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Abstract—The first harmonic of the cantilever deflection in  amplitude or phase of the first harmonic) introduced due to
the tapping-mode operation of an Atomic Force Microscope the sample are interpreted to obtain the sample properties.
(AFM) is analyzed using asymptotic methods for weakly | the tapping-mode operation, the cantilever tip probes a

nonlinear oscillators. The resulting amplitude and phase . . - - . .
dynamical equations are obtained which characterize the wide range of the nonlinear tip-sample interaction potential.

transient behavior of tapping-mode dynamics. The steady state Due to the complexity, numerical simulations are primarily
behavior is analyzed by examining the fixed points of the employed in the analysis of tapping-mode AFM dynamics
amplitude phase dynamics and a simple stability criterion (see [1], [2]). Compared to numerical investigations there
is_obtained. Further with a simple tip-sample interaction — gre fewer analytical studies of tapping-mode operation.
model, the expenmentally observed dl_scontlnuous jumps in in I3 d 4 h h vsis of
the amplitude versus tip-sample separation plots are explained n.[ ] and [4] a SyStemS, approa(F to the analysis o
and the regions of the interaction regime probed by the tip tapping-mode AFM dynamics was introduced where the
are investigated. tapping-mode operation was viewed as a feedback inter-
connection of a linear system (cantilever) with a nonlinear
I. INTRODUCTION system (tip-sample interaction) which is forced sinusoidally.
This analysis provided insights as to why in most operating
conditions the cantilever settles down to a near sinusoidal
periodic solution. Bounds were obtained for the higher
harmonics in the steady state. But this analysis is not
cantilever suitable to analyze the transient behavior of the tapping-
L ._,f_ff_pport mode dynamics and cannot explain the experimentally
observed discontinuous jumps in the amplitude and phase
dither at different values of cantilever-sample separation. Some
Scanner sample ~ Pi€zo of the early analytical efforts to explain these distinctly
nonlinear phenomena are presented in [5], [6] and [7]. In
() ®) one of the earliest attempts to characterize the transient
Fig. 1. (a) A typical setup of an AFM. The chief components are th?€havior of tapping-mode operation, resorting to the averag-
micro-cantilever, a sample positioning system and an optical detection syistg theorem, the amplitude phase dynamics were obtained
tem (b)in tapping-mode AFM, the cantilever is oscillated byad“he'_pie_z‘;see [8]). Further the connection between the fixed points
attached to the base. Due to tlp—sampl_e interaction forces, the 0_SC|_IIat|o ? . . . .
get modulated and these are used to infer the sample characteristics. 01 the amplitude phase dynamics and those obtained using
harmonic balance equations is presented.
In this article we provide new insights into the transient
The atomic force microscope (AFM) is a powerful tooland nonlinear behavior of tapping-mode AFM. The em-
where a micro-cantilever is utilized to image and manipulatphasis of the paper is on tractable analytical methods and
matter at the atomic scale. The schematic of a typical AFNhteraction models with an eye on potential applications
is shown in Figure 1 (a). The primary component of arin controller design based on amplitude dynamics and
AFM is a micro-cantilever with a sharp tip. The sample tmew modes of imaging. There are recent results which
be interrogated is scanned underneath the cantilever. Thwe directions to utilize the distinctly nonlinear nature of
cantilever deflects under the influence of the tip-samplapping-mode operation for improved imaging (see [9]).
interaction forces. This deflection is measured using anhis focus of the paper is different from the interesting
optical detection system. Over the years a wide range efforts to analyze the tapping-mode behavior in an elaborate
modes of operation have emerged. In contact mode or statitanner using detailed descriptions for the forcing and
mode operation, the cantilever deflection is primarily due toteraction models (see [10]). In this paper the oscillating
the tip-sample interaction and this signal is used to interpreantilever influenced by the tip-sample interaction force is
sample properties. In the tapping-mode or dynamic modeeated as a weakly nonlinear harmonic oscillator. Methods
operation, the cantilever support is forced sinusoidally usinguggested by Bogoliubov and Mitropolskii (see [11] and
a dither piezo (see Figure 1 (b)) thereby oscillating th§l2]) are used to arrive at approximate solutions for the dif-
cantilever. The changes in the oscillation (in particular thé&rential equations characterizing the cantilever dynamics.
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The amplitude and phase dynamic equations are derivezhn still be thought of as a harmonic oscillator with a
The multi-valued frequency response curves are obtainegw effectivek denoted byke and an effectivec denoted
and a simple stability criterion is derived to analyze théy c. which themselves are functions of the amplitude of
stability of various fixed points. Insights are obtained on thescillation. Furthermore intuitively an attractive tip-sample
regions of tip-sample potential probed during tapping-modiateraction should result in a lowdg and a repulsive tip-
operation. This study further demonstrates that a simplample interaction should result in a higthgrcompared to
lumped parameter model captures the transient as well g originalk. This process of approximating the original

steady state behavior. nonlinear dynamical equation by a second order linear
differential equation in terms dfs(a) and ce(a) is called
Il. ANALYSIS equivalent linearization. (See [12]).
$5(t) ©(p) A Amphtud(e )phasebdynamlcs
Equation (1) can be recast as,
ST SIS U
®) T mp+ kp = ( : ) (2)
ﬂ' V4 P e
? : | whereg(t) = kb(t . This can be written as,
®(p, )
mp+kp=¢ef D) + €E coq wt 3
(@ ®) p+kp=ef(p,p)+eEcogwt) 3)
‘ , o , . where
Fig. 2. (a) The first mode approximation of the cantilever dynanmits. . .
is the massk is the spring constant, is the damperp is the position of f N —Cp+ ®(p, p) 4
the tip of the cantileverh is the forcing signal an@ is the nonlinear tip- (p7 p) - e ( )
sample interaction force which is a function of the position and velocity. (b) mg(t)
Typical tip-sample interaction forces consist of long range weak attractive E Coq wt) — (5)
forces and short range strong repulsive forces. In the model introduced, the €
oscillating cantilever encounters the tip-sample interaction forces during . . . . .
the negative cycle of its oscillation. Also if g(t) = ycoswt (7 is the forcing amplitude), then

E= mY
Assume thatp(t) is sinusoidal with an “amplitude’a

A first mode approximation is typically sufficient to and “phase”¢ denoted by,
analyze the first harmonic of the cantilever oscillation. The

first mode approximation model of the cantilever is depicted p(t) = acogwt +¢). ©)
in Figure 2(a). A typical plot of the nonlinear tip-samplewhere
interaction force is shown in Figure 2(b). The dynamical
equation of the tip of the cantilevep(t) is given by, ) Esing
a = —dfaa—e_—= )
mp+ cp-+kp= kbit) + D(p, p) @) m(ag(gb
where® is the force on the cantilever due to the sample and 9 = wfa)-0- “maaot o) ®)
b describes the displacement of the base of the cantilever.Where
m is the mass of the cantilevey, the spring constant an '
the damping coefficient. The tip encounters the tip-sample we(a)z _ @
interaction forces towards the end of the negative cycle of m
the oscillation. Thus during most part of the oscillation cycle _ wg T 250’ 9)
the tip does not interact with the sample. This motivates the
analysis of tapping-mode dynamics using the asymptot@ 027r CD(acosua awsiny) cosydy
methods developed for weakly nonlinear systems. In the and
case of tapping-mode operation the nonlinear forces are ce(a)
significantly higher than the non-contact mode of operation o(a) = ——
of the AFM, another dynamic mode operation where the 2m 1
tip probes only the attractive regime of the tip sample = §w0+—5d, (10)

interaction. However the experimental results presented

later validates the assumption that the cantilever sampll — oL (27 2(acosy._aosiny) gjn gy,

system can be modeled as a weakly nonlinear oscillator Note thata and ¢ are the amplitude and phase typically

even for the tapping-mode operation. referred to in the tapping-mode literature. It could be shown
From Equation 1 it can be observed that in free air théhat Equation (6) satisfies Equation (3) with an accuracy of

cantilever oscillation is characterized by the paramekersthe ordere? when the forcing frequency is chosen such

andc since® = 0. It is intuitive to assume that due to thethata)g—a)2 is of ordere (See [11]). The solution is equiv-

tip sample interaction (whef is nonzero), the cantilever alent to that of a linear system with damping coefficient
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ce(a) and spring constard:(a) forced by a sinusoidal input C. Conditions for the stability of fixed points

at frequencyw. Correspondingly the equivalent resonant pue to the multiple equilibria, there are chances for

frequency is given bywe(a). discontinuous jumps in amplitude and phase when either
Let Aw? = 2®¢ andAcy = & Pq. Acm is a measure of the the tip-sample separatioh is varied for a fixed forcing

dissipative component of the tip-sample interaction since thgaquency or when the forcing frequency is varied for a fixed

energy dissipation in a harmonic oscillator is a function ofip sample separation. These discontinuities are frequently

the damping coefficient. Similarlo? is a measure of the ghserved in experiments and can be explained by analyzing

conservative interaction and could take positive or negatii@e stability of the fixed points given by equation (15).
values depending of. If the sample is conservative, the | gt

dissipative component of the tip-sample interacti®g,= 0

i E .
and @, does not depend on the phage R(a,¢) = —2wads(a)— g—smqb (16)
For a fixed tip-sample separation and a fixed forcing m eE
frequency, in the transient state the amplitude and phase Sa¢) = (we(a)z—a)z)a—ﬁcosq) 17)

of the first harmonic of the cantilever oscillation evolve

according to (7) and (8) which are nonlinear differentiag/om equation (13) and (14), the fixed points are given

equations unlike in the absence of tip-sample interactio _R_(a,_qb) - 0 and 5@a,¢) = O If (a0, ¢0) _d_en_ote an
forces. equilibrium point, then the stability of the equilibrium point

is given by the following two conditions,
B. Steady state behavior aOR,a(aO,¢0)+SI¢(aO,¢O) < 0(18)

In the steady state the amplitude and phase of the first R (a0, ¢0)S; (a0, #o) — S,(20, 90)R; (a0, o) > 0(19)
harmonic settles down to one of the fixed points of (7) an
(8). The fixed points are given by,

Esing

%ondition (18) is typically satisfied under usual laws of
friction. Hence it suffices to see if (19) is satisfied.
From equation 16, iR(a,¢) =0, then

—fe(@)a—e——— = 0 11
BT . E+%di— R (20)
we(a) — o — 8Ecios¢ = 0 (12) do do @
ma(@o -+ o) Similarly from equation 17, i§a, ¢) = 0, then
We obtain with an accuracy af, da ,dop
. el = Sy, gy = o (21)
ma; e(a)za = —¢Esing (13) From the above two equation,
mawe(a) — 0*°) = eEcosp (14) da
RS, — —=S,R,—R,S, 22
From (13) and (14), we get (RaSy %%)dw 0wy — Ry (22)

Also from (16) and (17),

mPa?{(we(a)? — 02)2 + 4w’ 5e(a)%} = €2E2 (15) eE

Equation (15) gives the equilibrium points for the amplitude R:p m cosp
and phase dynamics. For each fixeghence a fixed tip- R, = —2ade(a)
sample interaction potential) ard, there could be more g - ﬁsimp
than one equilibrium point. This is an inherent feature of the ¢ 7 m
nonlinear nature of tapping-mode operation. A purely linear S, = —2wa

analysis will not be able to explain experimental behavior

which is due to this inherent nonlinear behavior. This is in Hence the right hand side of equation (22) is given by

i i —€E E .
contrast with the contact mode operation wherg the.loc§ R,~R,S, = (—20a) € cosp — (—ZaSe(a))g—smq)
nature of the tip-sample interaction forces permits a linear” m m
approximation. = 22%w{(we(a)® — 0?) — 25:(a)}

Moreover let(ag, ¢p) be an equilibrium point of the dy-
namical equations (7) and (8). Then the tip sample interac- g
tion force signal®(t) = ®(agcoq wt + ¢p), —agw sin(wt + _ aa o 2 (2 2
¢0)). Let d; be th(e)first (Fouriz(r coeffi?:ient of thEe signal (ReSy SaR;’)dw =22 {me(@)" — (@7 +25%()")} (23)
%. Then it can be shown that, = @1, cosgg + P Singg Note that%S’a, — SdRq, when evaluated at a fixed point
and @y = Py, singg — P15 cospp where d4, and ®y; are  (ap,¢o) is the quantity which should be always positive
the real and imaginary parts ab;. This connects the under the second stability condition given by equation 19.
conservative and dissipative components of the interactid®o (23) can be interpreted as the following. If one has a
force during steady state to the Fourier coefficients of thplot of the fixed point amplitudes versus the frequency of

periodic tip-sample interaction force signal. forcing, then a particular fixed point amplitude is stable
2501

From the above discussion we get,
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if 92|, is greater than zero wheme(a)? > w?+28¢(a)?

[0)

and $2|,_,, is less than zero wheme(a)? < ? + 25¢(a)>. ol
If the damping is very small, then a fixed point amplitude
is stable if the slope at the point is positive for forcing 2r / /

frequencies below the equivalent resonant frequency and the 21

23f v

amplitude (nm)

slope is negative for forcing frequencies above the resonant 20t t
frequency. 19}
18f
[1l. EXPERIMENTAL RESULTS AND DISCUSSION al
Experiments were performed on Rigital Instruments B A
. re . . 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Multimode AFM. A silicon cantilever with natural fre- separation (nm)

guency 335 kHz was chosen. The deflection signal was o _ _ _
sampled at 3MHz The cantilever parameters were identi-F'g' 4. The amplitude is plotted as a function of the tip-sample separation.
. " ) . When the sample is approaching the oscillating tip, the cantilever jumps to
fied from the thermal noise response of the cantilever. g higher amplitude at a tip-sample separation 083@m While retracting,

The cantilever was oscillated at the frequenfy=  the amplitude drops to a lower amplitude at a tip-sample separation of
3354 kHz to an amplitude of 225 nm The sample 232"

(Highly Oriented Pyrolitic Graphite (HOPG)) was moved

towards the freely oscillating cantilever and then away. The cantilever model|
cantilever oscillation during this process as a function of the

time is depicted in Figure 3. If the position of the fift) wd Lf%gw
is assumed to bacogwt + ¢) wherew = wp = 2rfp, then P 0
the resulting amplitudea is plotted against the tip-sample ry
separationl (see Figure 4). The approach and retraction P !
of the sample is performed sufficiently slow so that the &= :
amplitude and phase evolving according to (7) and (8) settle L i
to an equilibrium amplitude and phase for a particular tip- 2 L5 w2
sample separation. Note that there is some ambiguity about ¢ b

the absolute tip-sample separation which will be addressed

when a model is introduced for the tip-sample interaction. sample interaction mode

Fig. 5. The tip-sample interaction forces are characterized by long range
30 attractive forces and short range repulsive forces. A negative spring is
used to model the attractive forces and a positive spring is used to model
the repulsive forces. The tip-sample separatios defined to be distance
between the tip and the beginning of the repulsive spring. The length of the
attractive regiond is the separation between the attractive and repulsive
springs. The damping in the sample is captured by a damper.

In order to analyze this behavior a simple model is
developed for the tip-sample interaction force. This is
first introduced in [3]. Figure 5 depicts the models for
the cantilever and the tip-sample interaction force. The
tip-sample interaction force has long range attractive and
Fig. 3. The cantilever deflection signal is plotted as a function of timeshort range repulsive components. The model parameters
when‘the sample is mO\_/ed _towards and then away fr_om the osqillating ti%re normalized for unit mass. The |0ng range attractive
The tip-sample separation is also plotted as a function of the time. . . .

component is modeled by a negative spring denoted by
—w?2. The repulsive component is modeled by a positive

When the cantilever is freely oscillating, the amplitude ispring denoted bya)g. The dissipation in the sample is
24.25 nm As the sample is moved towards the oscillatingcaptured by a damper denoteddy | is a good measure of
tip, at a separation of 283 nm, the amplitude jumps to the tip-sample interaction forces and is the distance between
a higher value for an arbitrarily small decrease in the tipthe tip and the beginning of the repulsive regintk.is
sample separation. Similarly as the sample is moved awdlye length of the attractive regime. Using the identification
from the tip, at a separation of Z3nm, for an arbitrarily schemes described in [3},, @y, C; andd were estimated
small increase in tip sample separation the amplitude drofier the experimental datav, = 0.765 us™t, w, = 3 us,
down to a lower value. These discontinuous jumps can bl = 0.017 us~ ! andd = 2.55 nm Using these parameters
explained using the multi-valued frequency response cungmulation were performed and the resulting amplitude
as discussed in the previous section. versus separation data is compared with the experimental
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results in Figure 6.
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separation (nm) response curves are obtained by solving Equation 15.
Fig. 6. The amplitude versus tip-sample separation curve is obtained using
the interaction model and is compared with that obtained from experiments.
There is remarkable agreement between the two. The discontinuities are
observed in both plots. EE
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Fig. 9. For a tip-sample separation bf= 23 nm, the multi-valued

18 — experimental frequency response curve is shown. For a forcing frequenciy,ofhere
17 — simulated (no dissipation) are three possible fixed point amplitudes. From the stability criteria two
16 18 20 22 24 26 28 30

separation (nm) of the three are stable.

Fig. 7. To simplify the analysis, the sample is assumed to be conservative
or non-dissipative. The simulation results still agree with the experimental

results qualitatively and show the discontinuities. regime the frequency response curve starts becoming multi-
valued and will have a slant towards a frequencies lower
Note that there is remarkable similarity between théhan the free resonant frequency. But since the cantilever
experimental data and those obtained through simulatiori§.Peing forced at the resonant frequency there is still only
For simplifying the future discussion, the damping ternPne equilibrium point. But this scenario changes once the
Ca is assumed to be zero in the model. This brings abotigPulsive forces start influencing the oscillating tip. For
a minor discrepancy with the experimental data as showgxample for a separation of 28n at the forcing frequency
in Figure 7. This assumption means there is no addition#iere are three equilibrium points as depicted in Figure 8
damping due to the introduction of sample. There is a loss @nd separately in Figure 9. From the stability analysis of
generality as seen in the mismatch between the experimenif3® previous section two of the three equilibrium amplitudes
and simulation data depicted in Figure 7. But this simplifiegre found to be stable. The equivalent resonant frequency
the analysis at the same time retaining the essential featur&%s(2) is evaluated as a function of the amplitude for the tip-
The multi-valued frequency response and the stability gfample interaction model and is shown in Figure 9. If the
the resulting multiple equilibria when forced at a particulaforcing frequencyw is greater tharmwe(a), then the slope
forcing frequency (the resonant frequency in this case) caje has to be negative and if the forcing frequenoyis
explain the discontinuities present in the amplitude versdgss thanwe(a), then the slopel2 has to be positive for an
separation plot. The multi-valued frequency response curv&guilibrium amplitude to be stable.
at different tip-sample separations are depicted in Figure 8 The discontinuities in the amplitude versus separation
for the model developed earlier. These curves are obtainptbt can be explained in terms of the multi-valued fre-
by solving for Equation (15). When the oscillating can-quency response plots, the resulting multiple equilibrium
tilever is away from the sample surface, it can be modelegimplitudes and their stability. As the sample approaches
as a linear system with a single valued frequency responttee oscillating tip, the amplitude remains on the lower
curve. As shown in Figure 8 & 24.5), in the attractive branch till the separatioh=21.1nm (see Figure 8. At this
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point, the amplitude is forced to jump to a higher valueaveraging methods can be used to analyze the tapping-
215 nm from the lower value of 21 nm as there is only mode dynamics. Correspondingly an approximate solution
one equilibrium amplitude for tip-sample separation valuess obtained for the cantilever oscillation where the amplitude
below! =21.1nm While moving away from the oscillating and phase of the first harmonic evolves according to a
tip, the amplitude will remain on the higher branch till whennonlinear differential equation. The transient behavior of
the separatiodn = 23.9 nm when the amplitude is forced tapping-mode operation is captured by these equations.
to drop to 231 nm from 24.2 nm since for the tip-sample The steady state values for amplitude and phase are given
separations above=23.9 nm there is only one equilibrium by the fixed points of these amplitude phase dynamical
amplitude when forced aty. Note that the amplitude never equations. With a simple tip-sample interaction model and
takes the value between the high and low values since thae stability of these fixed points some of the experimentally
equilibrium amplitudes are unstable. observed behavior of tapping-mode operation is explained.
It is surprising that a piecewise linear interaction and an
analysis which assumes the tip-sample system to be weakly
nonlinear (which appears to be simplistic for tapping-mode
operation where the interaction forces are quite significant)
explains the experimental behavior in a remarkable manner.
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