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Abstract— Singularly impulsive (or generalized impulsive)
dynamical systems are systems which dynamics are charac-
terized by the set of differential, difference and algebraic
equations. They represent the class of hybrid systems, where
algebraic equations represent constraints that differential and
difference equations need to satisfy. For the class of nonlinear
uncertain singularly impulsive dynamical systems we present
robust stability analyze results.

I. INTRODUCTION

Singularly impulsive or generalized impulsive dynamical
systems has been recently presented in [1]. Dynamics of
this systems is characterized with the set of differential,
difference and algebraic equations,wherein algebraic equa-
tions represents constraints that differential and difference
equations need to satisfy. Applications of this class of
systems can be found in contact problems.

For the class of nonlinear uncertain singularly impulsive
dynamical systems in this paper we give robust stability
analyze results. In doing so, we generalize robust stability
results developed in [2]. At first, for the class of nonlinear
uncertain singularly impulsive dynamical systems, given
a hybrid performance functional, we develop sufficient
conditions for robust stability. Next, for the dynamics of
the system written in form of the nominal dynamics plus
perturbation, we derive robust stability results. Then, we
specialize results to the linear uncertain singularly impulsive
case.

Finally, in this paper we use the following standard
notation. Let R denote the set of real numbers, let A/ denote
the set of nonnegative integers, let R" denote the set of nx1
real column vectors, let R™”*"™ denote the set of n X m real
matrices, let S™ denote the set of n X n symmetric matrices,
and let N (resp., P™) denote the set of n X n nonnegative
(resp., positive) definite matrices, and let ,, or I denote the
n X n identity matrix. Furthermore, A > 0 (resp., A > 0)
denotes the fact that the Hermitian matrix is nonnegative
(resp., positive) definite and A > B (resp., A > B) denotes
the fact that A — B > 0 (resp., A — B > 0). In addition,
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we write V' (x) for the Fréchet derivative of V'(-) at x, and
oS ,S .S denote the boundary, the interior, and a closure
of the subset S C R™, respectively. Finally, let CY denote
the set of continuous functions and C* denote the set of
functions with 7 continuous derivatives.

II. ROBUST STABILITY ANALYSIS OF NONLINEAR
UNCERTAIN SINGULARLY IMPULSIVE DYNAMICAL
SYSTEMS

In this section we present sufficient conditions for robust
stability for a class of nonlinear uncertain singularly impul-
sive dynamical systems. We consider the problem of eval-
uating a performance bound for a nonlinear-nonquadratic
hybrid cost functional depending upon a class of nonlinear
uncertain singularly impulsive dynamical systems. It turns
out that the cost bound can be evaluated in closed-form as
long as the hybrid cost functional is related in a specific
way to an underlying Lyapunov function that guarantees
robust stability over a prescribed uncertainity set. Here, we
restrict our attention to nonlinear state-dependent singularly
impulsive dynamical system [1] G given by

fe(z(t)),
fa(z(t)),
where ¢ > 0, 2(t) € D C R™, D is an open set with

0 € D, t; denotes the k' instant of time at which z(t)
intersects Z, f. : D — R™ is Lipschitz continuous and

Bei(t) =
Ed Ax(t) =

z(t) € Z, ()

satisfies f.(0) =0, fq : D — R™ is continuous and satisfies
fa(0) =0, and Z C R™ is the resetting set. Matrices E,
E4 may be singular matrices. From this we can explore
different models:

Incase E. =1, Eq = I, (1), (2) represent standard im-
pulsive dynamical systems described in [3], [4]; in absence
of discrete dynamics they specialize to singular continuous-
time systems, with further specialization £, = I to stan-
dard continuous-time systems; if only discrete dynamics is
present they specialize to singular discrete-time systems,



with further specialization Fy = I to standard discrete-
time systems. Therefore, theory of the singularly impulsive
or generalized impulsive dynamical systems can be viewed
as a generalization of the singular and impulsive dynamical
system theory.

We refer to the differential equation (1) as the continuous-
time dynamics, and we refer to the difference equation (2)
as the resetting law. Furthermore, F. and Fgq denote the
class of nonlinear uncertain singularly impulsive dynamical
systems with foo(-) € Fe and fqo(-) € Fq defining the
nominal nonlinear singularly impulsive dynamical system
for the continuous-time and the resetting dynamics, respec-
tively. Note that since the resetting set Z is a subset of the
state space D and is independent of time, state-dependent
singularly impulsive dynamical systems are time-invariant.
In this paper we assume that existence and uniqueness
properties of a given state-dependent singularly impulsive
dynamical systems are satisfied in forward time. For details
see [5].

We make the following additional assumptions:

AL If z(t) € Z\Z, then there exists € > 0 such that, for
all 0 < <e x(6,2(t) & Z.

A3.If z € Z, then Eqz + fa(z) & Z, fa(-) € Fa.

Assumption Al ensures that if a trajectory reaches the
closure of Z at a point that does not belong to Z, then the
trajectory must be directed away from Z, that is, a trajectory
cannot enter Z through a point that belongs to the closure
of Z but not to Z. Furthermore A2 ensures that when a
trajectory intersects the resetting set Z, it instantaneously
exists Z. Finally, we note that if ¢y € Z, then the system
initially resets to Eqzd = Eaxo + fa(zo) which serves
as the initial condition for the continuous dynamics (1). It
follows from Al and A2 that 9Z N Z is closed and hence
the resetting times 7y (xp) are well defined and distinct.
Furthermore, it follows from A2 that if * € D satisfies
fa(z*) = 0, then x* ¢ Z. In particular, we note 0 & Z.
For further insights on Assumptions the interested reader is
referred to [1], [3].

For the following result let L.,Lq : D — R, and let
Fe CH{fe : D — R" : f.(0) = 0} and Fq C {fa :
D — R : f4(0)
ear uncertain singularly impulsive dynamical systems with
feo(+) € Fe and fao(-) € Fq defining the nominal nonlinear
singularly impulsive dynamical system on continuous-time

0} denote the class of nonlin-

and discrete-time dynamics, respectively. For the following
result and a remainder of the paper we denote the resetting
times 7x(xo) by tg, and for simplicity of exposition, we
also define (fc(-), fa(-)) € Fe x Fa=F and Njg4) = {k :

8

0 <ty < t}. Within the context of robustness analysis, it
is assumed that the zero solution z(t) = 0 to the nominal
nonlinear singularly impulsive dynamical system (1), (2)
is asymptotically stable. Furthermore, we assume that an
infinite number of resetting occurs.

Theorem 2.1: Consider the nonlinear uncertain singu-
larly impulsive dynamical system G given by (1), (2), where
(fc(), fa(+)) € F, with performance functional

J(mo):/OOOLC(x(t))dt—i— > La(a(te)).

kEN[o,oo)

3)

Furthermore, assume there exist functions I'c,I'q : D — R
and V : D — R, where V(-) is C! function, such that

V(0) =0, 4)
V(i) >0, €D, x#0, 3)
V' (@) fe(@)<V' (@) feo (2 )+ e (@),
v ¢ Z, fo() €Fe, (6)
V'(z)feo(z) +Te(z) <0, z&Z, x#£0, ()
Le(z) + V'(2)feo(x) + Te(z) =0, ¢ Z, (8)
V(Eqz+ fa(x)) =V (2) <V (Eqz+ fao(z))—V ()
Ha(z), z€2Z, fa(-) € Fu, 9
V(Eaz + fao(z)) — V(2) + La(z) <0,
T € Z, (10)
La(z)+V (Eqz+ fao(z)) =V (z)+Ta(x) =0,
T € Z,
(11)

where (foo(+), fao(-)) € F defines the nominal nonlinear
singularly impulsive dynamical system. Then there exists
a neighborhood Dy C D of the origin such that if zg €
Do, then the zero solution z(t) = 0 to (1), (2) is locally
asymptotically stable for all (f.(-), fa(-)) € F, and

J(x0) < T (w0) = V(20),

sup
(fe()fa(-)eF

where

J (o)

(12)

Aﬂumm+nwmw
+ > [La(a(te) + Ta(z(te))], (13)

kE/\/’[O,W)
and where z(t), ¢ > 0, is a solution to (1), (2) with
(fe(@(?)), fa(@(tr))) = (feo(a(t)), fao(x(tk))). Finally, if
D = R" and

V(z) - 00 as || — oo, (14)

then the zero solution z(t) = 0 to (1), (2) is globally
asymptotically stable for all (f.(-), fa(-)) € F.



Proof: Let (fc(-), fa(:)) € F and xz(t), satisfies (1),
(2). Then,

V(a(t) = S V(D) = V(o) fela)

z(t) & Z,tp <t <tpi1. 15)
Hence, it follows from (6) and (7) that
V(zt) <0, z@t)€Z, x(t)#0,t; <t<tp. (16)
Furthermore,
AV(z(ty)) = V(EBax(te) + fa(z(tr)))
~V(xz(ty),  x(ty) € Z. (A7)
Hence, it follows from (9) and (10) that
AV (x(ty)) <0, z(ty) € Z. (18)

Thus, from (4), (5), (16), and (18) it follows from Theorem
3.2 of [6] that V(-) is Lyapunov function for (1), (2), which
proves local asymptotic stability of the zero solution z(t) =
0 for all (f.(-), fa(-)) € F. Consequently, z(t) — 0 as t —
oo for all initial conditions zy € Dy for some neighborhood
Dy C D of the origin. Now, (15) and (17) imply that

0= V() + V'(x(t)) fo(z(t),
te <t <tpq1
0= —AV(z(ty)) + V(Eax(ty) + fa(z(tr)))
—V(xz(tk)), z(tk) € Z.

x(t) & Z,
(19)

(20)

From (19), using (6) and (8),

Le(z(t)) = —V(2(t) + Le(z(t) + V' (2(t)) fe(x(t))
< =V(@(t) + Le(x(t) + V' (w(t)) feo ((t)) + Te(a(1))
—V(xz(t), zt)¢gZ, tp<t<tpi. Q21

From (20), using (9) and (11),

La(z(ty)) = —-AV(x(tr))+ La(z(ty)) + V(Eax(tx)
+fa(z(te))) — V(z(tr))
< —AV(z(tk)) + La(z(t)) + V(Eaz(ty)
+fao(z(tk))) — V(z(tk)) + Lalz(tr))

—AV(z(ty)), x(ty) € Z. (22)

Now, integrating over the interval [0,t) with Ny, =

{1,2,....,1i,

/()tLC(x(s))ds+Z La(z(ty)) = /Ot'iLC(x(s))dS

’CE/\/’[()J,)
tit1

Le(x(s))ds + La(x(tit1))

.7} 1) and (22) yield

+La(z(ts) + /

o +/thc<:c<s>>ds T La(a(t;)) +/t Lo(w(s))ds

< =V(2(t:)) + V(zo) — V(Eaz(t:) + fa(z(t:)))

+V (2(ti)) = V(@(tis1)) + V(e(t)) = V(Eaz(ti)

+fa(@(tiv1))) + V(@(tiv1)) + ... = V(z(t;))

+V (x(t]_,)) = V(Eax(t, )+fd( z(t;))) + V(z(¢;))
=V (x(t)) + V(=(t]))

< =V(2(t:)) + V(zo) —

T

) V(x(th)) + V(x(t ))

—V(x(tm)) +V (@) = V(=) +
V(x(t;) + V(x(t]_y)) - V(a(t; ))
( (t)) = V(x(t) + V(2(t]))
—V(x(t)) + V(zo).
Letting t — oo and noting that V' (z(t)) — 0 for all g € Dy
yields Jiy, r.y(20) < V(x0). Next, let z(t), t > 0, satisty
(D), (2) with (fe(z(t)), fa(2(t))) = (feo(x(t)), fao(2(1)))-
Now, from (19), using (8),
Le(x(t)) + Te(z(t)) = —V(x(t)) + Le(x(t))
V' (@(t)) feo (2(t)) + Te(2(t))

(23)

= —V(x(t)), c(t) € 2, tp <t<tpi1.24)
From (20), using (11),
La(z(ty)) +Ta(z(tr)) = —AV(x(tr))+La(z(te))+
V(Eaz(tk) + fao(z(te))) =V (2(tr))) +Ta(2(tr))
= —AV(2(ty)), x(ty) € Z. (25)

Now, integrating over the interval [0,7) with N =
{1,2,...,4,...,7}, (24) and (25) yield

JolLe(@()+Te(@(e)]dt T e pr, [La(z(te) - (26)
I'q ( (tr))l= =V ((t) + V(zo).

Letting ¢ — oo and noting that V(z(t)) — 0 for all
xo € Dy yields J(x9) = V(xo). Finally, for D = R"
and for all (f.(-), fa(-)), global asymptotic stability of the
zero solution z(t) = 0 to (1), (2) is a direct consequence
of Theorem 3.2 of [6] using radially unbounded condition
(14) on V(x), z € R™.

Remark 2.1: Theorem 2.1 provides sufficient conditions
for robust stability of a class of nonlinear uncertain sin-
gularly impulsive dynamical systems (f.(), fa(-)) € F



Specifically, (4) and (5) assume that V(x) is a Lyapunov
function candidate for the nonlinear uncertain singularly
impulsive dynamical system (1), (2). Conditions (6), (7),
(9), and (10) imply V(z(t)) < 0, z(t) ¢ Z, t > 0,
and AV (z(tg)) < 0, z(txy) € Z, k € N, for z(-)
satisfying (1), (2) for all f.(-), fa(:)) € F, and hence V()
is a Lyapunov function guaranteeing robust stability of the
nonlinear uncertain singularly impulsive dynamical system
(1), (2). It is important to note that Conditions (7) and (10)
are verifiable conditions since they are independent of the
uncertain system parameters (f.(-), fa(-)) € F. To apply
Theorem 2.1 we specify the bounding functions I'.(-) and
Tq(+) for the uncertain set F, x Fq such that I'c(-) and T'q(+)
bound F. x Fq. For further details see [7]. If F consists only
of the nominal nonlinear singularly impulsive dynamical
system (fco(+), fao(+)), then T'c(z) = 0 and T4q(z) = 0
for all x € D satisfy (6) and (9), respectively, and hence
J(fe0,f20) = J (x0). Finally, a worst-case upper bound to
the nonlinear-nonquadratic hybrid performance functional
is given in terms of a Lyapunov function which can be
interpreted in terms of an auxiliary cost defined for the
nominal singularly impulsive dynamical system.

Next, we specialize Theorem 2.1 to nonlinear uncertain
singularly impulsive dynamical systems of the form

Eei(t) = feo(2(t)) + Afe(z(t), x(0) =0, 2(t) € Z,
(27)
EqAz(t) = fao(z(t)) + Afa(z(t)), =(t) € Z,

(28)
where t > 0, feo, fao : D — R™ and satisfies f.o(0) =
0, fa0(0) =0 and (Afe, Afq) € Fo X Fq = F, where

F. C{Af.:D— R": Af.(0) = 0},
Fa C{Afqa:D — R": Afq(0) =0}.

(29)
(30)

Corollary 2.1: Consider the nonlinear uncertain singu-
larly impulsive dynamical system (27), (28) with perfor-
mance functional (3). Furthermore, assume there exists
functions I'c,Tq : D — R, Piy, : D — RY™™", Py, :
D — N", and V : D — R, where V(-) is a C! function,
such that (4), (5), (10), and (11) hold and

V'(2)Afe(z) <Te(z), z¢ Z, Afe() €Fe, (D)
V'(x)feo(z)+Te(z) <0, z&€Z, x#0, (32)
Le(x) + V'(2)feo(z) + Te(z) =0, ¢ Z, (33)

P17, (0) =0, (34)

Afi (@) Prp, () + Prpy (2)Afa(@)
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+Af () Pag, (x)Afa(z) < Ta(2),

x € Z, Afa(:) € Fq, (35)
V(Eqz + fao(z) + Afa(z)) = V(z) <
V(Eaz + fao(z)) — V(z) + Ade(:c)Pled (z)
+Puiy, () Afa(z) + Aff (@) Poy, () A fa(2),
x€Z, Afa() € Fa. (36)

Then there exists a neighborhood Dy C D of the origin such
that if zy € Dy, then the zero solution z(t) = 0 to (27), (28)
is locally asymptotically stable for all (Af.(-),Afa(:)) €
F, and the hybrid performance functional (3) satisfies

sup J(zo) < T(xo) = V(z), 37

(Afe(-),Afa(-))eF
where

J (o)

/OOO[LC(x(t)) + Te(x(t))]dt
+ Y [La(@(t) + Ta(z(te))], (38)

keN(0, o)
and where xz(t), t > 0, is a solution to (27), (28) with
(Afe(z(t)), Afa(z(t))) = (0,0). Finally, if D = R"
and V(z), x € R™, satisfies (14), then the zero solution
z(t) = 0 to (27), (28) is globally asymptotically stable for
all (Afe(), Afa() € F.
Proof: The result is direct consequence of Theorem
2.1 with fo(x) = feolz) + Afe(x), for z ¢ Z and
fa(®) = fao(z) + Afa(z), for z € Z. Specifically, in
this case it follows from (31) and (32) that V'(z) f.(x) <
V'(x)feo(x) + Te(z) < O for all  # 0, x ¢ Z, and
Afe(-) € Fe. Further, it follows from (35) and (36) that
V(Eqz+ fa(2))—V(z) < V(Eaz+ fao(z)) =V (z)+Ta(x)
for all z € Z and Afq(-) € Fq4. Hence, all the conditions
of Theorem 2.1 are satisfied.

The following corollary specializes Theorem 2.1 to a
class of linear uncertain singularly impulsive dynamical
systems. Specifically, we consider F = F. x Fy to be the set
of linear uncertain singularly impulsive dynamical systems,
with

Fe={(Ac+ AA )z :x € R", A. € R, AA. € Ay },
Fa={(AqtAAq)r :x € R"Ag € R"*",AAq € Aa,},

where A 4., Ay, C R™™ are given bounded uncertainty
sets of uncertain perturbations AA., AA4q of the nominal
asymptotically stable system matrices A., A4 such that 0 €
Ay, and 0 € Ay,. For simplicity of exposition, we also
define (AA.,AAq) € Ay X Agq = A

Corollary 2.2: Let R. € P™ and Ry € N". Consider
the linear state-dependent uncertain impulsive dynamical



system

E.i(t)=(A+AA)x(t), x(0)=z0,t > 0,2(t) € Z(39)

EqAz(t)=(Aq + AAq — Eq)x(t), z(t) € Z, (40)
with performance functional
Jaa, aa,(ze) = /OOO b (t)Rex(t)dt
+ > @ (te)Rax(ty), (41)

kEN[0,50)
where (AA., AAq) € A. Let Q.,Qq : Np C 8™ — N,
P € Np, be such that
T (AATPE. + ETPAA)x < 27Q.(P)z,
r& Z, AA. € Ay, 42)
eTET(AATPAAG + AATPAg + ATPAAY) Eqz <

2TQq(P)x, x€Z, AAq€ Aaq. (43)
Furthermore, suppose there exist P € P" satisfying

0=2T (AT PEAETPAAQ(PHR)z,x € Z,  (44)

0=2T(AYPAG—ET PEq+Qq(P)H-Ry)x,x € 2. (45)

Then the zero solution z(¢) = 0 to (39), (40) is globally
asymptotically stable for all (AA.,AAy) € A, and the
hybrid performance functional (41) satisfies

SUP(A 4., AA e JAaA, a4, (T0) < T (20) =

$EECTPEC360, zg € R”, 46)

where

J (20)

/ T 0)(Q(P) + Re)(t)dt

+ Z mT(tk)(Qd(P) + Rq)x(tx)(47)
kEEN[0,00)
and where xz(t), t > 0, is a solution to (39), (40) with
(AA., AAg) = (0,0).

Proof: The result is direct consequence of Theo-
rem 2.1 with fo(z) = (Ac + AAd)z, foolz) = Acx,
Lo(z) = z2TRex, Te(z) = 27Q.(P)z, for z ¢ Z,
fa(x) = (Aq + AAy — Eg)z, fao(z) = (Aq — Eq)x,
Lq(x) = 2T Ryz, Ty (x) = 2TQq(P)x, forz € 2, V(z) =
R™.
Specifically, conditions (4) and (5) are trivially satisfied.
Now, for the argument E.z, V'(z)f.(z) = 2T (AFPE, +
ETPA)z + 2V (AATPE, + ETPAA,)z, for all z #
0, = ¢ Z and AA. € Ay, and hence it follows
from (42) that V'(z)fe(x) < V/(2)feolr) + Te() =
2T (ATPE. + ETPA. + Q.(P))z, for all x # 0, x ¢
Z. Similarly, for the argument Eqx, V(Eqx + fa(x)) —

2T Pz, with arguments F.x and FEyz, and D
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V(z) = 2T (AT PAq — ETPE )z + 2TET (AAYPA A, +
AAdTPAd + AAdTPAAd)de, r € Z and AAg € A g,
and hence it follows from (43) that V(Eqx + fa(z)) —
V(z) < V(Baz+ fao(z)) =V (z)+Ta(z) = 2" (Af PAa—
EIPEq+Qq(P))z, for all z € Z. Furthermore, it follows
from (44) that L.(z) + V'(z)feo(z) + Te(z) =0, 2 € Z
and hence V'(z)feco(z) + Te(z) < 0, for all x # 0,
x ¢ Z. Similarly, it follows from (45) that Lq(x) +
V(Egqz + fao(z)) — V(z) + Tq(z) = 0, 2 € Z and hence
V(Eaz + fao(z)) — V(x) + Ta(z) <0, z € Z, so that all
the conditions of Theorem 2.1 are satisfied. Finally, since
V(x), x € R™, is radially unbounded, (39), (40) is globally
asymptotically stable for all (AA., AAg) € A.

III. CONCLUSION

In this paper we have developed robust stability analyze
results for the class of nonlinear uncertain singularly im-
pulsive dynamical systems [1]. Results are based on Lya-
punov and asymptotic stability theorems developed in [6].
Presented results will be base for further work on optimal
nonlinear robust control that is under the development.
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