proof: For fixed u, let xB(u) be an optimal basis

to (1d)–(1f) in P1. From linear programming theory, there
exists a permutation matrix P ∈ R

m×m such that

x(u) = P (u)x̃(u), (4a)[
B(u) N(u)

]
= A(u)P (u) (4b)

x̃(u) = (x̃B(u), x̃N (u)), (4c)

λT (u) = cT
B(u)B−1(u). (4d)

where B(u) is an optimal basis matrix. Note that the
existence of a (regular) basis matrix B(u) is guaranteed
by Assumption 4. Taking the norm of (4d), we have

‖λT (u)‖ = ‖cT
B(u)B−1(u)‖ (5a)

≤ ‖cT (u)‖‖B−1(u)‖ (5b)

Theorem 4 (Projection of P3 onto P2): Assume γijk,
for all i, j, and k, are selected sufficiently large such
that for every optimal solution to P3, uk = 1 only if
−ukλijk ≤ λi, and λi ≤ ukλijk, for all i, j, k, are
nonbinding. Then (u∗, x∗, λ∗, λ̃∗) is optimal in P3 entails
(u∗, x∗, λ∗, λ̃∗) is optimal in P2.

It is possible to substitute a product of 0-1 decision
variables by an equivalent set of mixed-integer linear equal-
ities or inequalities without any additional integer variables,
which leads to the following results.

Theorem 5 (Extension to weak [P1]): Let weak [P1] be
the class of Stackelberg games obtained from [P1] by
weakening the conditions on h, b, c2, d2 and A2 such
that each component of the said functions is a sum of
monomials in the integer decision variables. Thus weak
[P1] contains [P1]. Then, the aforementioned mixed-integer
linear transformation is applicable to weak [P1].

For practical purposes, it is desirable to obtain tighter
bounds on λi, for all i. This could be achieved by algebraic
schemes for the computation of exact bounds for the solu-
tion set of linear interval systems (e.g. [7], [8]), or some
modification to an iteration of the simplex algorithm.

III. CONCLUSION

An approach has been proposed for globally solving
a class of nonlinear two-level decision problems, using
available mixed-integer linear programming algorithms. Re-
search is ongoing to derive tighter bounds on the linear
relaxations of the mixed-integer linear reformulation.
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