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A Mixed IQC Approach to Nonlinear Delay-Dependent System

Analysis

Mardavij Roozbehanif and Carl R. Knospe:

Abstract— Stability analysis techniques are presented for
time-delay systems consisting of the feedback interconnection
of a linear time-delay system, with a bounded and casual op-
erator, featuring the nonlinearities, uncertainties, and/or time-
varying components of the system. The delays considered are
time-invariant but uncertain, residing within a bounded inter-
val including zero. The theorem of Integral Quadratic Con-
straints (IQC Theorem) is employed in a novel fashion to for-
mulate a stability criterion. In this method, the delay elements
are replaced by parameter-dependent filters satisfying certain
properties, while the nonlinearities are captured by 1QCs. It is
shown that satisfaction of the IQC Analysis Condition by the
delay-differential system can be guaranteed by satisfaction of
it by a finite-dimensional, parameter-dependent system. The
KYP lemma is then applied to the latter to obtain a parameter-
dependent LMI criterion.

Index Terms— Time-delay systems; nonlinearity; stability;
1QC.

I. INTRODUCTION

An important aspect of many systems with delay ele-
ments within their dynamics is the presence of significant
nonlinear terms. For instance, a class of interconnected sys-
tems arising in information networks, such as internet, is
subject to delay and saturation nonlinearity. Because of po-
tential queuing delays, the feedback is delayed, moreover
the amount of delay is subject to uncertainty based on net-
work traffic. In addition, saturation is an outcome of limited
buffer sizes at the routers and the data transmission rates at
sources [11]. Another interesting example is the heat re-
lease phenomenon in combustion instability which is de-
scribed by a nonlinear delay differential equation [18].

While greater research effort has recently been brought
to bear on the problem of nonlinear time-delay systems [1],
[3], [17], [21], most of the analysis and synthesis methods
display significant conservatism in practice. Many engi-
neering systems of high practical interest can be modeled as
the interconnection of a linear time-invariant system with a
nonlinear (perhaps time-varying) component. Examples in-
clude the interaction of neurons in a continuous neural Hop-
field network [4], the delayed cellular network model used
in image processing and pattern recognition problems [16],
and the thermoacoustic instability in combustors, where the
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system is linear time-invariant with the exception of the
nonlinear heat release function [18].

In this paper we are concerned with delay-dependent sta-
bility analysis of time-delay systems formed by the feed-
back interconnection of a linear delay-differential system
and a causal and bounded operator, which may contain any
and all nonlinear, uncertain, and/or time-varying compo-
nents of the system, excluding the delay elements. The
delays are assumed to be unknown but constant, residing
within an interval [0, 7] . In this paper, we extend the results
of [23] to nonlinear systems.

In general, for linear systems with feedback nonlineari-
ties, a number of analysis techniques, by and large referred
to as absolute stability theory [9], [15], [20], are available.
Recently, the theory of Integral Quadratic Constraints [13]
has been advocated for the unification and generalization of
these results.

Previous research efforts have considered the use of IQCs
for the analysis of linear and nonlinear time-delay systems
[71, [8], [13], [2]. However, in these papers, IQCs were
used to capture the delay elements as well as the nonlin-
earities (pure IQC analysis). It was demonstrated in [22]
that the manner in which these type of IQCs cover the delay
value set, usually results in a high degree of conservatism
in stability analysis. In this paper, we advocate the use of
IQCs only for the nonlinearities, with the delay elements
tackled via parameter-dependent filters, tightly covering the
value set of the delay elements (mixed IQC analysis). This
new method brings the power of the IQC framework and the
tight value set covering feature of our parameter-dependent
filters together. In this fashion, we retain the high accu-
racy of previous results for linear systems [23], as we un-
dertake the analysis of nonlinear system. As we shall see in
the numerical example section, this method can be signif-
icantly less conservative than previous approaches to non-
linear delay-dependent stability analysis.

A. Problem Statement

In this paper, the standard feedback configuration, illus-
trated in Fig. 1, will be used when examining stability of
the delay-differential system:

Gw+ f
Agqv+e

M
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Fig. 1. Basic feedback configuration.

where A; = [g cg]’ v o= [of U2T]T,
w = [wl wl]" e = [ ] and f =
[ ff }T. The linear operator G, has a transfer func-

. o Gll (S) Glg (S)

tion G (s) = [ Gor (5) Gion (5) } , where G11 (s) €
RHLX™ Gy (s) € RHL™2 Gy (s) € RHT2*™
and G2 (s) € RHZ2*™2. The perturbation operator § is
a bounded and causal operator on IL5. [0, 00) to L™ [0, c0).
dr = diag{dr, :vp(t) vkt —7) —ve (D)}, kK =
1,...,N is the diagonal delay operator where each time-
delay 7, belongs to an interval [0, 7] . Using the state space
notation, the feedback system (1) is described by:

(
Az (t) + Biwi(t) + Baws(t)
(

i(t) = @)
v1(t) = Crz(t) + D1awi(t) + Drows (t) + f1(t)
v2(t) = Cox(t) + fo(t)

wi(t) = dv1(t) + e1(t)

wa(t) = drva(t) + ea(t)

We will use Zfl (1) (or just Zg whenever possible) to
refer to the system (1) (or indifferently (2)). The sys-
tem ZZ is the feedback interconnection of three com-

ponents: (1) a linear, time-invariant operator G
Ly +m2[0, 00) — LLF™2[0,00) with transfer function
[A | [ BL B ]
G(s) = i D11y Dio ; (2) the de-
ek

lay operator d, : v(¢) — d,v(t) mapping L3520, 00) to
L52[0,00); and (3) a bounded and causal operator § :
v(t) — dv(t) mapping L5, [0, 00) to L [0, 0o). Through-
out this paper, it is assumed that G (s) is stabilizable and
detectable.

For clarity and convenience in notation, we prove the the-
ory for the single delay case only (N = 1). All the theory
presented here is readily extensible to the multiple-delay
case and it should be clear how the extensions may be car-
ried out (compare with [10]). Needless to say, J itself can
be a diagonal structured perturbation, where each diagonal
element is a bounded, and causal operator.

B. Preliminaries

Notation 1: Let R"*™ (C"*™) be the set of all real
(complex) n x m matrices, C,. (C,) be the open (closed)
right-half of the complex plane. He (P) denotes P + PT

and P > 0 indicates that P is a symmetric and positive def-
inite matrix. H,, denotes the space of functions analytic
in C,. RH,, is the subspace of H,, consisting of all real
rational functions with no poles in C.. The set of m xn ma-
trices with elements in RH,,, will be denoted by RH.*".
For f € R™, |.| denotes the Euclidean norm | f| = /f7 f.
L7*[0,00) denotes the space of R™-valued functions f :
[0,00) — R™, for which the norm || f||* = [ |f(t)| dt
exists and is bounded. IL3'[0,00) is a subspace of
L5:[0,00) whose elements need to be square integrable
on finite intervals only. The operator A : L. [0,00) —
5[0, 00) is said to be bounded if the gain [|All,, :=
sup {|AF[[ /I fIl | f € L5[0,00), f # 0} exists and is fi-
nite. Pr denotes the past truncation operator, which is de-
fined by: Pru (t) = u(()t) i£ ttee([JO“: Q]
tor F' is causal if and only if PrF' = PpF Pr. For a func-
tion f € L3'[0,00), f(jw) denotes the one-sided Fourier
transform of f defined by: f(jw) = JoT eIt f(t)dt.

For any transfer matrix (G, any measurable Hermitian-
valued function II, and any £ > 0, we denote:

(1) QG (jw) T (jw) ) :=

(| 9 | 116 | CU | et wem

(1) Q(G,I,¢) :=

SUD Amas ([ Ggw) ] T(jw) [ Glaw) ] +51)

w€eR

Definition 1: Given a continuous function g¢(q) :
[0,00) — D where D = {z € C| |z| = 1}, letting T, be
the path created by mapping the interval ¢ € [0, r] via g(q)
to D, we define a continuous argument (phase) function for
the value g(r) as Arg(g(r)) = arg(g(r)) + 2mn (T, 0)
where arg(z) € (—2m, 0] is the unique argument of z € C,

z # 0 and n (T, 0) is the winding number of path I about
a

. An opera-

Definition 2: [13] The feedback system (1) is said to be
well-posed if the map from (v, w) — (e, f) has a causal
inverse on L5720, 00) x LI T™2[0, 00).

Definition 3: [13] The feedback system (1) is said to be
stable with finite-gain if it is well posed and there exists a
constant C' > 0, such that for any solution of (1),

T T
/ (1ol + ) de < c/ (177 + 1) de, vT > 0.
0 0

3)

Definition 4: Let TI : jR — CH™ x CH™ be a

bounded measurable function that takes Hermitian values.

A bounded operator A : L5 [0, 00) — LL,_[0, 00) is said to
satisfy the IQC defined by II if:

/:o B ]*H@“’) Pt

for all y € IL4[0, 00). If A satisfies the IQC defined by II,

]dwz()

4178



we denote A € IQC (II). A ¢ IQC (II) also means that
there exists y € 5[0, o0), for which the above integral is
negative.

The following theorem is the well-known theorem of In-
tegral Quadratic Constraints, which was developed in [13]
and then extended and generalized in [19] and [5].

Theorem 1—IQC Theorem: Let G(s) € Hy,, and A be
a bounded causal operator. Consider the system:

v =

Guw+ f
Av+e

“

w =

Assume that:
(7) Ay is a parametrization of A, that satisfies:

(a) Ay :LL[0,00) — LT[0, 00) is bounded and

causal forall A € [0, 1].
(b) Fy > 0such that
[Ax; (v) = Ax, (V)] < 7 [A = Aof o]

for all v € L5, (0, 00] and A1, A € [0, 1]

(C) Al = A.
(77) the feedback interconnection of G and A) is stable
when A = 0 and well-posed for A € [0, 1].
(7i7) for every A € [0, 1], A € IQC(II) .
(iv) there exists € > 0 such that

Q(G,1Le) <0 ©)

Then, the feedback interconnection of G and A; is stable
with finite-gain.

II. SYSTEM TRANSFORMATION

Consider the Linear Fractional Transformation
F(G,(e7™ — 1) I,;,, ), defined as
F(G, (677—8 — 1) I,,) 6)

=G+ Gaio (I - (6_7—8 — 1) ng)_l (e_Ts - 1) Ga

Also, let the linear time-delay system (LTDS) )", (7) be
defined as:

Gaaws + fo

(e77% — Dws + ea,

Vo =

wy = T E [0,?]

We then, have the following lemma, regarding stability of
the time-delay system ZZ .

~5
Lemma 1: Consider the system ), (7) :

T o= F(G (e =)Ly + [

w = 0v+e

)

Then, for every 7 € [0, 7], the system Zg (7) is stable with
finite-gain if the following two conditions hold:
(¢) >4 (7) is stable with finite-gain.
o

(i) i 4 (7) is stable with finite-gain.
Proof: Omitted for brevity. ]

III. SUFFICIENT STABILITY CRITERION

A. Application of the IQC Theorem

The following theorem establishes a sufficient stability
criterion based on the IQC Theorem.

Theorem 2: Assume that:
(i) >, (1) is asymptotically stable for all 7 € [0,7] .
(1) d4 is a parameterization of § that satisfies:

(a) dq:LE[0,00) — L0, 00) is bounded and
causal for all o € [0,1].
(b) Iy > 0 such that
[00,v = byl <7 lar — azl. [lv]
forallv € ]lele[O, oo) and aq, e € [0, 1]
(¢) dala=1=71.
(#it) Y7 € [0,7], the feedback interconnection of

F(G,(e7™ —1)I,,) and 4, is well-posed for all @ €

( a€[0,1],d, € IQC (II).

(v) V7 € [0,7], there exists an £, > 0 such that
Q (.7:(G, (e7™ = D1p,), H,ET) <0 ®)

Then, the system ZZ (7) is stable with finite-gain for all

T €[0,7].

Proof:  Condition (¢) guarantees that ), (7) is
asymptotically stable for all 7 € [0,7] and therefore,
F(G,(e ™ —=1)I,,) € Hy, Vr € [0,7]. Conditions
(1) to (v), establish the four conditions of the IQC The-

orem. Therefore, for every 7 € [0,7], all the conditions
of the IQC Theorem for the feedback interconnection of

F(G,(e"™ —1) I,,,) and 0, are satisfied. That is, Zj (1)
is stable with finite-gain for all 7 € [0,7]. Lemma 1, then
completes the proof. |

Remark 1: Verifying Conditions () and (v) of Theorem
2 is a nontrivial task. In this paper our main task is to pro-
vide non-conservative criteria that establish conditions ()
and (v) in an efficient way.

B. Filter Properties

Consider a rational polynomial parameter-dependent fil-
ter h, (0, s), with 6 belonging to O, a bounded set of real
numbers, and h, (6, s) having the following properties:

Po-1. h, (0, s) is Hurwitz for € ©

Pp-2. The value set of h, (0,s), 6 € ©, covers that of

e ™, 7 €[0,7],1ie.,

Qi (w) € Q,(w),Yw >0, where,
QW) = {ceCle=hy(0,jw), 0 € O}
Qi(w) = {ceCle=e7™ 1€0,7]}

The two following Theorems establish the criteria to ver-
ify conditions (7) and (v) of Theorem 2.
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C. Removing the Infinite Dimensionality

Theorem 3: Consider the linear comparison system

2.0(0):
vy = Gows+ fo ©)
we = (ho(0,8) —1)va + ey
Then, if
>, (0) is asymptotically stable forall§ € ©,  (10)

>4 (7) is asymptotically stable for all 7 € [0, 7].
Proof: The result can be shown in a similar fashion to
the one in [23]. |
Theorem 4. 1f a Hermitian-valued bounded measurable
matrix function II exists, such that

VO € ©, deg > 0, such that

Q(F(G, (hy (0,8) — 1) I,n,) T eg) <0 1D

then
V1 € 10,7], 3e; > 0, such that

Q(F(G,(e™ —1) I,) ey <0 (12
Proof: Proof proceeds by contradiction. Assume that
(12) is not true. Then,

Irg € [0,7] and wy € R, such that

Q (F(G (jwo) , (e7m09%0 — 1) I,,,,), I (jiwo) , €) > 0,
Ve >0

From Property Pp-2, there exists §y € O, such that
e~T0Iwo = h, (6y, jwo) , which immediately yields

Q (F(G (jwo) , (ho (B0, jwo) = 1) Im, ), T (jwo) ,€) > 0,
Ve >0

contradicting (11) . Proof is complete. |

Remark 2: Theorems 3 and 4 provide the criteria that en-
able the verification of conditions (7) and (v) of Theorem 2
in an efficient way. As we will see in the sequel (10) and
(11) can be verified by solving a finite number of linear ma-
trix inequalities (LMIs).

D. Analysis with Candidate Filters

Let p;(s) denote the [** order diagonal Pade approxima-
tion to e~ *. Now, consider the outer approximation (cover-
ing filter) to the delay transfer functione™7°,0 <7 < 7T :

ho (97 8) =D (04098) ) 0eo (13)

where w, = min(w > 0] Arg(p;(jw)) = —27) (14)
Wo _
= _— = 1
0 = 2 0=[07 (15)

Lemma 2: Suppose that h,(6, s) is as specified in (13)
with Pade order [ chosen such that «, and w, may be found
from (14) and (15). Then h, (6, s) satisfies properties Po-1
and Pp-2.

Proof: See [23]. |
In robustness analysis with Integral Quadratic Con-
straints, it is desired to describe the perturbation operator
0 as accurately as possible by IQC’s. The class I of all
rational Hermitian valued matrix functions II that define a
valid IQC for a given ¢ is convex and is typically infinite-
dimensional [13]. A suitable IT € II; can therefore be
found by numerical optimization over a finite-dimensional
subset of Ils. In this case, IT can be expressed as:

r=rg
M(jw) = >z, 10, (jw) (16)
r=1
where each z, is a positive real scalar and § € IQC (IL,.) ,
T = 1, s 7O
Now, assume that h, (0, s) is developed as in (13). We
have the following corollary.
Corollary 1: Stability Employing Pade Filter. ZZ is sta-
ble with finite gain for all 7 € [0, 7] if:
(1) 3=, () is asymptotically stable for all § € [0,7].
(49) d4 is a parameterization of J that satisfies:

(a) 0o :LE[0,00) — LI[0, 00) is bounded and
causal for all o € [0, 1]
(b) Fv > 0such that
[6a,v — oy vl| < vlox — s o]
for all v € LY [0, 00) and a1, ag € [0, 1]
(C) 6a|o<:0 =0, 5a|a:1 =4
(1it) Y7 € [0,7], the feedback interconnection of

F(G,(e7™ —1)I,,) and 4, is well-posed for all & €
[0,1].

(iv) Va € [0,1], 6o € IQC(IL,.) , 7 = 1, .., 7.

(

i
v) There exist positive real scalars z,., » = 1, .., 7, such
that V0 € [0, 7], there exists an €9 > 0, such that

T=To

Q (f(G, (ho (0, jw) = 1) In,), Y 11, (jw), €9 | <0
r=1
(17)

Proof: The result follows from Theorems 2, 3 and 4.

[ |

Remark 3: The assumption d,|,—0 = 0 is not necessary

and can be replaced by the alternative assumption that the

feedback interconnection of F(G, (e~ — 1) I,,,,) and do

is stable for all 7 € [0,7]. This assumption is made here,

just to simplify presentation of the results and to avoid dis-
tracting details.

IV. STABILITY ANALYSIS
A. Preliminaries
In this section, we provide LMI criteria that verify Con-

ditions (z) and (v) of Corollary 1. Let { Ay | By } be a
Cp | Dy
minimal realization of [p;(s) — 1]I,,,. Define:
A11 = A + BQDPCQ A12 = BQCp
Aoy = Oé;prCQ Aoy = OéglAp
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Then, it can be verified that a minimal realization of

F(G, (ho (0,8) — 1) I,,,) is given by
_|_AL(0) | Br
F(G, (ho(0,8) — 1) Ipn,) = [ . Dy } (18)
where
.7 An Ag [ B
ALO) =1 9714, 074y, ] B = [ 0 ]
Cp = [ Ci+ DlQDpCQ Dlng ] Dy, := Dy
(19)

Remark 4: Tt should be clear that Ay, (0), is the Kernel
matrix of the LTI system ) _(6). Therefore, > (6) is sta-
ble for all § € (0,7], if and only if Ay, (6) is Hurwitz for all
6 € (0,7].

Next, it is shown through the well-known KYP Lemma
that the frequency-dependent Linear Matrix Inequality (17)
is equivalent to a frequency-independent LMI condition.

B. Canonical Factorization and KYP Lemma

Without loss of generality we may assume that each II,.
has the canonical factorization

. _ —1 * . _ —1
1 — [ (jwI 1;171') B ] M, { (JwI z}lﬂ) Bx }

where Br = [ Bry Bry | and A, is Hurwitz. Then
(17) is equivalent to [6]:

(ol =A)7B " (5o, [ QS
I r=1 ST RT
{ (jwl _IA)_ } < 0,Vw € RU {0}
(20)
where
T Aﬂ- Bm)CL o _ B‘n'vDL + Bmv
A= { 0 AL(Q)],B_[ 5 1)
Qr Sr
ST Rr
1o o 77 I 0 |0
0 Cp| Dg M., | 0 C.L| Dy | &M,
0 O I 0 O I
(22)
Lemma 3—KYP Lemma: Given A € Rxn
B € RY™m M = MT e RO+Tmx(tm)  with
det(jw — A) # 0 for w € R and (A, B) controllable, the

following two statements are equivalent:

~ [ Gwl, —A)'B 1" (jwI, — A)~'B

(1) [ I M I, <
0, Vw € RU {00} .
(i) 3P = PT € R™" such that M +

ATP+PA PB

T <0.
B'P 0
Therefore, through the canonical factorization of II,. and

the KYP Lemma, (17) can be reduced to a frequency-
independent LMI condition.

C. LMI Analysis

Theorem 5: " (0) is asymptotically stable for all § €
[0, 7], if there exist symmetric matrices X5 and X3, a pos-
itive definite matrix X7, a negative definite matrix X, and
matrix Z, all of appropriate sizes, such that

AO) < 0, A(b)<0 23)
X@®) > 0 (24)
where
X1+ 60X, 0z
X6 [ 027  0X3+60°X, }
A11(0)  Aq12(0)
AG) =
( ) |: * A22<9)
A11(9) = He (ZAQl + (Xl —+ 9X2) All) s
A12(9) = (X1 + GXQ) Ay + ZAs + HAP{IZ +
AL (X34 60Xy),
A22(0) = He (HZTAH + (Xg + 9X4) A22) .

Proof: Omitted for brevity. |
Theorem 6. Letd, andIL,.,r = 1, .., ro be such that con-
ditions (44) , (49¢) and (iv) of Corollary 1 are satisfied. Sup-
pose that it has been established through Theorem 5 that
for all § € [0,7], >_, () is asymptotically stable. Then,
the system Zg (7) is stable for all 7 € [0,7], if there ex-
ist symmetric matrices X1, X2, X3, X4, P11 and matrices
Z, Pys, P35 of appropriate size, and positive scalars x,.,
r =1, ..., 7o such that the following conditions hold:

0
TFE+Y oM, < 0
r=1

(25)

0)+ierr < 0

r=1

(26)

where each M, corresponds to II,. and is defined in (22)
and

T11(0) Ti2(0) Yi3(0) Y14(0)
_ * To2(0) Yo3(0) You(0)
T(0) = N N Tys(6) Taa(6) | where
* * * 0
TH(Q) = He (PnAﬂ—)
Y12(0) = AL Pio+ P11 By, (C1 + D12D,Ca) + PigAq +
Pi3As

Y13(0) = 0AT Py + PioAis + PigAss + P11 B, D120,

Y14(0) = P11 (Bro D11 + Brw) + PraBy

Ty(0) = He(PhBry (C1+4 D12D,Cs) + (X1 +
9X2)A11 + ZAQI)

T23( ) = (Cl +D12Dp02) BT Pis + 9A11Z +
A21 (X3 + 9X4) + <X1 + QXQ) Ay + ZAs +
P@Bleng

T24(0) = Pfé (BTerll + Bm,;) + (Xl + GXQ) B,
T35(0) = He(@ZTAu + (X3 + 9X4)A22 —+
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0P By D12C,)
Y34(0) = O0PL (BryD11 + Brw) + 027 By

Proof:  First, notice that Y(6) is affine in 0 and is
therefore convex in 6. Inequalities (25) and (26) then imply

that T'(9) + 203 xr M, < 0,V0 € [0,7], where

r=1
POYA+A PO POB
) = —=T
B' P(0) 0
Py Py 0P13
P(@) = P1T2 X7 +60Xs 0z
oPL  0ZT  0X3+60°X,y

A and B are defined in (21). It follows from (20) and the
KYP Lemma that for each 0, there exists an €9 > 0, such
that

Q[ F(G, (ho (0, jw) = 1) Im,), ¥ 2,11, (jw) ;g9 | <0
r=1

The result follows immediately from Corollary 1, since all
conditions are satisfied. Proof is complete. ]

Remark 5: Assuming that all suppositions of Theorem 6
are true, and assuming that (26) is satisfied, the maximum
7, for which, Theorem 6 affirms finite-gain stability of ZZ
over [0,7] , can be found by implementing a bisection algo-
rithm over (25) .

V. NUMERICAL EXAMPLE

Example 1: Consider  the  system  (2)  with
—-0.25 —0.875
A:[4.o o |B =B B] =
1 0.125 o - Ch _ 0.15 0
0 0 ’ o Cy - 0 1]’
D = 8 8 . Consider the case where § is a norm-

bounded time-varying uncertainty, ie. o = d(t)],
with [|0]],, < 1. Then, ¢ satisfies IQCs defined by

) X Y
I(jw) = | yr _X],whereX:XT > 0, and
Y = —Y7T. The maximum delay margin provided by

our LMI criterion (Theorem 6) is 7 = 1.643 with Pade
order 4, and 1.685 with Pade order 5. As comparisons, the
maximum delay margin for the same system was found to
be 7 = 0.200 when the software IQC /3 [14] was used and
T = 0.198 when the result of [7] was used.

VI. CONCLUSION

A new method for delay-dependent stability analysis of
nonlinear time-delay systems was presented. In contrast to
a pure IQC analysis, in the mixed 1IQC approach only the
nonlinearity is tackled via IQCs and the value set of the
delay element is covered by the outer parameter-dependent

filter. LMI conditions were developed for stability analysis.
A numerical example demonstrates that this criterion may
be much less conservative than a pure IQC analysis. The
method can be applied to nonlinear systems with multiple
delays in a very straightforward fashion.
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