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Abstract—In this paper, a new control algorithm for a 

planar parallel robotic manipulator with three degrees-of-
freedom (DOF) and parametric uncertainties has been 
developed. From its mechanical structure, the studied planar 
parallel manipulator is categorized as a P-R-R type and can 
be treated as comprised of three constrained sub-
manipulators. Key to the successful trajectory tracking 
control of the P-R-R manipulator is the motion of the sub-
manipulators: each sub-manipulator should be controlled to 
follow its pre-determined trajectory while coordinating 
motions with the other sub-manipulators. The control 
algorithm developed employs the above idea and incorporates 
synchronization technology with the adaptive control 
architecture by feeding back position, velocity errors of the 
actuated joints and a newly defined synchronization error. 
Employment of the synchronization error, verified by 
simulations, substantially reduces the pose error of the end-
effector of the P-R-R manipulator during trajectory tracking. 
From theoretical analysis, the proposed control algorithm is 
shown to guarantee the convergence of tracking errors and 
the synchronization error at the same time. Finally, simulation 
results demonstrate that the proposed controller can achieve 
excellent trajectory tracking performance. 

I. INTRODUCTION 

AS a result of high rigidity, high accuracy and high 
payload, parallel robotic manipulators have received 

significant attention and have been applied in various 
industrial areas [1][2] since the 1980’s. In order to execute 
different tasks, parallel robotic manipulators with different 
structures have been proposed, such as the Pierrot’s 
manipulator [3], the Hexaglide manipulator [4], the biped 
manipulator [5] and so on.  Recently, with the discovery of 
the potential of integrating parallel manipulators with 
reduced number of DOF, planar parallel manipulators have 

been applied to perform electronic component placement 
tasks especially in the electronic industry [6]. These 
mechanisms have simple mechanical structure, high speed 
performance and low manufacturing and operation cost. A 
planar parallel manipulator usually consists of several 
closed-loop chains and one moving platform. In terms of 
the joints used in one closed-loop chain, planar parallel 
manipulator are categorized as R-R-R type, R-P-R type, P-
R-R type, etc., where P and R mean prismatic and revolute 
joints, respectively. Since the actuators are fixed on the 
base and three closed-loop chains support the moving 
platform, planar parallel manipulators have large stiffness 
and low inertia that results in high positioning accuracy and 
fast movement [7].  
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In this paper, we study a P-R-R type planar parallel 
manipulator with three DOF and develop a controller to 
achieve its trajectory tracking. Trajectory tracking is 
controlling manipulator end-effector move along a path in 
space with a particular orientation, which is indispensable 
for robotic manipulator operation. Studying the literature 
on trajectory control of robotic manipulators reveals that 
numerous control methods have been proposed, for 
example, robust control [8], adaptive control [9], neural 
network [10], etc. However, considering the cost of control 
energy and the system characteristics: parametric 
uncertainties due to unknown payloads; performance 
requirements of high speed and high accuracy, it is not 
suitable to use these control methods, directly. Here, a 
control algorithm termed as adaptive synchronization (A-S) 
control has been developed. A-S control is an adaptive-
based control, which incorporates synchronization control 
into an adaptive control structure. Although 
synchronization control has been employed on coordination 
of multiple robots [11], it is reasonable to employ this 
control method on the P-R-R manipulator due to its 
mechanical architecture and motion characteristic. From its 
mechanical architecture, the P-R-R manipulator can be 
treated as comprised of three constrained sub-manipulators. 
The end-effectors of the sub-manipulators are all connected 
to a common payload of the P-R-R manipulator. As a 
result, the three sub-manipulators move synchronously. 
Therefore, control of the pose of the P-R-R manipulator 
end-effector may be achieved by controlling all sub-
manipulators simultaneously. Key to the success of 



 
 

 

synchronization control of the P-R-R manipulator is the 
motion of the three sub-manipulators: each sub-
manipulator should be controlled to follow its pre-
determined trajectory while coordinating motions with the 
other sub-manipulators. In synchronization control, besides 
the position errors and the velocity errors of the actuated 
joints in the sub-manipulators, a newly defined 
synchronization error is also fed back. The synchronization 
error is calculated by using position and velocity errors of 
all actuated joints. Furthermore, a bounded-gain-forgetting 
(BGF) adaptation law [12] is employed to minimize the 
effect of parametric uncertainties in the dynamic model of 
the P-R-R manipulator and estimate their true values. 
Theoretical analysis proves these claims and simulations 
demonstrate their validity. 

The paper is organized as follows. The theoretical 
derivations of the dynamic model of the P-R-R manipulator 
are addressed in Section 2. Subsequently, the definition of 
the synchronization error, design of the A-S controller, and 
stability analysis of the proposed controller are provided in 
Section 3. Section 4 shows simulation results. Conclusions 
are addressed in Section 5. 

II. DYNAMIC MODEL 
The architecture of the P-R-R manipulator is shown in 

Figure 1. It consists of following components: a platform; 
three sets of intermediate links, ball screws and DC 
brushless motors; three prismatic joints and six revolute 
joints. The platform with a regular triangular shape 
corresponds to the end-effector, on which different 
payloads may be attached. Three intermediate links 
between the platform and prismatic joints play a role to 
convert the actuating force into movements of the platform. 
Both ends of an intermediate link are non-actuated revolute 
joints. Each prismatic joint moves along a linear guide 
actuated by an electrical motor via a ball screw mechanism.  

Let , , 
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coordinate vector. With respect to the fixed frame, iρ , 

 denotes the translation of the i  prismatic joints; 
,  denote the position and orientation of the 

platform and the i  intermediate link at their mass centre, 
respectively. From forward kinematics of the P-R-R 
manipulator, we derive: 
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where: the Jacobian matrix  and  represent the 
velocity relationship between the prismatic joints and the 
platform and the velocity relationship between the  

linkage and platform, respectively. Using the principle of 
virtual work and following a similar procedure introduced 
in [7], the dynamic equations of the P-R-R manipulator can 
be expressed as: 
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where:  are the mass and the mass moment of inertia 
of the platform; m  are the mass and the mass moment of 
inertia of an intermediate link; m  is the mass of the 
prismatic joint; , 

PP Im ,

I,

vif
s

3,2,1=i

iP X,

 is viscous frictional coefficient; 

 is the actuating force exerted on the prismatic 

joints. Since  are functions of and ; therefore, 
(3) can be rewritten into a compact form:  

13×

X

ℜ∈aF

qq, q

 ( ) ( ) aFqqq,CqqH =+                                      (4) 

where: ( ) 33×ℜ∈qH  is the inertia matrix;  denotes 
a vector containing the Coriolis, centrifugal, frictional 
forces and other coupling terms, H  is a skew-
symmetric matrix [13].  

( ) 3ℜ∈qqq,C

( )qqq,2C−q)(

In practice, ( )  and qH ( )qq,C  both contain parametric 
uncertainties mainly due to varying payloads. Define θ  as 
an  dimensional vector containing the unknown 
parameters. Using linear parameterization technique, both 

m

( )  and qH ( )qq,C  can be expressed linearly in term of 
unknown parameters listed in θ , as shown in (5): 

( ) ( ) ( )θq,qq,Yqqq,CqqH =+                                 (5) 

where: ( ) m×ℜ∈ 3q,qq,Y  is a regression matrix. Through 
parameter linearization, we design an adaptation law, 
which exhibits stable behaviour and guaranteed tracking 
convergence [12]. Using  to represent the estimate of θ , 
an estimated dynamic model is given by: 

θ̂

( ) ( ) ( )θq,qq,Yqqq,CqqH ˆˆˆ =+                               (6) 

where: ( )  , qĤ ( )C  denote the estimate ofqq,ˆ ( )  and qH ( )qq,C , 
respectively. 

III. CONTROLLER DESIGN 

A. Synchronization Error 
From its mechanical structure, shown in Figure 1, the P-

R-R manipulator can be treated as comprised of three 
constrained sub-manipulators. Each sub-manipulator 
consists of one intermediate link, one actuated joint 
(prismatic joint), two non-actuated joints (revolute joints), 
one ball screw and one DC motor. The end-effector of each 



 
 

 

sub-manipulator is the revolute joint connecting the 
intermediate link and the platform.  For each sub-
manipulator, the only available feedback information is the 
position of its prismatic joint, rather than the position of its 
end-effector; consequently, each sub-manipulator cannot 
control its end-effector, alone. Therefore, control of the 
pose of the platform should be achieved by controlling 
three sub-manipulators, simultaneously, i.e., the motion of 
each sub-manipulator should coordinate with motions of 
the other sub-manipulators, which is called 
synchronization. Considering motion synchronization 
characteristic of the P-R-R manipulator and inspired by 
synchronization control for multi-robots, a new error 
termed synchronization error is defined for the P-R-R 
manipulator to reduce the pose error of the platform. In 
order to design the synchronization error, it is necessary to 
derive a kinematic relationship amongst the positions of all 
prismatic joints in the sub-manipulators, q , and the pose of 
the P-R-R manipulator end-effector, , first. Fortunately, 
we have already derived it given by (1). 

PX

Let ,  denotes the desired value of ,d
PX

dq PX q , 
respectively. Replacing each term in (1), we obtain: 

                                   (7) ( ) dd
P

d
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Left multiplying  on both sides of (1), subtracting 
(7), and then left multiplying by , the synchronization 
error is defined as: 
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where:  is the synchronization error;  

is a positive coefficient matrix; 
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denotes the velocity errors of the three prismatic joints. 
From (8), it is obvious that each term of  contains the 
actual velocities and desired velocities of the three 
prismatic joints; therefore,  denotes the coordination 
degree of motions of the three sub-manipulators.  

)(tε

B.  A-S Controller Design 
In the proposed A-S control algorithm, two types of 

errors are employed: 
Tracking error:   13)( ×ℜ∈te

)()()( ttt dqqe −=                                    (9) 

Synchronization error:   )(tε

Then, we define a coupling error, e , which combines 
the tracking error and the synchronization error: 

)(t*

)()()(* ttt εee ⋅+= Γ                              (10) 

where:  is a  positive constant coefficient matrix.  33×ℜ∈Γ

Define a vector , similarly as defined in [9]: 13)( ×ℜ∈tu

)()()()( tttt *d eεqu ΛΓ −−=                  (11) 

where:  is a symmetric positive definite matrix. 
The vector  formed by modifying the desired velocity 

 using the coupling error  and the derivative of the 
synchronization error, may be called “reference velocity”. 
The introduction of guarantees the convergence of the 
tracking error and the synchronization error [12]. Define 
another vector , which can be treated as a 
measure of tracking accuracy: 
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Our objective is to design a control law such that the 
coupling error, i.e., the position error, velocity error, and 
synchronization errors, all converge to zero. In other 
words, the control law should be able to restrict  to lie 
on the sliding surface: 

)(tr

0)()()( =+= ttt ** eer Λ                            (13) 

The control law and adaptation law are defined as 
follows: 

Control law: 

( ) ( ) )()(ˆˆ tt *
era eKrKuqq,CuqHF −−+=           (14) 

where: are both positive diagonal gain 
matrices. In a similar manner to the derivation of (5), we 
have: 
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Adaptation law:    

)
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)()()()()( 11 uu,,qq,Yuu,,qq,YPP Tttdtd +−= −− λ     (17) 

   )1()( 00 kt P−= λλ                             (18) 

where:  is gain matrix of the estimator; 33)( ×ℜ∈tP

)()(ˆ)(
~

tt θ− 0t θθ = ; 0,kλ  are positive constants representing 
the maximum forgetting rate and a pre-specified bound for 
the magnitude of . This is actually a Bounded-Gain-
Forgetting (BGF) estimator, which can filter noise and 
small disturbances, and avoid oscillation of the estimated 
parameters [12].  

)(tP

C.  Stability Analysis 
Substituting the control law (14) into the dynamic 

equations (4), the closed-loop dynamics of the P-R-R 
manipulator are derived as: 
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Through construction of a Lyapunov function and use of 
Barbalat’s lemma [12], the proposed Theorem 1 and 
Theorem 2, which address the stability of the proposed 
control algorithm, are proved. 

 
Theorem 1: For the proposed control algorithm, if the 

desired trajectories are continuous and bounded, then 
and are both bounded. )(te )(te

Proof: Define a positive definite function as: 
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Left multiplying both sides of (19) by , then substituting 
into (21), and utilizing (13), (16), (17), we have 
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Differentiating V  with respect to time yields )(t
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~Since , hence ,  and 0)( ≤tV )(tr )(t*e )(tθ

)(t
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 are bounded. 

From (13),  is bounded. On the other hand, from (19), 
 is bounded. Since the manipulator has a bounded 

workspace, in which if the desired trajectory is continuous 
and bounded, then , and are all bounded. 

Since  is bounded,  and q  are bounded, 
substituting (8) into (10), we can derive: 
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where:  is a positive constant matrix, 

 is a bounded vector. Then it is easy to prove that 
 and e  are both bounded. Therefore, as a conclusion, 
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Theorem 2: If the desired trajectories are continuous and 

bounded, and Y  is persistently exciting, then the proposed 
controller gives rise to asymptotic convergence of tracking 
error, synchronization error, coupling error and unknown 
quantity estimated errors, i.e., , ,  
and 

0)( →te 0)( →tε 0)( →t*e

)(
~

tθ  as ∞→t . 
Proof:  Since the desired trajectory of the platform in 

bounded and continuous,  is also bounded and 
continuous; subsequently, Y  is bounded. When Y  is 
persistently exciting, then  and 

Y

P 1)( −t )(tλ  are both 
bounded [12]. Hence, from (23), V  is bounded. Since 
the differentiable function V is bounded and V  is 
bounded, from Barbalat’s lemma, it follows that V  
as time 
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bounded, as derived in Theorem 1, from (10) and (12), we 
can derive that  is bounded. Similarly, from Barbalat’s 
lemma, we can derive that  as . Finally, since 

 and  as , from (8) and (10), we can 
derive that  as .                               � 
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IV. SIMULATION 
In order to verify the above claims outlined in Theorem 

1 and 2, and verify the effect of the synchronization error 
on trajectory tracking, simulations of the A-S controller 
employed on the P-R-R manipulator have been 
accomplished. During simulations, it is assumed that we 
have already known the exact values of all system 
parameters obtained from theoretical calculations. These 
values are listed in Table 1. For simplicity, without loss of 
generality, we set the initial pose of the platform as: 

0.0 , mmyI 0.0= , deg10=Iφ and set the final pose 
of the platform as: mm0.20x f = , , , 
corresponding to the fixed frame, where 

mm0.10=

y

y f deg60=fφ

x,  is the position 
of the mass center of the platform, φ  is the rotation angle. 
The desired trajectory between these two pose is three 
sinusoidal wave functions with smooth accelerations and 
decelerations as follows: 
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where: . Hence,20mst f = ./63.43,/5.0,/1 sradvsmvsmv yx === φ

}03.1{},4.50{},18{ diagdiag

 
Through trials, diag == ΓeK=rK

}04.0{

, 
 of the A-S controller have been found to 

achieve the best accuracy. 
diag=Λ

We use MATLAB to perform the simulations. Figure 2 
illustrates the actual and desired pose profiles of the 
platform using the A-S controller. Three graphs illustrate 
the profile of x  position,  position, and rotation angle y φ  
of the platform, in order. In each graph, the dashed line 
represents the desired profile, and the solid line represents 
the actual profile. Figure 3 illustrates the pose error profiles 
of the platform using the A-S controller. Three graphs 
illustrate the error profile of x  position,  position, and 
rotation angle 

y
φ  of the platform, respectively. Figure 4 

illustrates the torque profiles of the three DC motors using 
the A-S controller. From Figure 3 and Figure 4, the 
maximum errors of x  position,  position, rotation angle y
φ  of the platform, and the maximum torque of the three 
DC motors employing the A-S controller are listed in Table 
2. Analyzing data listed in Table 2, it is obvious that A-S 
control achieves excellent trajectory tracking performance. 

V.  CONCLUSION 
A new adaptive synchronization control algorithm is 

proposed for trajectory control of a P-R-R type planar 
parallel manipulator, which is developed for assembling 
tasks. The proposed A-S controller is designed by 
incorporating synchronization control into the adaptive 
control structure. Since the P-R-R manipulator can be 
treated as comprised of three constrained sub-manipulators, 
through controlling motions of all sub-manipulators 
synchronously and employing synchronization error, the 
pose error of the platform of the manipulator is reduced 
during trajectory tracking. It has been theoretically proved 
that the A-S controller guarantees asymptotic convergence 
to zero of tracking errors and synchronization error if the 
regression matrix is persistently exciting. The condition, 
under which the regression matrix is persistently exciting, 
will be studied in the future research. Analyzing simulation 
results, it is demonstrated that the proposed controller can 
achieve pretty good trajectory tracking performance. 
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TABLE 1. PARAMETERS FOR SIMULATIONS 

 
 
 
 
 
 
 
 
 
 

 
TABLE 2. SIMULATION RESULTS 

 
 

 
 
 

 
 
 

 
Figure 1. Architecture of the P-R-R manipulator 

 
 

 
Figure 2. Pose profile of the platform using the A-S controller 

 

 

Items Values 
Side length of the platform mm100  
Length of the intermediate link mm200  
Lead of the ball screw mm6  
Mass of the platform kg5.2  
Mass of the intermediate link kg2.0  
Mass of the prismatic joint kg2.0  

Mass inertia of the motor 250.2 mkge ⋅−  
Viscous frictional coefficient skge /43.1 −  

Items Values 
Maximum X position error mm210.0−  
Maximum Y position error mm083.0−  
Maximum rotation angle error deg324.0−  
Maximum torque Nm532.8  

Figure 3. Pose error profiles of the platform  
using the A-S controller 

 
Figure 4. Torque profiles of the three DC motors  

using the A-S controller 
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