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Active Control of Structures with Uncertain Coupled Subsystems
and Actuator Dynamics

Ningsu Luo, Rodolfo Villamizar, JésRodellar and Josep Veh

Abstract— This paper deals with the problem of stabilizinga zero and; denotes the final time of interaction between the
class of structures subject to an uncertain excitation due to the  structure and the truck. The truck is modelled by a mass
temporary coupling of the main system with another uncertain m with an elastic suspension of dampiagand stiffness

dynamical subsystem. A Lyapunov function based control " . .
scheme is proposed to attenuate the structural vibration. In the k. Additional variables;, 7 and¢ are chosen according to

control design, the actuator dynamics is taken into account. Figure 1. The mass of the platform is given by, and the
The control scheme is implemented by using only feedback moment of inertia with respect t@' by the parametey.

information of the main system. The effectiveness of the control The active control is implemented by two actuators located
scheme is shown for a bridge platform with crossing vehicle. between the ground and the bridge at the left and the
. INTRODUCTION right ends respectively. The actuatads and A, supply

Vibrations in dynamical flexible structures, as those enyertlcal control forcesMu; and Mu, which complement

countered in some civil engineering structures, are of'[ett'?e restlstant padsswe forc;ﬁs and tF 2|g|ve_n bbly tht(; etlast||ct

caused by environmental (seismic or wind) excitations an p;fjor S:-uy an i ud2 bareh € contro Va;? esdAa Trr? ate

human made (traffic or heavy machinery) excitations. On € forces supplie y the ac'qve a}ctuat sandAs. the

way for attenuating the structural vibrations is to use thgbjectlve IS tq attenugte the V|prat|0n (?f the bridge induced

active control systems so that the safety of the structure a | the crossing vehicle by using active forca6u; and

comfortability of the human beings are improvéd Robust  *** ¥2-

control methods have been used to account for uncertainti®s Equation of motion of the truck:

in the structural models and the lack of knowledge of
itations (21— 16 i i : . :

the excitations . This paper considers a class ofthe equation of motion of the truck is i = k1o — m g,

structures whose excitation comes through the uncerta\ll{,'hereﬁ0 is the position of relaxed suspension. Whes

cpupling with another dynamical system during a certaiguf]’ the truck is crossing the bridge. Assume that the
time. One prototype of this class of systems is illustrate eclination angled is small, then the dynamic motion of

by considering a bridge platform with an unknown movinqIgje truck is described by the following equation
vehicle as a coupled exciting subsystem. A Lyapunov base

When the truck is not in the bridge (for< 0 andt > ty),

control scheme is proposed to reduce the vibration of bridge mij = F—mg ]
induced by the crossing vehicle. In the control design, F: = Eno—m+0]—c(+¢) 1)
only the feedback information from the controlled structure ¢(: = z+(—a)©

(bridg_e) is used. Numerical simulgtion is done to show thg Equations of motion of the bridge:
effectiveness of the proposed active control scheme for an ) .
Fort < 0 the bridge is in a steady state. Roe [0, /],

elastically suspended bridge when a truck crosses it. . - . : )
the dynamic behavior of the bridge is described by the
IIl. PROBLEM FORMULATION following equations of motion:

Consider the problem of controlling an elastically sus-
pended bridge with active elastic mounts on the left-hand M:=Mg+F —F —Fy—uj; — us
and right-hand sides and with crossing vehicles as shown | 7§ = (€ —a)F 4 aFy — bFy 4 auy — busy
in Figure 1. The main variables to be measured are the ) p._ k[no — (n+ )] — ey + ¢) )
vertical deviationz of the center of mass of the bridge Fi= k(=210 + 2 — a®) + e1(2 — a®)
and the inclination© with respect to the horizon of the Fy = ky(—2 ’ 424 0O) + a5 + bO)
bridge platform. Vibration of the bridge is produced when 2 20 2
a truck crosses the bridge with velocityt) within a time Where 21 and z2 o represent the vertical positions of
interval [to,t¢]. Without the loss of generality, is set to relaxed left-hand and right-hand suspension, respectively.
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the truck has left the bridge fdr> ¢, the two systems are ¢,(x,y,t)

obviously decoupled withi” = 0 and then the equations of
motion of the bridge are
MZ Mg—Fl—FQ—ul—UQ,
JO aFy — bF5 + au; — bus.

®)

In the above models, consider that the structural param-

eters of the bridgeN/, J, c1, cz, k1, k2) are known, while
the parameters related to the truek,(c, k, no, &, &) are
assumed to be uncertain but bounded; i.e.,

k
— = wp+ Aw, with |Aw| <@,
m
- oo+ Ao, with |Ac| < 7,
m
F g witha<Q (4)
M ) - 9y
L T, withY<T
M - b Wl - b
mol <m0, € <€

wherew, ando, are known nominal values ang &, Q, T,

¢ andfj, are known bounds. Finally the equations of motion

(1) and (2) can be rewritten into the following form:
x Acx+Bu+g(x,y,t),
: ®)
y Ary +1(x,y,1)

where the parameters of the matricds,, B and A,
are known. The functiong and f include the uncertain
coupling effects.

0 0
0 0
A. = _k1+k52 ak1 —bkz
¢ M M
aky —bky  a’ki + b’k
J J
1 0
0 1
_a ]\—;02 aci1 — bea ©)
ac1 — bes _a201 + b%co
J J
0 0
0 0 8
1 1
B=| - — —— |, and g= 7
i ¥ g g5 (7
a 0 94
J J

k c .
g3(x,y,t) = —Mz—ﬂ[k’(f —a)+ c£]O — i
c . k c . k
—M(i —a)o - T T
k k
+M12170 + M22’270 +g (8)

R e ke — @) b —
= (- a)e — SIKE — 0 + (€ — a)
0- (¢~ a) — (6 - ay6-" (e~ a)
1= S(E - a5 - am - Tag
T o ©
while, fort¢ > ty,
=& g 10
g3 = 37710 + 7720 +g (10)
ga 1= —L?Z1,o + #ZQ,O (11)
0 1
r = ( —Wop —0p ) (12)
Fx.y.1) = ( : ) (13)
Fort € [0,ty],
k 1 : c. ¢
for = —z2——[k(—a)+c]®— —2— —
m m m m

. ok
(£~ a)0 —Awn—Aoi+ 1o —g (14)
and fort > ty,

k
f = —Awn— Ao+ 1m0 —g (15)

Denotee = (eq,e2)T
ei1(t)z +eia(t)O + € 3(t): + e;a(t)O
+€iy5(t)77 + 61"6 (t)?] + Gi,7(t) (16)

Now, it can be verified thaA . and A, are stable matrices
and the functiore(x,y, ) is continuous for alk except a
set{0,¢;} and there exist known non-negative scalafs
af, d;, such that, for alk,y and¢, one has

ei(Xa Yy, t)

g = [B1,Bs][er, €] (7)
where
0 0
0 0
Bi=| ! |, Bo=]| _ 1 (18)
M R
J
and
lei(x,y, D)l < ofllx|[ + o5 llyll + & 19)
with
of = oltajtoitol  (20)
af = \Jai+ai, (21)
5 = ar 22)
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where

ar = Q (23) V(x,t) = $TPB1U1 + .’IZTPBQUQ + :cTPBlel
+zT PBses — %:BTQI
( —1&—b) (Qag—&—(aQ—i—Tg)a—&—aTg) , ifa>b < H(z,u) + H(y) (31)
a
Qo = 1 _ _ _ = _ =
D (Qb2 + (00 + TED + be) . ifa<p Where
H(y) =: (of||z" PBi|| + a3|lz" PBal|) - [ly||  (32)
az=" (24) and
H(z,u) = Hy(z,w) + Ho(@,uz) — 227Qz  (33)
2° 1 iasb ’
if @ >
ay = (a +2b) 7 nes (25) where
T, ia<h Hi(z,u) = olla" PBil| +afl|lz" PBi| - |l=|
(a+ ) +$TPBZ‘UJ¢ (34)
as = Q (26) Since the state variablg(t) of the coupled uncertain
subsystem (the truck) is usually not measurable, the ob-
jective of control is to minimize thé/(z) by making the
ag="T (27) H(x,u) < 0. If we denoteul(t) as the “desired” control
force (without taking into account the actuator dynamics),
then the following “desired ” control law will be used :
1 — _ (a+b)k1210+g ’ll.d _ kp.’l,‘ S c T
= — . i = —k.xz—(0;+of||x||)sgn(z’ PB;) (35
oy max{(a+b) {Q(a+b)770+ % , ( ||[[)sgn( ) (35)
~ (a4 Db)kazao + ag] } where 1
Q(a +b)no + : — T
CED [ (a+ ) M K = BIP (36)

Indeed, solving the linear systegn= Be, it is easy to

It is easy to verify thatH 0 is accomplished.
get thate = (eq,ez)”, where y fy (z,u) < p

In practice, the continuous approximation is used for the
control law (35) to attenuate the high-frequency chattering
()
[+~

where~ is a positive small constant. Thus, the correspond-
lll. CONTROLLER DESIGN ing continuous “desired” control law is

_ —bMge3+ Jgeu

e . _aMgc,?) + ch,4
YT (a+b)M ’

(a+b)M

€9 =

. (28)

sgn(-) = (37)

T PB;
bration of the bridge induced by a crossing truck through ' 2" PB;| + i

the uncertain coupling between the dynamics of the bridgfl h : He dA
and the truck. The controller design will be based o ow, assume that active actuators, tHg and A, one,

the Lyapunov theory” 8, in which only the feedback are used for the impllementation of the control action
information of the bridge (not the truck) is used. generated by the “desired” controllers (35) or (38). The
: ! ynamic behavior of the active actuators is described by
In _order tq design the controller, define a Lyapunm{jhe tollowing equatior?’
function candidate: geq

vi(t) = i (t) +ui(t) + kI 2(t),  i=1,2  (39)

whereu;(t) is the average output actuator forag(t) the
voltage signal applied to the actuateris the actuator time
delay andk/ is a constant which relates the friction force
produced in the actuator with the velocity of the piston. For
PA+ATP+ Q=0 (30) simplicity, in the subsequent sectiong(t) and v;(t) will

be called theactuator control forceand actuator control
for a given symmetric positive definite mat@ = (¢;;) € commandrespectively. By taking into account the actuator
R**4, By using equations (31)-(32), the derivative ofa\) ~ dynamics, a control command law(t) is designed such that
is obtained the "real” actuator control force(¢) tracks asymptotically
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The objective of active control is to attenuate the vi- w! = —k’z— (6; + af||z||)

(38)

V(z) = %zT(t)P:z(t) 29)

where P = (p;;) € R*** is the positive definite solution
of the Lyapunov equation



the "desired” actuator control force;(t) before obtained,
which.

B. Bridge:
M =10°Kg, J =2-10"Kgm?,a = b = 25 m, k; = 4-10°

Denotea(t) as the tracking error between the “real” controly;m ande; — 4-10* N's/m foreachi = 1,2. 2 0 = 290 =

actionu(t) and the “desired” control action?(¢); i.e.,
a(t) = u(t) - u’(t) (40)

Suppose that the actuator parameteasdk/ are known

—0.125 m, which correspond to the equilibrium position for
the platform without truck and no control.

C. Truck:

positive constants and the velocitymeasurable. Then the The parameters of the truck, which are unknown for the

following command control law is proposed:
vilt) = T () +ud () + k28, i=1,2  (41)
Apply the real control forceu(t) = [u;(t), ua(t)]” (39)

to the bridge platform and define a new Lyapunov functio- Active actuator

candidateV (z, @)

V(:II, ’l~l.) = Vl (27) + VQ('&) (42)
with
1 7 - 1 4+
Vi(z) = 5T Pz Va(u) = Ju Tu (43)
wherer = diag(71, T2)
¢From the egn.(40) we obtain:
u(t) = uq(t) + u(t) (44)

Then, the derivative o/ (z, @) is obtained as follows by
using egns. (41, 35), (39) and (40):
V(z,a) < H(z,u,a) + H(y) (45)
where
H(z,u,a) =: H(z,u)—a u-— ixTPBBTPx
+zT PBa
= H(z,u)— (u-— %:ETPB)T('&
—%zTPB) < H(z,u) <0 (46)

Therefore, the “real” control force(t) (taking into account
the actuator dynamics) can minimize the derivative
Lyapunov functionV (z,#) by making H(z,u,u) < 0,

controller design, are the followingz = 10* Kg, £ = 8.33
m/s ¢ = 30 Km/h), £ = 4-10° N/m, ¢ = 10* N s/m,
1o = 0.75 m.

491
ki = ki =15 kgls andr; = 75 = 0.18 s.

With the above parameters, we obtain:

a=[5 129.165 0.5 125 5 0.5 500.0025]

af = a§ = 129.8657, 05 = 05 =5 x 107°, 7, = 72 = 0.01
k7 =[-0.0016 0.0001 —0.1582 0.0063]

kb =[-0.0016 —0.0001 —0.1582 —0.0063].

The platform is excited by the crossing of the truck
for time ¢ € [0,6] seconds, and aftet 6 seconds
no excitation is evolved between the platform and the
truck. The time history of structural vibration of the bridge
platform for the uncontrolled case (dash line) and the
controlled case (solid line) are shown in Figures 2 and 3.
Concretely, Figure 2 shows the main effect of the control,
which is to add damping to the bridge platform. Without
control, the platform has very low damping, thus exhibiting
a highly oscillatory response. The damping coefficients of
the two end supports arg = ¢, = 4 x 10* N s/m, which
corresponds to a damping factor ¢f5% approximately.
The control modifies this behavior, forcing a practically
overdamped response. It is seen how the vertical deflection
z of the center of mass of the platform evolves slowly but
smoothly towards its equilibrium position with the truck.

fter ¢ = 6 seconds the excitation disappears and the
platform deflection evolves to recover the initial equilibrium

which is similar to the case when a “desired” control forcd?0sition. Figure 4 shows that the inclinatich of the

ug4(t) (without taking into account the actuator dynamics

is applied to the bridge platform.
IV. NUMERICAL SIMULATION RESULTS

T)ridge has not been significantly improved because the
i

near control. Figure 5 displays the vertical displacement
of the truck which has not been deteriored and figures 6 and
7 display the control signalg; andus, which are feasible

In the numerical simulation, an actively suspended bridgt®r practical actuators.
platform prototype is considered as the main system and the
excitation is induced by a truck when it crosses the bridge V. CONCLUSIONS

(191, The following parameters are used for the controller An active Lyapunov based control scheme has been
design and numerical simulation: proposed in this paper to attenuate the vibrations of a main

system excited by an temporarily coupled uncertain sub-
system. Only the feedback information of the main system
has been used in the control design, without measuring
the response of the coupled uncertain subsystem. It has
been shown that the active controller also works well when
the actuator dynamics is taken into account. The results of
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A. Nominal parameters and bounds for uncertainties:
Mo = 1[m], wo = 40 [N/(m kg)], & = 20 [N/(m kg)],
oo = 1 [Ns/(m Kg)], & =35 [Ns/(m Kg)],iQ = 5 [N/(m
kg)], T = 0.5 [Ns/(m Kg)], £ = 8.33 [m/s] (¢ = 30 [km/h]),
ko = 4-10° [N/m], ¢o = 10* [Ns/m].



numerical simulation have illustrated the effectiveness of th
proposed control scheme for an active controlled suspend

bridge platform with crossing vehicles.

(1]
(2]

(3]

(4]

(5]
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[20]

Fig. 1. Actively controlled bridge platform with crossing vehicle
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