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On the Discrete—Time Modelling and Control of Induction Motors
with Sliding Modes

B. Castillo-Toledd, S. Di Gennaré, A. G. LoukianoV and J. Rivera

Abstract—In this work a discrete-time controller for an  and the exact sampled dynamics of this model are derived.
induction motor is proposed. State feedback and diffeomor- |n Section Il a discrete—time sliding mode control for
phism are applied to the plant dynamics in order to be finitely rotor angular velocity and square modulus of the rotor

discretized. Then, on the base of the sampled dynamics, a fl tor tracking is designed. T the hvpothesi
discrete—time controller is derived, achieving speed and flux ''UX VECtortracking is designed. 1o remove the nypotnesis

modulus tracking objectives. Finally, a reduced order observer 0N rotor fluxes and load torque measurability, a discrete—
is designed for rotor fluxes and load torque observation. time observer is proposed in Section IV. Section V shows

the simulation of the closed-loop induction motor control
_Index Terms—Induction motors, sliding mode control,  system. Final comments conclude the paper.
discrete—time systems, observer.
Il. SAMPLED DYNAMICS OF INDUCTION MOTORS

. INTRODUCTION In the following a sampled version of the dynamics of
NDUCTION motors are among the most used actuatorgn induction motor will be derived. Under the assumptions
for industrial applications due to their reliability, rugged-of equal mutual inductance and linear magnetic circuit, a

ness and relatively low cost. On the other hand, the contrgfth—order induction motor model is written as follows [8]
of induction motor is a challenging task since the dynamical

b — x
system is multivariable, coupled, and highly nonlinear. Sev- ¢ = —ad +pw\f(iﬁ +aly,I )
eral control techniques have been developed for induction I - aﬁf@‘ pﬁ“{‘@ =+ u 1)
motors [1], [3], [13], [12], among which the sliding mode ‘; = pl73¢ - 5Ty
= w

technique [14],[5]. Typically, when implemented on digital
devices, the control law is approximated by using zero ordeihered andw are the rotor angular position and velocity
holders. This approximation represents a clear disadvantagespectively,® = (as O )T is the rotor flux vector] =
Analogously to [2] and to what done in other applicationg iy ip )T is the stator current vectot, = (uq,ugs )T is
such as in [6], [11] and [4], the alternative is to design ahe control input voltage vectofl, is the load torque,/
digital controller directly using a digital model of the motor. N 0 -1 R,

[9]. Unfortunately, the sampled model of the induction” the rotor moment of inertigy = (1 0 ) =L
motor is only approximated, since it is expressed as ap_ Ly .~ — Lofr (R 5 g Lu o 3Lap ith
o . D e ) . oL, oLZ o s L, 2 7L,

infinite series. To bypass this difficulty, following [10] in L, L, L., being the stator, rotor and mutual inductances

this work we obtain an exact closed form of the sampleghgpectively,R, and R, are the stator and rotor resistances,
dynamics using a preliminary continuous feedback whlcgndp is the number of pole pairs.

ensures the finite discretizabi.lity. |n thg case of the indyction The following hypothesis will be instrumental for deriv-
motors sqch a closed form discretization can be_obtalned iRg the sampled model of the motor dynamics.

a rather simple way. The advantage of working with a closed

form discretization is clear, and in this respect the use d#71) The load torquel’, can be approximated by a signal
the sliding mode technique fits well with the design of th&"z Which is constant over the sampling periéd

digital cont.rolle'r, we will design a reduced order Observ?ﬂaries slowly with respect to the system dynamics. In order
for the estimation of the load torque and motor fluxes, iRy obtain a finite discretization of the system dynamics (1),

order to elimin_ate the r_need of the full state measurements, the spirit of [9], [10] let us consider first the following
The paper is organized as follows. In Section Il thgeedback

continuous—time induction motor model is briefly reviewed,

u = opwSI(I + BP) + ePISePokSy, 2
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Hence, the following controlled dynamics are obtained

¢ = —ad+pwlP+al,l

I = afd—~I +pwST + ée”ege_pe’csv 3)
o = plTIP — %TL

0 = w.

§
b1
B: fABd:(IQCZ?Q)7
d /0 ¢ ¢ balaza
—alyz

A:<a/ﬂm > B:( )

aii, @12, a1, G2, by, by are constants, anfh,», 02,0 are
the identity and zero matrices, respectively.

aLm, IQmQ
=222

0222
ir.
o t2x2

Then, the finite discretization will be obtained making use

of the following globally defined change of coordinates and!!

inputs
& e PSP
T —pO<
o d , 0=ePhSy (4)
w w
0 0

The transformed variable®, I in (4) are the flux and

D ISCRETE-TIME CONTROL OFINDUCTION MOTORS

The controlled variables are the angular velocity and flux
modulus tracking. The control aim is to track fixed refer-
ences along with disturbance rejection. This will be realized
by means of a discrete—time sliding mode control [14]. The
hypothesis of full state and disturbance measurability, here
used, will be removed in the next section.

Let us define the output tracking error

the current rotated according to the electrical rotor angular

positionpfd. An analogous consideration holds for the new

input © in (4). Note thato is constant over the sampling
period whenv is constant and equal tg, = v(kd).

In the new variables (4) and under hypothedi ), the
dynamics in (3) are expressed as follows

S

= —aé—i—ame
[ = afd—~i+1tp
el )
w = plS® -0
6 = w
since e 7S = —pwSe P’S. Note that equations (5)

are nonlinear, but the closed form discretization is now

easily obtained by noting that the dynamics fbrand
I are linear, and the contraf will be designed to be
constant over the sampling periédDenotingd;, = &(k4),
I, = I(k6), wp = w(kd), Cp 1, = Cp(kd), anddy, = o(kd),
long but trivial calculations provide thexact closed form
discretization of the system (5)

giik:Jrl qgk 3
= = Aq( 7 ) +Bav
( I yq “\ I @k
_ T b Cka
Wg+1 = Wi+ nl,k'lk- S — 7 )
+ (T]Q,kés{ + Ug,kjg) SR
— Cp.1 62
9k+1 = wid + Ii17k]g%¢k _ Lk
J 2
+ (K&g.’kﬁﬁz + fi37k1~g> Qv + 0
with output
_ Wk
w = (afa)

where n1 k, N2k, M3,k K1k Kok and ks are bounded

functions,
- (s o)

a121242
ag21242

a11dog2
a21log2

Aqg

(6)

wheree, = (e e2)T Yo = (Wrge Prie)T With wy
and@, ; the rotor angular velocity and the rotor flux square
modulus references, respectively. Then, the system error
dynamics are given by

> (7)

Ck+1 = (

€k =Yk — Yrk

T s 8
§1 + A k06 — 5CLE — Wr k1

T 2T G
§ok + A3 Uk + b0, Uk — Pr

where
E1p = Wit mpll SOy,
My = (ﬂz,k@;‘f + 773,ka> S,

a%légék + 2a11a124~3£fk + a?zfgfk,

2&11[)1@?% + 2a12b1[~,{.

&k

T
Aoj =

The design of the control law is complicated by the fact
that system (7) depends on quadratic control terms. In order
to simplify the control design, the inpd, is transformed
into a new controkw;, as follows

(8)

WhEYEBk = (/\?kv)‘gk )T, Wy = (wavk,w[g’k )T and
dy = det(Byg) # 0. Due to (8), the difference equation for
e1,x+1 depends only on the input, ;, and therefore, the
control design is simplified. Now, replacing (8) in (7) we
obtain the following equations

W = Bkﬁk

1)
erkr1 = &1kt Wak — jCL,k — Wy k1
eak+1 = Eox +wgk
+ojwi (B )T (B, wk — P g

In discrete-time sliding mode control schemes [14],
two steps design are performed. First, a sliding surface
Sk is chosen and, second, a sliding control is designed.
Error functions are natural choices as sliding surface
functions. Therefore, we choos®, = (.Six,S2k )T
(e1,k, €2,k )T = 0 as sliding surface.
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A. Rotor Angular Velocity Control B. Square Modulus Rotor Flux Control

As mentioned above, the control objective is to realize NOW: let us turn to the design afj ;. in order to stabilize
angular velocity tracking and disturbance rejection. For, a2+ 1h€ dynamics foiSs ., can be written as follows

equivalent controhw,,, ;. is calculated fromS; 11 = 0, Sy i1 = akm% p + brwgs e + ci (10)
obtaining ’ ’ ’
where
0 2\T 2 T
Weq, k = —E1k + jCL,k + Wy ot 1- o — bIAL KA1k =1 201 Wa kAT A2,k
dz ’ ’ dz
Let us writew,,, » andS ,+1 as follows _ & b%wi,k/\g,k/\lk
’ ’ e, = &op—Prpt1+ T
_ I3 .
Wega o = —(S1p+ &k — FCLk Then, we calculate the equivalent contral,, ; as
—Wr k41 — Wk + Wr k) solution of S; ;11 = 0:
; ©)
Ster1 = Sie+&k— 500k —bg + /02 — dagey
weq[g,k = . (11)
—Wrk+1 — Wk + Wrk + Wa k- 2ay,
) ] It can be checked that, # 0, V k. On the other hand, the
Then, we consider the following control equivalent control (11) is only valid when the discriminant
w it | | <w is greater or equal to zero, i.éh — 4axcy, > 0. When
B €qask €gaskl = 0, b2 — daxcr, < 0, in order to overcome the mathematical
Wauk = Wo.a e i Juy 4| > w difficulty, we consideni,,, », = —2 as equivalent control,
0,0 Twegy, k] €ask O, which is such thatS ;41 = cy. Therefore, we introduce
with wg o a bound. Now, whenweq, x| < wo ., One the term . )
hasw, , = weq, x, €Nsuring the evolution on the sliding i Wegg ki by —4agcr, >0
manifold S; x = 0. When |weq, x| > wo.a, the second Wok =19 o (12)
equation of (9) yields Weqy ke if by — dagcy <0
and the following control
S = Sip+&p— éC _ . -
Lkl = S1k+ 8k = 0Lk o Wk if  [Wgk] < wop
€qa, —
—Wrk+1 — Wk + Wr k + Wo, ‘ ! | W,k = B . -
5 Wedask —wo g I Wsk| > wops
= (Slvk + &k — jCka with wg g an appropriate bound.
Wo,a When |03 1| < wo g the applied control isb.,, 1, and
—w - 1~ bkl = X0, e ap:kr &
1 T Wk wr’k) ( [Weqe k > one can verify that coherently conditiop—4ayc, < 0 will
_ take place. In this caséj j tends tocy, and since;, tends
and making use of absolute values we have that asymptotically to zero there exists a critical time instant
5 in which b2 — daygcy, > 0, V k > ke, andwg , will switch
ISt k1] = ‘SM + &1k — jCL,k- t0 Wegpy ks determini_ng an evolution on the sliding manifold
wo Sy, = 0 from the time instank,, 4+ ¢ on.
—Wrk+1 — WE T Wrk (1 - < > To complete the stability analysis, let us consider the case
[Weqa i C dingly, (10) i ted in th
5 |w5,k|_> wo,g. Correspondingly, (10) is represented in the
= ‘Sm + &k — jOL,k following form
—Wrk+1 — Wi+ Wr k| — Wo,a Saktr = Sok+ apw}y + brwsk + ck
0 e -
< |81kl + ‘fl,k - JCL,k ~ & Dy + Dy
—Wr k41 — Wk + Wr k| — Wo,a- Hence
wg,k
If Sogr1 = Sog+apwd 5 — brwo,p .
R (TN
5 +e, — PF Dy + Dy,
&k — =0k —Wr g1 — Wi +Wr k| < Woa )
J and making use of absolute values
then|Sy x+1| < |S1,k| and thereforesS; ;| decreases mono- 2 wg k
. ’ S ’ S < | Sok +arws 5 — brw =
tonically and after a finite number of steps.,, »| < wo o [ Soprr | < | 8ok k%o,p — R0, |03,k

is achieved, so that;, tends asymptotically te, . tcp — BT Dy + Dy | -
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Now, if
wg,k — Q:)gék + ér,k < wpg

it can be checked thas; ;| andwgs ; decrease monotoni-
cally. Hence, whefwe,, | < wo g, the control will change

_ WG,k
from —wg g @ r] to (12).
IV. DISCRETE-TIME CONTROL FROM MEASURED

VARIABLES

In practical cases, the rotor flux and the load torque are
not measurable. Hence, a discrete—time observer is proposed
in the following.

For the load torque estimation we consider the following
hypothesis.

(H2) The load torque dynamics are slow with respect to
the electromagnetic ones, namély ;1 = Cpr 1.

The flux observer is of the following form
Ppi1 = an Py, + aradyy + bidy,
so that the dynamical error equation becomes
€dhtr = Q1€ o = D — Dp.

It can be checked thai ;| < 1. Hence @, asymptotically
converges tab;,.

As far as the load torque estimation is concerned, let us
consider the following estimator

wg + 7717kfkT%d~5k

Opt1 =
=~ -
+(n2 kb, + 15 kI ) Sk
0~ .
_jCL,k + (Wi — @)
Cris1 = Crp+la(wp — ).

Settinge,, , = W —Wk, enk = CLJFCA’L,,C as rotor angular
velocity and load torque estimate errors, respectively, the
dynamical error equations are

ew,k+1 _ *ll *% ew,k‘
€r k+1 =l 1 er.k
+n17kfg§€¢7k + 7]27k6£,kc\\¥’[)k(13)

Sinceeg ,; tends asymptotically to zero any:kakT% and
12,37k, are bounded terms, choosiig and l; such that
the dynamical matrix in (13) is Hurwitz, thetiy, C‘LJC

asymptotically converge tay,, Cr .

V. SIMULATION RESULTS

The results of the above sections are simulated consider-
ing a three—phase, two pole induction motor with parameters
values defined as followsk, = 14 Q, L, = 400 mH,

L, =37TmH, R, =10.1 Q, L, = 412.8 mH, J = 0.01
Kg m? and§ = 0.0001 s.

The output tracking simulations results are shown in fig-

ure 1. The rotor angular velocity reference has a sinusoidal

rad/sec
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0

Fig. 1.
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designed a hybrid observer—based controller to solve the
tracking problem on output velocity and flux modulus,
in presence of an unknown load torque. Open problems
remain, among which the implementation with discrete
devices of the continuous part of the controller, and the
study of the robustness versus parameters uncertainties.
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Now, we show by simulations the facts presented in

Section I1l about the discriminarib?—4ayc.) and the value

c. Figure 5 shows these variables. It can be appreciated

that the discriminant starts with a negative value butg;as

asymptotically decays to zero, the discriminant approaches

zero and finally reaches the steady—state positive value equal

to one. All initial assumptions are satisfied by any initial

conditions and any value of the plant load torque.

L

—
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—

[}

—

3k

Fig. 5. Graphical depiction of the discriminant aag

VI. CONCLUSIONS AND FUTURE WORK
In this work we have used some results on finite dis-
cretizability of nonlinear continuous—time systems [9], [10]
to determine an exact sampled—data representation of in-
duction motors. Using the model so determined, we have
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