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Abstract—In this paper we consider a robust H» control r IH(S)I IM(S)I u P(s) Yy
problem for two-degree of freedom (2DOF) control systems —
with structured uncertainties. We show that it can be reduced K(s)
to a scaledH ., synthesis problem with one additional Linear
Matrix Inequality (LMI) condition. Particularly it can be N(s)
reduced to an LMI optimization problem if the uncertainty is —
unstructured. As a result, we can obtain the optimal robust Fig. 1. Configuration of the two-degree of freedom control system
H  controller for 2DOF control systems. .
defined by
I. INTRODUCTION A:={A € RP”?: A=diag(Ay,---,A)), |A] <1} (2)

Many design methods for achieving both robust stability
and nominal or robust performance have been proposed
so far, such as robusH, control[5] as well as mixed B. Two-Degree of Freedom Control Systems

Hs/Ho control, o synthesis and so on. These methods |et us consider the system with(¢) = 0 in (1). It is
are usually effective for general control system desigrRnown that a general 2DOF system has the configuration
problems from the theoretical point of view, while they aresf Fig. 1[6], in which, N(s) and M(s) are right coprime

not so effective for those control system design problentgctors of the nominal syster(s) := C(sI — A)~'B of
with practical specifications such as robustness of outpgt), and they are represented as follows:

trajectories. Robustness of output trajectories is one of the
most important performances that should be achieved iR(s) = N(s)M~!(s) 3)
control system designs. Along this line we have alread — _ -1 o _ -1
proposed a new design method for robust servo syste%(s) = F(sI=Ap) " B+1, N(s)i=ClsI - A7) B
based on LMI[4], where we used a special type of twowhere F is a constant matrix such that; := A + BF
degree of freedom (2DOF) control systems. In this papg§ stable. Then in Fig. 1H(s) := Cp(sI — Ap) "' By +

we aim at generalizing this result to general 2DOF controb,, is any stable transfer function ankl(s) := Cr(sl —
systems, and propose a novel robui control design A,)-'B, + D, is any feedback controller that stabilize
method for them as a preliminary study. To be morehe closed loop system. Finally we obtain the following
specific, we consider a robust, control problem for 2DOF  state space realization of the 2DOF control system with the
control systems with structured uncertainties, and ShOv.)hcertaintyA(t) in the framework of Fig. 1.

that it can be reduced to a scaléfl, synthesis problem

with one additional LMI condition. Particularly it can be [ z, Ay By Bg Tq

reduced to an LMI optimization problem if the uncertainty | ., | — Cq1 Dgi1 Dgra w |, w=At)z (4)

is unstructured. As a result, we can obtain the optimal robust

H, controller for 2DOF control systems. Ca2 D1 0 "
where
Il. PROBLEM FORMULATION ‘ o _
A. Preliminaries Ag B ]| 08 o + o [5G 11 0 0]
: Ca'Dyi1]  |eropun | |Dao|lBradlorio
We consider the following system: ‘ ‘ )
T A Bw B €T qu = [BO’"] s ng Z:[CT 0] R Dq21 = Dy , Dq12 := D, Dy
z | =1|C, Dy Dy wl|, w=A>tz @) - Ay BCh, 0 o A 0 _ 0
y ¢ D, 0]lu A'[g v Q}ER B[4 ] B[]
Cy :=[C-4DuF D,Cy C-], Cy:=1[00C]

wherex € R" is the statey € R™ is the control inputy €
R is the outputz € R” andw € R are the exogenous ¢ .— [oqc], B, := [BBL}’L*L}
signals to describe the uncertainty. The coefficient matrices ’

exceptA(t) are also known constant matrices of appropriat®gte that Aq, Bg1, Cy andD,y; have the affine relation

sizes, respectively. The uncertainty(t) € A is a norm- Dk Cu1
bounded time-varying structured uncertainty whekeis with respect tatC := [B: Az} in ().
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C. RobustH, Performance Measure

Furthermore, (7) can be reduced to (8e) since the structure

Definition 1: [2] The robustH, performance measure is Of Bqz Yields Bjy PBy, = B['Y B, from which the desired

defined by
I :=sup, A {f; e e(t)dt: |[rol| <1, A(t) € A}

result follows. ]
Theorem 1 is equivalent to a scaléfl,, synthesis prob-
lem[1] with the additional constraint (8e). So we obtain
Theorem 2 as the special case of Theorem 1.

where e(t) is the error signal in the presence of the Theorem 2:Let A(t) be one full block and, be ny, =
uncertainty A(f) when the system (4) is excited by ang; The optimal robustt, controller K (s) for the system
impulsive inputr(t) := rod(t) with the zero initial state (4) is given by solving the convex optimization problem

z4(0) = 0.
Let the transfer function fronw to z be G, (s) and the
setS of scaling matrix be defined by

S:={S>0:S5A() = At)S, VA(t) € A}

Then we can obtain the upper boundloby Lemma 1.

Lemma 1:[2] The system (4) is robustly stable, that is,

152G . (5)S™1/?|| o < 1 for someS € S if and only if
there existP > 0 and.S € S such that

PA, + A?;P + CflSC’ql sym.
B;‘;P + D;FHSqu D;FHSun - S <0
Co2 Dgo1 —I
(6)

Then the robustH, performance measurE is finite if
D12 = 0, in which case, it is bounded by

I < | BpPBg| ()

Assumption 1:Since we can always desigH (s) such
that D12 = 0, we assumeD,2 = 0 without loss of
generality.

With the above preliminaries, we consider the followin

problem in Section Ill.
Problem 1: Design a robust#, controller K (s) for the
system (4) such that it minimizgBZ, PBs|| in Lemma 1.

IIl. M AIN RESULT

We obtain the optimal robugf- controller for the system

(4) in the sense of Problem 1.
Theorem 1:If there existX = X7, Y =Y7T, S € S,

of minimizing v that is described by the following LMI
conditions with respect t& = X7, Y = Y7 and~.

TAX + XAT XCT B,

T e

H)X ?] C.X —I D, [ASX ﬂ <0 (9a)
| Bf DI I
YA+ ATY YB;, CF

T e

[NOY ?] BTY -1 DI [NOY?]«) (9b)

i C. D. -I
X I
>

[ I Y] >0 (9c)
BI'YB, <~I (9d)

Then the robusH, performance measute is bounded by
v, namelyT" < ~.
Proof: It is clear that Theorem 1 for the case W6f=
S = I andny = n yields Theorem 2. [ ]
Theorem 2 is equivalent to ., synthesis problem [3] with
the additional constraint (9d).
Remark 1:In general, in the case of one degree of

gfreedom control systemﬂ]BqTQPBQH in (7) cannot be

expressed as an LMI condition. In 2DOF control systems,
however, as we have shown above, it can be described as
the LMI condition (8e) due to existence of the feedforward
controller, which leads to the the LMI conditions (9).

IV. CONCLUSION

We have shown that a robugf, control problem for
two-degree of freedom control systems can be reduced
to a scaledH,, synthesis problem with one additional

V e § and~ that satisfy (8), then we can derive a robus{ \| condition. Particularly it can be reduced to an LMI

H, controller K (s) with the order ofn;, for the system (4)
such thatl’ < .

7 [ AX+XAT+B, VBT XCT+B,VD,
Nx { C.X+D.VBT = D.vDT_V. ]NX <0 (83)

T [YA+ATY+CTS.C. YB1+CTS.De
Ny [ BIY4D?S.C.  DTS.D.-S }NY <0 (8b)
X1 >0, rank(l —XY) <ny (8c)

1Y

VS =1 (8d)
BTYB, <~I (8e)
where C, = [Cf, )", D, = [DL,, DL)" V. =

diag{V, I}, S, := diag{S, I}, Nx := [BY DT 0,,]"
and Ny := [02 Dw]L
Proof:

respect toXC in (5), (6) can be reduced to a scaléfl,
synthesis problem[1] with additional matricés and D,,

Since, b)} the preceding affine relation with

optimization problem if the uncertainty is one full block,
namely unstructured. As a result, we can obtain the optimal
controller.

Finally we mention another performance measure [2], that
is, robust L., performance measure for bounded energy.
The control problem using this measure can be also obtained
as our dual result since its analysis problem has the dual
relation [2].
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