
A Mixture Probabilistic PCA Model for 
Multivariate Processes Monitoring 

 

 

Feng Zhang 

Department of Industrial Engineering 

Texas A&M University 

College Station, TX 77843-3131  

Abstract − A mixture probabilistic Principal Component 
Analysis (PCA) model is proposed as a multivariate process 
monitoring tool in this paper. High dimensional measurement 
data could be aggregated into some clusters based on the 
mixture distribution model, where the number of these 
clusters is automatically determined by the maximum 
likelihood estimation procedure. The multivariate statistical 
process monitoring mechanism is developed first with the 
learning of a finite mixture model for describing the local 
statistical patterns in each cluster, followed by the 
construction of the statistical process confidence intervals for 
the identified regions or nodes from T2 and Q charts. The 
abnormal input measurement would fall out of the acceptance 
region set by the confidence control limits and probabilistic 
PCA model. The experimental studies have illustrated that the 
mixture probabilistic PCA model conforms to the multivariate 
data well in the experiments involving Gaussian mixtures, and 
helps identify the underlying root causes of variation patterns 
in complicated multivariate manufacturing processes. 

I. INTRODUCTION 
 Due to the significant advances in in-process sensing 

technologies, it is not uncommon to collect vast quantities 
of information-rich measurement data for the potential use 
of monitoring and controlling. Automobile body assembly 
is a typical example of such complex manufacturing 
processes, where laser-optical dimensional stations for 
measuring automobile characteristic details are widely 
implemented at various assembly stages. An effective 
methodology is required to fully accommodate and utilize 
the automated in-process sensing technology to extract all 
quality-related diagnostic information from the inspection 
data. Fig. 1 illustrates the layout of 10 measurement points 
on the rear quarter panel subassembly of an automobile 
taken at the assembly process. The subassembly consists of 
a quarter panel, joined to a D-pillar reinforcement. The y/z-
plane dimensional coordinates of five separate features are 
measured on each subassembly, providing a total of ten 
measured variables. 
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Fig. 1.  Measurement layout on the quarter panel 
subassembly. 

 The assembly process involves hundreds of different 
locating elements. When a tooling element malfunctions, it 
will generally result some nonlinear variation pattern in the 
dimensional data. 

 When analyzing the in-process measurement data, one 
of the primary objectives is to identify the characteristics of 
any variation patterns that are present, which can provide 
insight into the major root causes of product-to-product 
dimensional variability. Constructing and interpreting the 
large array of 2D and/or 3D scatterplots that would be 
required for high-dimensional data is generally 
inconvenient. A more systematic approach to identifying a 
variation pattern is to represent and interpret the underlying 
data density structure. The incorporation of a suitable 
model describing the root causes that are clustered into 
some finite number of groups. The finite mixture of 
probabilistic PCA model is a good alternative to describe 
the measurement data under the above process descriptions.  

 Finite mixtures are a flexible and reasonable 
probabilistic modeling approach for the complicated 
multivariate data. Inferring the parameters of this mixture 
density model and determining the clusters from which the 
data are produced leads to the partitioning of observation 
data and identifying the manufacturing process.   

 The general method for fitting finite mixture models to 
observation data is the expectation-maximization (EM) 
algorithm [Dempster 1977], which converges to a 
maximum likelihood estimate of parameters. With too 
many components, the mixture model may over-fit the 
observation data, while data would be poorly and inflexibly 
expressed by a simpler model with too few components. 



Thus the trade off between model complexity and data 
precise representation arises as an important issue in 
mixture modeling.  

 In this paper, we proposed a criterion for choosing the 
optimal number of clusters without intensive computations. 
The mixture of probabilistic PCA models is regarded as a 
good choice for finite mixture model paper with tractable 
and easier parameters estimation procedures. Once we 
explore the possibility of using finite complementary linear 
subspaces, clustering would be a straightforward strategy 
for separating and monitoring the manufacturing process 
variations. Finite mixture models permits the use of 
relatively simple models for each local data structure by 
offering excellent interpretation for observations, as well as 
the advantages of analytical and computational 
simplification.  

II. FINITE MIXTURE MODEL 
Principal component analysis (PCA) is a popular 

statistical tool for dimensionality reduction in multivariate 
processes analysis. For a set of {xn,}with mean µ, the p 
principal components ej are those orthonormal axes onto 
which the retained variance under projection is maximized.  
  

The d-dimensional random vector x follows an M-
component finite mixture distribution if its probability 
density function can be written 
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where α1, α2,…, αM are the mixing probabilities, and each 
θk is the set of parameters defining the kth component. The 
complete set of parameters θ = {α1, …, αM, θ1, …, θM } will 
be estimated to specify the finite mixture model with 
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 Given a set of N independent sample X = {x1, x2, …, 

xN} the log-likelihood of X with respect to model (1) is    
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The optimal estimate of θ is the ML  
estimate, )}|({logmaxargML θXθ̂ p

θ
= , which cannot 

generally found analytically and depends on the specific 
density function forms p(x|θk). The usual way for obtaining 
the ML estimates of mixture parameters is the EM 
algorithm [Figueiredo 2002, McLachlan 2000], which is an 
iterative procedure and converges to local maxima of log 
p(X|θ). In EM algorithm, the observations X is interpreted 
as incomplete data, and Y = (X, Z) is assumed to be 
complete data with missing data Z. In model (1), Z = {z1, 
z2, …, zN}is the binary label variables associated with each 
observation xn, indicating by which component the sample 
is produced. Thus, the updated log-likelihood is     
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by alternating between expectation (E) step and 
maximization (M) step. Given the current estimate , the 
E step computes the conditional expectation  
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The M step updates the current  such that )(tθ̂
))((maxarg)1( tQt θ̂θ,θ̂

θ
=+ . The convergence of the EM 

algorithm is theoretically guaranteed [Dempster 1977]. 
 A complex nonlinear data density may be constructed 

by a collection of local linear models, with the advantage 
that each local model is easier to fit for data. The mixture 
of probabilistic PCA (MPPCA) model is appropriate for 
data modeling problem and usually requires two stages: 
first, a partition of the overall data into regions; second, 
fitting models by estimating the principal component 
within each region.  

 The major attraction of developing MMPCA model is 
that we can introduce a probabilistic data density for each 
component, called probabilistic PCA. We have assumed 
that the global data structure can be represented by finite 
linear component models. After the completion of 
clustering, each local subspace is then analyzed by PCA to 
learn the local statistical properties. Data in each cluster 
follow 

εµvx ++= C ,                                                  (6) 
where the latent variation source v are defined to be unit-
variance independent Gaussians with loading matrix C. 
The measurement error is a white noise, ε ∼ N(0, σ2I). A 
key motivation of latent variable model is that, because of 
the isotropic structure of noise covariance matrix, the 
observed variable x are conditionally independently given 
the latent variables v. And the dependencies between the 
measurement x are explained by a small number of latent 
variables. Thus, the probabilistic PCA model (6) effects a 
mapping from the lower latent space into the component 
subspace of the original high dimensional data 

III. THE EM ALGORITHM FOR MPPCA  

A. The EM Algorithm for MPPCA Model 
 Given the latent variable model (6) for each 
component, the log-likelihood takes 
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 An iterative EM algorithm for optimizing the model 
parameters αk, µk,  and C2

kσ k was developed [Tipping 
1999]. Let )}( ,|1Pr{ tz nnknk θx==π .  
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where Sk is the sample covariance matrix for the kth 
component.   

B. Iterative Component Pruning 
 An important aspect in the proposed EM algorithm is 
to obtain the optimal number of components M, since ML 
criterion itself can not automatically determine M. Let Mk 
be the class of all possible k-component mixture with each 
component built from the probabilistic PCA model (6). The 
classes {Mk} are nested since Mk ⊆ Mk+1. Consequently, the 
log-likelihood function of X is a nondecreasing function of 
component size, and ML could be useless for estimating 
the number of M.  
 Some deterministic methods have been proposed for 
model selection by discarding a least probable component 
with few data points assigned to it [Figueiredo 2002]. 
However this criterion may not conform to the data 
structure when there are some components with much less 
data than the others. In this paper we introduced an 
iterative pruning method incorporating searches for the 
number of components. The measure J(i, j, X) is actually an 
inner product of two possibility vectors, 

, 1 ≤ i < j ≤ M. The 
larger J

T
1 2 1 2( , ) [ ][ ]i i ni j j njJ i j π π π π π π= … …

 is, the more probable that i and j are produced by a 
single component. And for each iterative procedure, choose 
the components i and j with the largest J for component 
pruning. 
 After removing one component, the MMPCA model is 
re-trained until convergence by the EM algorithm. We need 
to take into account the decrease of log-likelihood resulting 
from the deletion of one component, since log-likelihood is 
nondecreasing on M. To accommodate this, a penalty term 
is introduced in the cost function which is a minimum 
message length based function penalizing larger value of 
component size [Wallace 1999].  

IV. MULTIVARIATE SPC CHARTS 
 The EM algorithm combined with the iterative 
component pruning criterion allows us to identify each 
cluster of component in x. Since each component is defined 
as a probabilistic PCA model, the multivariate processes 
inputs would fall into an accepted region if they are under 
the normal operation conditions. This forms the basis of 
applying multivariate statistical processes control (SPC) 
charts to monitoring the complex processes. The commonly 
used statistics T2 and Q are two popular statistical tools for 
detecting faults. 
Statistics T2: The scalar measure as the sum of square of 
principal scores          

2 1 T( ) (p p pT −= − U Λ Ux µ x T)− µ ,                                    (8) 

where Λp is the diagonal matrix containing the largest p 
eigenvalues.  
Statistics Q: The scalar measure for the goodness of fit of 
sample data x to the probabilistic PCA model, defined as 
the sum of square of the residuals   

xx )( TT
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In the probabilistic PCA model, the residuals are shown to 
be noise. 
 These two statistics T2 and Q, can be used for 
monitoring multivariate processes. The 100(1−α)% 
confidence control limit Qα is calculated directly from the 
assumption of probabilistic PCA component model, i.e., Qα 
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where N is the sample size in each component and Fp,N-p 
denotes the F distribution [Jackson 1991]. Usually the type 
I error probability α takes 0.99 or 0.95. 
 In view of process monitoring, the system is 
represented by a MMPCA model with M clusters of 
components. Each cluster performs a particular decision 
function on incoming process measurements with a set of 
estimated parameters pertaining to this component. 
Therefore, the final decision function outputs Ok(x) 
indicating the input variable x falls into accepted region, 
can be expressed as    
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where Qk is the sum of squares of the residuals for cluster k 
and is the sum of squares of principal scores for k.  2

kT
 To build a good monitoring framework, it is the first 
step to establish a consistent and accurate mixture models 
with the historical data sets collected under normal process 
operations. The cluster decision function output based on 
these two statistics is accepted when the corresponding 
system input pattern fall in to the ellipsoid enveloped by 

. On the other hand, input pattern T 1( ) ( )k k k c−− − =Sx xµ µ



which is far away from the ellipsoidal center yield a 
rejection output signal. 

V. EXPERIMENTAL STUDIES 

A.  Mixture of Probabilistic PCA 
 A 3-D synthetic data set was generated from 3 
components with 200 data points in each cluster. We 
investigated the proposed EM algorithm on the synthetic 
data set, where each clustering is equipped with p = 1 
principal axis. The clustering probabilities are π1 = π2 = π3 
= 1/3, the means are [2 1 .25]T, [1 1.5 .25]T, [.25 2 .25]T, 
and equal covariance matrices with noise σ = 0.1. The 
estimates for parameters from the EM algorithm 
ere 337.ˆ,351.ˆ,312.ˆ 321 === πππ , and the respective noise 
estimates in the three clusters are .096, .115 and .095. 
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Fig. 2. Fitting a mixture probabilistic PCA data set in 3-D 
space with p = 1. (a) The true mixture with dashed ellipses 
indicating the components. (b) The final estimated clusters 
with M = 3, the data points in each components are denoted 
by “+”,“o” and “*” respectively. 
 The experiment verified that the cost function (9) 
approached its minimum at M = 3, which is the successful 
estimate. We arbitrarily chose a large enough initial guess 
for M, and then using iterative component pruning to 
search for the optimal component size. L(θ(M), y) as a 
function of components size M was plotted in Fig. 3, 
showing that data mixtures with M > 3 and M = 1, 2 have 
higher values and were discarded consequently. Therefore, 
the proposed EM algorithm can automatically select the 
number of components given the observed sample data.  
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B.  Autobody Assembly Process Example 
 The automobile assembly example introduced in 
Section 1, provided a prime application of multivariate data 
density modeling and on-line process monitoring.      
 In Fig. 1, the z-direction denotes the up/down direction, 
and the y-direction denotes the left/right direction. The 
measurements are obtained after the subassembly is joined 

to the bodyside and represent the deviation of the 
coordinates from their nominal positions. A failure in any 
tooling element may be a root cause of product dimensional 
variability. And several different groups of tooling faults 
may be present in different subassembly stations in 
autobody assembly line. One possibly root cause was found 
to be a loose tooling element in the fixture that is used to 
locate the quarter panel subassembly. The loose tooling 
element allowed the subassemblies to rotate by small 
amounts about the x9/x10 feature after being placed into the 
fixture. When a subassembly was subsequently clamped 
into place and welded to the bodyside, it retained the 
incorrect, rotated position. The subassemblies would rotate 
clockwise on some automobiles and counter-clockwise on 
others. Another variation pattern may be caused by a z-
direction translation of the D-pillar with respect to the 
quarter panel. A design flaw in the fixture used to locate 
the D-pillar when it is joined to the quarter panel allowed 
the D-pillar to translate freely by small amounts in the z-
direction.  
 One of the keys to diagnosing faults is the 
incorporation of a suitable model describing the root causes 
that are clustered into a finite number of groups. The 
MPPCA model appears to represent the high dimensional 
data effectively. For the clustered data resulting from 
distinct root causes, they are assumed to obey model (6).  
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Fig. 4. The multivariate monitoring Q and T2 charts for 3 
distinct clusters labeled (a)-(c) respectively, each contain 
95% (solid line) and 99% (dotted line) confidence limits. 
 Using the proposed EM algorithm on the sample with d 
= 10 and N = 460, it estimated that there are three distinct 
clusters existing in x with p = 2 for each component. The 
control limits,  and Q2

αT α of each component are calculated 
respectively as shown in Fig. 4.  
 Applying the Q and T2 multivariate SPC charts on 150 
new process sample data detected some out-of-control 
signals, which were identified to be generated from the 
third root cause. The reason is obvious by observing the 
three in-process monitoring charts shown in Fig. 4. Since 



for cluster 1 and 2, most Q and T2 values of these on-line 
measurement data exceeded the corresponding control 
limits greatly, however, by inspecting the control charts for 
cluster 3, only several measurement data points yielded 
fault signals.  
 The results in this real problem example indicated that 
the MPPCA model has the capability of detecting the 
variability faults in the autobody assembly processes 
involving high-dimensional measurement data, and 
identifying the underlying root causes by classifying them 
into distinct components. Although we illustrated with a 
real example from automobile assembly process, similar 
variability analysis and process monitoring scenarios exist 
in many other manufacturing applications. 

VI. CONCLUSION 
 The proposed mixture probabilistic PCA model takes 
the advantages of PCA and finite mixture models, 
contributing a lot to compressing noise and extracting the 
complicated process features to form a set of simpler and 
smaller informative clusters for analysis. So it offers a 
suitable alternative for multivariate processes monitoring 
and fault detection.  

The developed method for learning finite mixture 
models is able to determine the proper number of 
components without much intensive computational 
searching. It can also avoid the drawback of standard EM 
algorithm which is sensitive to initialization. The derived 
EM algorithm adjusted each component’s eigenvectors, 
noise and dimension to the local data structure. A real 
example from the automobile assembly process has 
demonstrated the potential usage of this data modeling 
method for multivariate manufacturing process diagnosing 
and monitoring. 
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