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Abstract�This paper addresses the issue of estimating un-
derwater vehicle trajectories using Gyro-Doppler (body-�xed
velocities) and acoustic signals (earth-�xed positions). The ap-
proach consists of diffusion-based observers processing a whole
trajectory segment at a time, allowing to consider important
practical problems such as different information update rates,
outages, and outliers in a very simple framework. Results of
[10] are used to prove that the observers are contracting, i.e.
convergent in the sense of contraction analysis. Simulation and
experimental results are presented to illustrate the potential of
application of the method.

I. INTRODUCTION
Knowing precisely enough the horizontal position of an

underwater vehicle evolving at the bottom of the sea is
of great importance, not only for precise maneuvering and
other control-based concerns, but also because the accurate
knowledge of the vehicle trajectory is often the �rst step
of other tasks or processing, whether they are done online
(control purposes, marking interesting spots undersea...) or
of�ine (cartography, video mosaicking,...)[13].
The precision of position sensing is however limited,
depending on many different factors like for example the
kind and type of sensors used (Doppler-gyrocompas, Long
BaseLine (LBL), Ultra-Short BaseLine (USBL), Inertial
Measurement Unit (IMU), ...) as well as the events that are
often connected with the sensors features or environmental
conditions like noise, sensor misalignment, outliers and
outages (see [16], [15], [6] for an excellent review of the
�eld).

This paper presents a new method for estimating the
horizontal position of an underwater vehicle trajectory
using principally Gyro-Doppler measurements (speed
measurements) and an acoustic positioning system (horizontal
position). The method is based on the use of Partial
Differential Equations-based (PDE-based) observers that
process whole segments of the vehicle trajectory. As it will
be seen, one of the main advantages of such an approach is
that, unlike other studies on navigation (see for example [1],
[11], [12], [5], [2]), many of the dif�culties subsequent to
the Doppler-gyro / USBL combination (different information
rates, Doppler-gyro drift, outliers, outages of the acoustic
system,...) are treated very simply by starting with the same

basic equations, thus leading to a quite uni�ed view of the
problem at hand.
The �nite element approximations that are used to implement
the observers are proven to be contracting, i.e. stable in the
sense of contraction analysis [10] and therefore exhibit an
exponential convergence.
Computer simulations and full-scale experiments on the deep
sea ROV Victor 6000 were carried out to demonstrate the
observers performance. Some of these results are included in
this paper.

The rest of the paper is organized as follows. After this
introduction, a few elements of underwater vehicle navigation
are given in section 2 in order to de�ne the problem both
theoretically and practically. In section 3, three PDE-based
observers based on the diffusion equation are introduced. The
�rst addresses the basic problem of combining Doppler-gyro
speed measurements with USBL positions. The second one
considers the use of time-constraints on the trajectory, i.e.
different moments for which the vehicle was at the same
position, after a loop-like trajectory. The above observers
were designed for off-line purposes. The third subsection
brie�y addresses the important issue of online trajectory
estimation taking the considered segments of trajectory as
sliding along the latter and presents other possible extensions
to the above observers. Experimental results are discussed in
section 4. Brief concluding remarks end the paper.

II. UNDERWATER VEHICLE NAVIGATION

As the problem that will be hereafter considered only
addresses horizontal positioning, the kinematics can be written
as follows [3]�
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where the vector (x; y)T is the vehicle position with reference
to an earth-�xed frame,  the heading given by a gyrocompass,
and (u; v)T the vector of body-�xed velocities.
Note that by de�ning a complex setting X = x + iy and
U = u+ iv, equation (1) is reduced to

_X = ei U (2)



Fig. 1. IFREMER ROV Victor 6000

The above complex notation will be used in the rest of the
paper. Hence, the positions given by the acoustic system
(USBL or LBL) will be denoted as Xac. From a practical
standpoint, these measurements are typically corrupted by
noise and can possibly suffer from a high percentage of
outliers and outages. In addition to this, the update rate of the
positioning information lies between 0:1 and 1Hz, depending
on the system in use.

The body-�xed velocities are measured by a bottom-
lock Doppler sonar consisting of four downward-looking
beam transducers used to the sea bottom. These velocities,
noted Vdop can then be reinterpreted in the earth-�xed frame
through the relation

Vgeo = ei Vdop (3)

where  is measured by the gyrocompass. Vdop and Vgeo
are typically less noisy than the acoustic positions and their
refreshing rate are higher (5Hz for the Victor 6000 for
example). However, integrating these velocities to obtain the
vehicle trajectory (such a computation being referred to as
dead-reckoning) can be not very accurate since the integration
process creates a deviation caused for example by the accu-
mulation of the small noise errors of the heading measurement
[15].

III. DIFFUSION-BASED TRAJECTORY OBSERVERS

By trajectory observers, it is meant that rather than esti-
mating the current position of a vehicle, we are interested in
the estimation of a whole trajectory segment. Formally, de�ne
X̂(s; t) the estimated trajectory as a continuous function of the
trajectory time s, i.e. the temporal position along the trajectory,
with s 2 [sb; se] in seconds. The estimation process being
iterative (i.e. it improves with iterations), let t represent the
improvement time, with t 2 R+, on which X̂ also depends
continuously.
The trajectory observers are based on the well-known diffusion

equation [9] [8] [7]

@X̂

@t
(s; t) = r2X̂(s; t) (4)

where rX̂ , @X̂=@s. This equation was proven to be
contracting, i.e. incrementally stable in the sense of contraction
analysis, provided Dirichlet boundary conditions are assumed.
For more details on contraction analysis of partial differential
equations, the reader is referred to [10].
In order to obtain a �nite element implementation of (4),
rewrite the Laplace operator in the following discrete approx-
imation

r2X̂ =
(n+ 1)2
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where n is the number of discrete elements of the trajectory
segment, S is the segment length in seconds, and X̂b and X̂e

are Dirichlet boundary conditions.
Proving that this implementation of (4) is contracting consists
in verifying that the symmetric part of its Jacobian with respect
to X̂, i.e.

@r2X̂
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is uniformly negative de�nite (u.n.d.), which is easy to check
using Sylvester lemma. Such a discretizing process will be
our main tool for checking the contracting behavior of the
implementation of the trajectory observers.

From a trajectory point-of-view, the contracting behavior of
the diffusion equation (4) means that for all initial estimated
trajectory, the �nal estimation is unique provided Dirichlet
boundary conditions are assumed, i.e. the extremum positions
represented by the start and end points of the vehicle
trajectory are known.

A. Velocity-guided diffusion observer
In order to combine appropriately the most interesting

properties of the two measurements Vgeo(s) and Xac(s), we



construct the following PDE-based trajectory observer

@X̂

@t
= r(rX̂ � Vgeo(s)) + kX(s)(Xac(s)� X̂) (7)

where Vgeo(s) is introduced to guide the smoothing behavior
of the diffusion-based �lter according to the vehicle dynam-
ics, and Xac(s), in feedback with X̂ , ensures that the �nal
trajectory resembles the global positioning feature of Xac(s).
Basically, the motivation of the above observer is that the
�nal estimated trajectory X̂ should be the result of a balance
between a close match of X̂ with Xac, and another one of
rX̂ with Vgeo (see [13, section II.D.2]).
To take care of the acoustic signal, as well as its outliers and
outages, the observer gain is de�ned as

kX(s) = K

nsX
i=1

�(s� si) (8)

where K is a strictly positive constant, �(�) stands for the
Dirac delta function, and si 2 [sb; se] are the trajectory
times for which the acoustic signal is available. Hence, ns
is the number of available acoustic signals on the interval
[sb; se]. Note that such a framework allows to deal with a
non-periodic acoustic signal which appears for example when
many outages perturb the signal. Also, the outliers are treated
as outages in the observer as they are simply discarded
whenever detected.

once again, proving that the trajectory observer (7) is
contracting is simple. Indeed, noting that Vgeo(s) and Xac(s)
are just inputs to the observer, we can restrict the study of
the combination of the Laplace operator (with Neumann
boundary conditions)

r2X̂ =
(n+ 1)2
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with the Dirac-based observer gain (8).
Thus, to show that the symmetric part of the discrete approxi-
mation of the Jacobian ofr2X̂�kX(s)X̂ is uniformly de�nite
negative, one has just to ensure that, in the case where only
one acoustic measurement is available, the following matrix

is uniformly positive de�nite.0BBBBBBBBBBBBBBB@
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Using Sylvester lemma and computing the principal minors of
(10), it can be seen that �i = 1 for all i until i = k the index
of the available acoustic measurement for which �k = 1+K.
For i > k, �i = 1 + (i � k + 1)K. The last principal minor
�n, i.e. the determinant of (10) is then equal to K. Thus,
all minors �i are positive, hence (10) is uniformly positive
de�nite, meaning that the discrete version of r2X̂ �kX(s)X̂
is contracting, as well as the implementation of observer (7)
with one acoustic measurement.
Using the fact that the sum of contracting systems is also
contracting, contraction is then proven for the observer for
any �nite number of acoustic measurements.

Additionally, note that the above observer can be easily
modi�ed using a nonlinear diffusion term as follows

@X̂

@t
= rf(rX̂ � Vgeo) + kX(Xac � X̂) (11)

Contraction can still be concluded for (11) provided one
assumes some mild condition of linear bounded growth on
f (see [9]). Indeed, one has

rf(rX̂ � Vgeo) =
@f

@(rX̂ � Vgeo)
r(rX̂ � Vgeo) (12)

B. Adding �rendez-vous� time constraints
Some missions of underwater vehicles consist of surveying

a sea �oor area for cartography and video-mosaicking
purposes [13]. During these surveys, the path pro�les are
such that the vehicle happens to go over the same spot at
two different times, thus creating loops (see �gure 2). Such
events being detected for example by cameras, meaning the
actual position of the spot is not known, it is of interest to
compensate the deviations due to noise on the Doppler sensor
by using these �rendez-vous� time constraints in the case that
only the extremum positions of the considered trajectory are
known (see [2]).

The corresponding trajectory observer for a single-loop
trajectory can be written as follows.

@X̂

@t
= r(rX̂ � Vgeo)

+ kL(X̂(s2; t)� X̂(s1; t))�(s� s1)
+ kL(X̂(s1; t)� X̂(s2; t))�(s� s2) (13)



Fig. 2. Simulation of the unbiased and biased version of a three-loop
trajectory

in which Dirichlet boundary conditions are assumed. kL is a
strictly positive constant, and s1 and s2 are the two trajectory
times for which the positions are the same.

As for observer (7), checking the contraction property is not
dif�cult if one uses the fact that observer (13) is contracting
if the sum of the following matrices is u.n.d.0BBBBBBBBB@
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where the �rst matrix corresponds to the Jacobian
approximation of the Laplace operator with Dirichlet
conditions, and the second one, which are the terms induced
by the observer feedback, stands for the rendez-vous time
constraints.
It is straightforward to show that the latter matrix is uniformly
semi-de�nite negative, and that this subsystem is therefore
semi-contracting, while the former matrix is u.n.d according
to [10]. The contraction property of (7) directly follows
from the fact that the sum of a contracting system with a

Fig. 3. The biased trajectory and its PDE-based correction

semi-contracting one is contracting.

In �gure 2 is represented the simulation of a real trajectory
(unbiased trajectory) of a vehicle and a Doppler-based version
of it for which the Doppler sensor was highly corrupted by a
slow noise (slow noise). The dots indicate the �rendez-vous�
trajectory times as detected by a camera. It can be seen from
the so-called biased trajectory that the error induced by the
slow noise affects the rendez-vous constraints as each meeting
point is quite distant from its counterpart (see the rendez-vous
points pointed by the arrows). This problem is signi�cantly
corrected using a three-loop version of the above observer
as shown in �gure 3 where the rendez-vous constraints are
recovered in the estimated trajectory.

C. Online version and further extensions
The trajectory observers that were hitherto depicted can

be simply extended. For example, if instead of an off line
trajectory observer (like the one in (7)) which is mainly useful
in postprocessing tasks such as video mosaicking [13], a more
real-time version of a trajectory observer would be

@X̂

@t
= r(rX̂ � Vgeo) + vrX̂ + kX(Xac � X̂) (15)

where v accounts for the speed at which the trajectory segment
to be estimated is moving in time along the whole trajectory.
This observer is in turn contracting since the additional term
rX̂ has been shown to have no effect on the contraction
behavior in [10].
In �gure 4 is represented the simulation of such an observer
for a one-dimensional trajectory, for which the observer was
not initialized on the exact location of the real trajectory. As in
a usual Luenberger observer, the trajectory observer recovers
the actual trajectory after a transient. The 3D view of �gure
5 illustrates the sliding trajectory segment aspect of the same
simulation.



Fig. 4. Simulation of observer (15) for a one-dimensional trajectory

Fig. 5. 3D representation of the simulation of observer (15)

In the case where there are also outages on the Doppler
signal, observer (7) can be augmented and rewritten as

@X̂

@t
= r(rX̂ � V̂ ) + kX(Xac � X̂) (16)

@V̂

@t
= r2V̂ + kV (Vgeo � V̂ ) (17)

where equation (17) takes care of the outages of Vgeo in the
same way as it is done in (16) for Xac.
The overall contracting behavior of observer (16)-(17) is
then easily concluded by using the combination result of
contracting systems in cascade form.

Finally, if some acceleration measurements are added to
the available information, equation (17) can be in turned

Fig. 6. Experimental result of the velocity-based diffusion-observer (7)

changed into

@V̂

@t
= r(rV̂ �Ains) + kV (Vgeo � V̂ ) (18)

EXPERIMENTAL RESULTS
Full-scale test trials have been performed at sea during

the joint IFREMER-AWI �Victor in the North� scienti�c
cruise in the Atlantic ocean. Figure 6 shows one result of
the combination of the USBL acoustic positioning system
data of Victor 6000 with its Gyro-Doppler measurements
using trajectory diffusion-based observer (7) which was
implemented in Matlab code using AOS schemes for
diffusion-based algorithms [14].
The starting point of the trajectory is in the upper left corner
of the plot. The acoustic pings of the USBL system are easily
spotted. Note the outlier in the upper righthand corner. The
dead-reckoning trajectory is obtained after integration of the
Gyro-Doppler data. This dead-reckoning process is initialized
at the beginning of the trajectory.
The reader will certainly notice the differences between
these two curves. The acoustic-based one has a good global
position which is however noisy and not smooth, while
the Gyro-Doppler trajectory behaves nicely regarding the
dynamical aspects but is �bent� by error on the integration
process.

On the practical point-of-view, note that these two tra-
jectories are the main information that are available to the
operational team and pilots of Victor 6000 to know the
horizontal location and trajectory of the vehicle. In order to
reduce the mismatch between the two trajectories, the initial
value of the Doppler-based trajectory is manually re-initialized
every now and then, which creates steps in the trajectory that



do not correspond to realistic underwater vehicle dynamics
and can therefore be unsuitable for cartography purposes.
The estimated trajectory is the result of the PDE-based �lter-
ing. Note the good aspect of this trajectory as it advantageously
combines the smooth speed feature of the Gyro-Doppler
measurements with the absolute positioning of the acoustic
system.

IV. CONCLUDING REMARKS
In this paper, a simple and reliable framework for

estimating horizontal underwater vehicle trajectories was
presented, consisting in processing a whole trajectory segment
at a time using a diffusion-based observer which inputs are
Gyro-Doppler measurements and acoustic signals.
Current research focus on extension of the above-described
work to study important underwater vehicle navigation
aspects such as gyrocompass bias estimation, sound velocity
adaptive estimation as well as acoustic rangemeter positioning
applications.
Also, combining statistic with diffusion �ltering as in [4],
�nding an appropriate function f for the nonlinear observer
(11) to improve the results if a subject of current study.
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