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Abstract

This paper introduces a feasible version of the
previously proposed two-stage LQ reliable control
(TSLQRC) in order to overcome the infeasible problem
encountered in the control structure of the TSLQRC
in which the controller has exactly known the faults
in the preselected set of actuators. A modified uni-
fied gain margin constraint and a parameter estimating
technique are proposed to facilitate the design. Ana-
lytical and simulated results show that the proposed
feasible TSLQRC serves as a practical implementation
of the TSLQRC.

1 Introduction

Reliable controller designs guaranteeing stability while
permitting control component failures (e.g., actuator
failures and/or sensor failures) have received great at-
tentions in the literature [1]-[9]. Among these, three ap-
proaches have been used to facilitate the design. One is
the redundant control in which the reliability of control
structures is guaranteed by using multiple controllers
[1, 6]. The second is the reliable control where the de-
signs will tolerate failures within a preselected set of
actuators or sensors, while maintaining stability and a
known performance bound [2, 3, 4, 8]. All of the above-
mentioned works are focused on an H, framework. On
the other hand, Veillette [5] presented a reliable LQ
design approach, and Yang et al. [7] also presented
a discrete-time LQ reliable guaranteed cost controller.
The last is the adaptive control which is capable of deal-
ing with systems for unknown actuator failures (see [9]
and the references therein). It should be stressed that
most of the aforementioned works, except [7], are de-
veloped for continuous-time systems. However, in this
paper we focus on the extension of Veillette’s reliable
LQ design results [5] to discrete-time systems.

To extend the stability /performance gain margin prop-
erties of Veillette’s reliable LQ regulator [5] to discrete-
time systems, the author has successfully proposed the
two-stage LQ reliable control (TSLQRC) [11]. It was
further shown in [12] that the TSLQRC also serves as
a reliable guaranteed cost control which guarantees the
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performance cost to be within a certain bound. How-
ever, the gain margin results of the TSLQRC may be
too restricted to be applied for a certain system, and
the upper and lower bounds of the considered failure
model of actuators are assumed to be in the same dis-
tance with the nominal condition. In [13], a modi-
fied version of the TSLQRC, i.e., MTSLQRC, was pro-
posed to relax the above restrictions. Furthermore, the
gain margin issues of the MTSLQRC were addressed in
[15]. Nevertheless, it should be stressed that the control
structure of the TSLQRC may encounter the following
infeasible problem: the controller presumes a need of
feedback of the actuator faults which are associated
with the selected subset of unreliable actuators. This
may disturb the TSLQRC in further development.

The main aim of this paper is to propose a feasible ver-
sion of the TSLQRC in order to overcome the afore-
mentioned infeasible problem encountered in the orig-
inal control structure of the TSLQRC. The paper is
organized as follows. The problem of interest and a re-
view of the TSLQRC are given in Section 2. In Section
3, the derivation of the feasible TSLQRC is presented.
A modified unified gain margin constraint is proposed
to facilitate the design. The gain margin issues of the
feasible TSLQRC are then addressed in Section 4. The
issue of determining the design parameters of the pro-
posed feasible TSLQRC is given in Section 5. A nu-
merical example is given in Section 6 to illustrate the
usefulness of the proposed results. Section 7 has some
concluding remarks.

2 Problem Statement and Preliminaries

Consider the following discrete-time linear system:
Tht1 = Axy, + Buy, (1)

where x; € R™ is the system state, uxy € R™ is the
control input whose components may fail during system
operation, and matrices A and B are known constant
matrices. The quadratic performance index associated
with the system is given by

J = Z(x%@xk + uy, Ruy,) (2)
k=0
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where @ > 0 and R > 0 are given weighting matrices
and ' denotes transpose.

In a fault-tolerant control system design, the standard
optimal control may not be the most suitable one in the
sense that it does not generally tolerate the complete
outage of any actuators. On the other hand, the reli-
able LQ regulator of Veillette [5] seems to be an attrac-
tive mean to guarantee system’s stability and perfor-
mance. However, Veillette’s results are derived mainly
for continuous-time systems. In [11], the author has
proposed the TSLQRC to extend the Veillette’s reli-
able LQ regulator to discrete-time systems where the
failed control input uf is expressed as follows:

NoKo(I — BaNoKg)
F_ _ oltg BoNoKag
uy, = NoKo Azxy,. (3)
In (3), Ko and Kq are the designed controller gain
matrices which are given as follows:

KQ = SEIB;-)]% SQ = BéPBQ + RQ (4)
Ko = S5'BLP, Sq=B4LPBo+Rq  (5)
P = P(I-BgKg) (6)
P = A'P(I-BgKy)A+Q (7)

Ng and Ngq are their corresponding gain perturbation
matrices, and B and R are partitioned as follows: B =
| B Bq | and R = diag{Rq, Ro}. Note that in
the above formulations, €2 denotes the selected subset
of unreliable actuators within which outages must be
tolerated while  denotes the complementary subset of
actuators within which actuator outages are not taken
into account by the design. Also note that the actuator
failure considered in this paper is given as follows [5]:

]_(Q — NQKQ, KQ — NQ]_(Q (8)

The key task of the considered LQ reliable control de-
sign problem is to determine the admissible gain per-
turbation matrices, i.e., Ng and Nq, such that in the
presence of actuator failures in (8), the performance
index (2) is still bounded. As given in [12], the consid-
ered problem is solved if the gain perturbation matrices
satisfy the following unified gain margin constraint:

R&DQRQ — U/[_(éDQKQU + CLQ >0 (9)
where a € R,
Do = (I—Nq)'Sa(l - No) (11)
Q = U’KéNéRQNQRQU + R&N&RQNQRQ(:[Q)
U = I- BqNqKq. (13)

Through (9), the stability and performance gain mar-
gin results of Veillette [5] may be seen as limiting cases
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Figure 1: Block diagram of the feasible TSLQRC

of the presented results in case that the sampling time
is considered to be sufficiently small.

Unfortunately, the control structure of the TSLQRC
may encounter the following infeasible problem: the
controller presumes a need of feedback of the actuator
faults associated with the set 2. The main aim of this
paper is to propose a feasible version of the TSLQRC
in order to overcome the aforementioned restriction.

3 The Feasible TSLQRC

In the following discussions, the perturbation gain ma-

trices Ng and Nq are assumed as follows:
' L ) ) i

NQ = dlag{n(pnﬁa"'vn%}v ﬂ%} Sné’z Sné’z (14)

' Lo B ) ) »

No = diag{ng,ng, -, ng '}, nh <ndy <nh(15)

Where()<@§—2gl,ﬁgZl,OSlegl,andeéZl.
In order to achieve the aim of the paper, the author
proposes the following feasible TSLQRC:

KU
Up = — |: _[EQQ :| A.’ﬂk (16)
where U, Kgq, and Kq are calculated as follows:

U = I-BoNoKq (17)
Ko = (Sqa®q) 'ByP (18)
Ko = (S5q%q) 'BoP (19)

P = P(I-Ba®qKg) =P — PBaS;' B, P (20)

P = AP(I—-Bal'gKq)A+Q (21)

in which Ng, Py, Pq, and I'g are design parameters,
which will be determined in the next section. Note
that the controller gain matrices of the above feasible
TSLQRC adopt the forms given in [13]. The structure
of the proposed feasible TSLQRC in a practical faulty
system is depicted in Fig. 1. Thus, the failed control
input uf (3) becomes

F_ [ NoKo(I — BaNoKaq)

ug, NoKe Az (22)
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Using (22) in (1) yields the following system dynamics
matrix:

F=F + BQ(NQ — NQ)[_{QA (23)
where
F = (I —BaNgKgq)UA. (24)

Using (23) and (24), the main result of this paper,
which shows the general performance gain margin prop-
erty of the feasible TSLQRC, is given in the following
theorem.

Theorem 1. The state-feedback system obtained by
applying the feasible TSLQRC (16)-(21) satisfies the
performance bound

J < zj(P 4 aP)xg (25)

where xq is the initial state, P is the stabilizing solution
of (21), a € R, and P is the stabilizing solution of the
following equations:

P = F'PF+AQA (26)
Q = UKLNLRGNGKQU + KGNGRaNoKa (27)

if the gain matrices Ng and Ngq satisfy the following
modified unified gain margin constraint:

KéDgKQ + Ké@/QSQ(fI)Q — FQ)KQ + (ZQ

> U'KLDEKGU + KGE1Kq + Es (28)
where

Dy = ®LS0Pq — (Pg — No)'So(®q — No)  (29)

Dy = (®g— Ng)'Sq(®q — Ng) (30)

E; = (Ng— No)'BLKL(NLSqNg — D)
XKQBQ(NQ — NQ) (31)

Ey, = KL(Ng— Nq)BLPBg(®q — No)KaU
+U'K§(®

6 — Ng)' BLPBo(Ng — No)Ko.
(32)

Proof. First, we note that the performance index (2),
in the presence of actuator failures, can be represented
as follows:

T = {2, (Q+ AQA)xy}. (33)
k=0

Then, the key point to prove the theorem is to show
the following equation:

F'(P+aP)F — (P +aP)+Q+ A'QA
= —A(K59550(®q —Tq)Kq + {e} +aQ)A (34)
where

{o} = K4(D§ — E1)Kq — U'K5DEKQU — By, (35)

Using the same procedures as given in deriving (34) of
[13], one obtains

F'PF+AQA=P—-Q—-AVA (36)
where
U = K(D$Kq—UKLDSEGU + U PU
+K§§¢’§§SQ((I>Q - FQ)KQ —U'PU. (37)
Next, using (13) and (17), we obtain
U'PU - U'PU
= K&(NQ — NQ)IBgzPU + U/PBQ(NQ — NQ)KQ
—K§H(Ng — No)' BoPBo(Ng — No)Kq.  (38)

Then, using (13), (17)-(18), (20), (23)-(24), (30)-(32),
and (38), we obtain

F'PF=FPF—-ATA (39)
where

T = KLH(Ng— No)BLP(I— BQNQRQ)U
+U'(I — BaNgKg)' PBa(Ng — No)Kq
+K,(Ng — No) BYLPBo(Ng — No)Kq

= KHE\ Ko+ Ey+U'PU—U'PU. (40)

Using (26), (35)-(37), and (39)-(40), (34) is verified.
Finally, using (34) one can easily show that the perfor-
mance index (33) can be represented alternatively as
follows:

J = (P +aP)xg — (Y (AF*){e}1 AF*z,  (41)
k=0

where

{oh = K565 (20 —Ta)Ko + {o} +aQ.  (42)
From (41), the performance bound (25) holds if ma-
trix {e}; is positive semidefinite, which establishes the
constraint (28). O

4 Gain Margin Issues of the Feasible TSLQRC

In this section, we shall evaluate the stability gain mar-
gins (SGM) and the performance gain margins (PGM)
of the proposed feasible TSLQRC. First, we give the
SGM of the feasible TSLQRC, which is closely related
to the reliable control design problem, in the following
corollary.

Corollary 1. The state-feedback system obtained by
applying the feasible TSLQRC (16)-(21) remains sta-
ble provided that the independent gains Ng associated
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with Q and the gains Nq associated with § satisfy the
following constraints:

{o}5 = NiRoNg — (94 — No)'Sa(®q — No)
= 0 (43)
{}& = NLRoNg + 3,S0®q
—(®q — No)'Sa(®q — No) 20 (44)
{o}g = K§;9556(Pq —Ta)Kq — KGE1 Ko — B,
> 0. (45)

Proof. Using (26)-(27), (29)-(30), (34)-(35), and (43)-
(45), we obtain

P-F'PF = A(K\{e}3Kq+ (KoU) {}EKaU
+He}D)A+ Q. (46)

From [16] and (46), it is clear that the state-
feedback system remains stable provided that the
matrices {o}2, {e}d, and {e} are all positive
semidefinite, which establishes the constraints (43),
(44), and (45), respectively.  This completes the
proof. O

Next, we shall determine the PGM of the feasible
TSLQRC, which is related to the guaranteed-cost con-
trol design problem. The obtained result is a special
case of that given in Theorem 1 and is list in the fol-
lowing corollary without proof.

Corollary 2. The state-feedback system obtained by
applying the feasible TSLQRC (16)-(21) satisfies the

performance bound
J < I6P$0 (47)

if Ng and Nq satisfy the following new modified gain
margin constraint:

KoDS Ko + Ko ®h50(®q — o) Kg
> UKLDEKQU + KGE Ko + Es (48)

where D, Dg, Eq, and E, are given by (29), (30),
(31), and (32), respectively.

Remark 1: If one chooses ]\79 = Ngq, then one has
E, =0, E5 =0, and U= U, and hence (48) becomes
to the modified gain margin constraint given in [13,
Thm. 2].

5 Parameters Determination for the Feasible
TSLQRC

In this section, the issue of determining the design pa-
rameters of the proposed feasible TSLQRC, i.e., Ngq,
Dy, D, and Ty, is addressed. It is known from [14]

that the two-stage structure of the TSLQRC has no ob-
vious advantage over the single-stage LQ reliable con-
trol (SSLQRC) in the PGM point of view. Hence, in
the following discussions we only focus on the SGM
problem. Furthermore, instead of treating (14) and
(15) directly, the perturbation gain matrices: Ng and
Nq are handled as follows:

NQ = ’I’LQI, NQ = ’I’LQI (49)

where

min{ng}i—y = ng < ng < ng = maz{ng}i_, (50)

min{ng iy’ = ng < na < i = mas{ng}it,". (51)

The design parameters: Ng, ®5, P, and I'g are then
taken as the following specific forms:

No =nal, ®g=¢gl, ®q=¢ol, Tg=15Pq. (52)

First of all, we shall determine parameter vg. It is
chosen as a suitable value that will yield a satisfactory
worst-fault performance, i.e., z,Pzg, where P is the
stabilizing solution of the following discrete-time alge-
braic Riccati equation (DARE):

P = A'P(I — v5BaS;" ' BGP)A + Q. (53)

Next, we consider parameters ¢g and ¢q. Using (49)
and (52), the stability constraints (43) and (44) be-
come, respectively,

niRg — (¢a — ng)*Sq

0
R%RQ + TLQ(2¢Q — nQ)SQ 0. (55)

(A\VARLY

Solving (54) and (55), one obtains the following SGM:

<2¢Q
<13

where o = [)\mm{RQSf—;l}]l/Q and 3 = )\min{RQS};l},
in which A,,;,,{®} represents the minimum eigenvalue of
a matrix. Assuming that a dedicated actuator failure
model is given by (50) and (51), then the design pa-
rameters ¢g and ¢q are determined by satisfying the
following constraints:

€ <ng < 0< ng

56
1_’_a—(2—1_aa = ( )

(1—-a)ng < ¢g < (1 + Oz)ﬂQ7 oq > 0.5(1 — ﬁ)ﬁg (57)

where the former has a solution if the following condi-
tion holds

Amin{RaS5 '} > (Mg — ng)/ (g + ng)l>. (58)

Then, the proposed feasible TSLQRC design is com-
pleted by verifying the stability constraint (45). To
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achieve this end, we reformulate (32) by using (18) as
follows:

By = Kg(Na— No)BoKy®qS80(Pq — No) Kol
+U/K’S%(<I>Q — NQ)ISQ@QKQBQ(NQ — NQ)

Next, using (31), (52), and (59) in (45) yields the fol-
lowing inequality:

oM + ngH + N > 0 (60)

where ng = no — na,

M = ¢g(¢q —2nq)X'YX (61)
H = —¢alpg—na) X' YU +U'YX) (62)
N = ¢j(1-1)Y (63)

in which X = BqKq and Y = f(éSQRQ. Since N > 0,
it is clear from (60) that if the estimate fq is more
accurate, i.e., ng — 0, then the performance of the
feasible TSLQRC will be more approximate to that of
the MTSLQRC [14].

Finally, we suggest a possible solution to determine ng,.
This problem can be solved if one recasts the original
control design problem into a parameter filtering prob-
lem [10]. Using (22) and (52) in (1) yields

xk+1 o A _Bk; Tk 0
|: Zh+1 :| - |: 0 I :| |: 2k :| + |: wz :|(64)
— Lk
where z = [ ng  ng ], and
Bk = [ BQKQUkA.’Ek BQKQAxk ] (66)

The parameter filtering problem at hand is then to es-
timate ng i, which can be solved by using the following
reduced-order filter:

Rog=[0 1]z (68)

where 2y, is obtained by using the following OMOLSE
(optimal minimum-order least-squares estimator) [15]:

Rklk—1 = Rk—1]k—1 (69)
2ok = Zkje—1 + Ki (e — Tpjk—1 — Sk2ijk—1) (70)
Phi—1 = Pl + Qi (71)
Ki = P 1 SidSePioiSk+ Pyt (72)
Py = (L= KiSe) Py (73)

where
Tpp—1 = Awp_1— Bp12p—1jk—1 — Skzkp—1 (74)
plﬁkfl = kalpszukflgllcfl - Skpkz\kqsllc (75)
Sk = _kalpsz1|k71(PkZ|k71)71' (76)

Now, we are in the position to simplify the above 2
filter. Using (69) and (74)-(76) in (70) and (72) yields,
respectively,

zee = (I + KiBp—1)zk—1j5—1 + Kf(z, — Azp_q)
(77)
Ki = =Py 1Bi{Br1Pi 1 Bi_1} (78)

Note that if the dimension of state xj is greater than
that of state zg, i.e., dim(xy) > dim(zy), then the in-
verse in (78) does not exist. If this is the case, (78) is
replaced by the following

Ki = _szfl|kflgl/cfl{kalpkz—l\k—lBl/cfl}+ (79)

where M is an arbitrary generalized inverse of M sat-
isfying MM™M = M. Without loss of generality, in
the following derivations, we only consider the case:
dim(xg) > dim(zg). Assuming P, > 0 and letting

P =ApAy, By =Uy [ EO’“ } |44 (80)

then one has

AV K7L BiAy
= —A;B;{Bk/&k(gk/\k)/}—i_Bkl\k =1

which yields
K;HBk =—1. (81)

Using (68), (71), (73), (76)-(78), and (81), one obtains
the following more compact reduced-order filter ng j:

ﬁg,k = [0 1 ]Kz(l'k—Al'kfl) (82)
Kp = _Qi—2Bllc—1{Bk—le—2Bllc—1}+' (83)

Remark 2: Using (64) and (81) in (82) yields

’fLQk = — [ 0 1 ] K]in—lzk—l =NnQ k-1 (84)

From (84), it is clear that the failure estimate (82) can
achieve the goal, i.e., satisfies (60), if the rate of change
of the actuator failure is small enough.

6 An Illustrative Example

To illustrate the proposed results, the author consid-
ered the system given in [13] and the following actuator
failure model:

0 < ng < 30. (85)

The design parameters of the feasible TSLQRC are cho-
sen as follows:

ng = 1.12, ¢Q = 1.31, Yo = 0.85. (86)
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Table 1: Analytical stable estimation error margins of the
feasible TSLQRC
’ ngG \ ng \ ng bounds
0.6 0 -0.6 < ng < 0.495
0.6 | 30.05 | -0.016 < ng < 18.584
8.44 0 -0.035 < ng < 0.042
8.44 | 30.05 -1.32 < ng < 0.001

Table 2: Simulated stable estimation error margins of the
feasible TSLQRC
’ ng \ na \ ngo bounds
0.6 0 -245.295 < ng < 6.68
0.6 | 30.05 | -2.395 < ngq < 155.115
8.44 0 -0.212 < ng < 14.855
8.44 | 30.05 | -14.115 < ngn < 0.221

Using (86) in (56) yields the following SGMs:

0.6 <ng <844, 0<ng<30.05 (87)

which meet the specifications of the desired actuator
failure model (85). The analytical stable estimation
error margins associated with the above SGMs, which
guarantee the stability constraint (60), are depicted in
Table 1. From Table 1, it is clear that if |ng| < 0.001
then the SGMs of the proposed feasible TSLQRC will
be equivalent to those of the MTSLQRC [14]. Note
that this stability requirement is guaranteed by using
the actuator failure estimator (82)-(83). Also shown
in Table 2 are the corresponding simulated stable esti-
mation error margins, which clearly indicate that the
stability constraints (43)-(45) are conservative ones.

Based on the above discussions, we conclude that the
proposed feasible TSLQRC serves as a practical imple-
mentation of the previously proposed TSLQRC and its
performance may not be degraded.

7 Conclusion

In this paper, we have introduced a feasible version
of the previously proposed TSLQRC in order to over-
come the inherently infeasible problem. A modified
unified gain margin constraint is proposed to facilitate
the discussions of the SGM and the PGM of the pro-
posed feasible TSLQRC. Analytical and simulated re-
sults showed that the SGM of the feasible TSLQRC is
almost the same as that of the MTSLQRC [14].
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