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Abstract— This paper presents a dynamics-based nonlinear
tracking control scheme for a platoon of two car-like mobile
robots. A unified controller is designed for both look-ahead and
look-behind tracking. Look-ahead and look-behind tracking
maneuvers require the following vehicle to follow the leading
vehicle in two opposite directions: forward or backward,
respectively. Furthermore, both steering control and driving
control are also integrated in the unified controller. Tracking
stability is ensured by proper design of a stable performance
target equation. Simulation results show the control scheme
work properly in both tracking cases. Simulations also in-
vestigate the influence of two important design parameters:
the desired distancel and the desired steering angle ratiop.
The results suggest that these parameters affect the system
performance and require careful selection.

I. I NTRODUCTION

Platooning has been one keen research topic on au-
tonomous vehicles in recent years. A vehicle platooning sys-
tem consists of one leading vehicle, which leads the platoon,
and one or more following vehicle that autonomously track
and follow the leading vehicle. An autonomous tracking
controller is required for each of the following vehicles.
Based on the relative distance, orientation, velocity and even
acceleration of the leading vehicle, the controller generates
the corresponding control inputs for the following vehicle.
Many controllers for vehicle tracking have been proposed.
In a planar configuration of platoon, the relative position
between two vehicles is basically composed of two parts:
longitudinal relative distance and lateral deviation. Longitu-
dinal control systems, such as those in [1]–[6], concentrate
on the longitudinal relative distance and take the difference
between the relative position and a pre-determined spacing
l as the tracking error. Based on it, different control laws
have been proposed, for example, a simple proportional
integral differential (PID) controller or with an additional
quadratic term (PIQ controller) as in [1], [2], a controller
with a compensator as in [3], [4], or using adaptive control
as in [1], [6]. The results were impressive, especially when
no turning was involved, the speed of the platoon could be
as high as 20m/s [1]. Lateral control, on the other hand,
is concerned with the deviation between trajectories of two
vehicles. Steering control plays the most important role.
Since the deviation of the two trajectories is expectedly
minimized towards zero, it is necessary for steering control

to require more than just the current position information of
the leading vehicle. The trajectory of the leading vehicle can
be partially interpolated from several recent measurements.
The steering control to steer the following vehicle to stay on
that trajectory can be developed. Path following algorithms
might be applicable. For instance, in [7] and [8], the
time history of the leading’s coordinates and the motion
parameters of the following vehicle are recorded. Using
this, the steering commands can be computed based on
kinematic model of the vehicle. Likewise, three methods
of interpolation and steering control were introduced in
[9]: linear interpolation, circular interpolation and inter-
polation integrating the relative heading angle. Most of
the above-mentioned controllers guarantee good tracking
performances only when the leading vehicle moves forward
in front of the following vehicle. Backward tracking is
still a challenge due to difficulties in backward driving
as pointed out in [10]. Some attempts to overcome the
difficulties have also been carried out. The controller in
[10] imitates the human driving practice of a boat with
the rudder. Backward tracking for trailer system have also
been extensively studied in [11]–[13]. Lately, a tracking
control method that based on output feedback theory has
been introduced in [15], [16] and [17], referred as full-state
tracking. This nonlinear tracking method ensures exponen-
tial stability and convergence, as well as integrates both
longitudinal control and lateral control into one controller.
In [16], a look-ahead and look-behind platooning control
has been proposed based on the kinematics. In this paper,
we will extend this method to develop the controller for
a platoon of two vehicles. The proposed controller will be
able to handle both forward tracking and backward tracking
with proper selection of design parameters.

II. V EHICLE AND PLATOON DYNAMICS MODELLING

A. Vehicle dynamics

Consider a car-like mobile robot with front wheels for
steering and rear wheels for driving. Its dynamics model
can be described by the following equation [14], [17]

{
q̇ = G(θ, γ)µ
µ̇ = u

(1)



Fig. 1. Look-ahead tracking configuration

where u = [ um us ]T contains control inputs to the
driving and steering wheels which are homogenous to the
longitudinal accelerationum and the steering acceleration
us, respectively;µ = [ v ω ]T consists of the longitudinal
velocity v and the steering rateω; q = [ x y θ γ ]T is
the full-state configuration of the vehicle with(x, y) being
the generalized coordinates,θ the heading angle andγ the
steering angle; and

G(θ, γ) =




cos θ 0
sin θ 0

1
a tan γ 0

0 1


 (2)

with a being the length of the vehicle.

B. Platooning dynamics

In a platoon system considered in this paper, two car-like
vehicles are moving in a horizontal plane. This platooning
system can be executed in one of two modes: look-ahead
tracking and look-behind tracking.
• Look-Ahead Tracking: The leading vehicle moves for-

ward in front of the following vehicle as in Fig. 1.
In this case, the tracked point is the rear pointPd of
the leading vehicle. The relative distance between two
vehicles is measured by the lengthd > 0 of PfPd

and the relative orientation angleφ is formed by the
longitudinal axisPbPf andPfPd (−π

2 ≤ φ ≤ π
2 ).

• Look-Behind Tracking: The leading vehicle moves
backwards behind the following vehicle as in Fig. 2.
In this case, the tracked point is the front pointPd of
the leading vehicle. The relative distance between two
vehicles is measured by the lengthd > 0 of PbPd

and the relative orientation angleφ formed by the
longitudinal axisPbPf andPbPd (π

2 ≤ φ ≤ 3π
2 ).

For both cases, the pointPd of the leading vehicle is
related to the pointPb of the following vehicle by the same
formula as follows

Pd = zd =

[
x + 1+f

2 a cos θ + d cos(θ + φ)

y + 1+f
2 a sin θ + d sin(θ + φ)

]
(3)

Fig. 2. Look-behind tracking configuration

where

f =
{

1 for look-ahead tracking
−1 for look-behind tracking

The platoon dynamics is defined as the collective motions
of both vehicles as well as the relative distance and orien-
tation angle between two vehicles. A good performance of
platoon maneuvers is ensured only if the following vehicle
can follow the leading vehicle with a specified spacing and
a tracking error bounded or going to zero.

III. PLATOONING TRACKING CONTROL DESIGN

The objective of tracking control is to drive the following
vehicle automatically to follow and maintain a predeter-
mined distance from the leading vehicle. In this section, a
nonlinear output feedback controller is developed. The idea
is motivated by the way a human driver does in platooning
[16]. The driver keeps his eye focus on the leading vehicle
with a comfortable distance and drives the vehicle so that
his eye focus point is able to follow the leading vehicle with
the same distance. Thus, the platoon system is formed and
maintained.

The focus pointPr is definedl meters away from the
vehicle with l being the expected spacing between two
vehicles (PfPr = l in look-ahead tracking andPbPr = l in
look-behind tracking). The focus pointPr has a directional
angle defined by the longitudinal axis of the vehicle (PbPf )
and the focus linePfPr (in the look-ahead tracking as
shown in Fig. 1) orPbPd (in the look-behind tracking as
shown in Fig. 2). It isp times as much as the steering angle
γ. This focus pointPr can be expressed with respect toPb

as follows

Pr = z =

[
x + 1+f

2 a cos θ + l cos(θ + pγ)

y + 1+f
2 a sin θ + l sin(θ + pγ)

]
(4)

where l and p are two system parameters that will affect
the performance of the platoon system. The platooning is
then measured by the output tracking error as follows

z̃ = z − zd = RT (θ)
[

l cos pγ − d cosφ
l sin pγ − d sinφ

]
(5)



where R(θ) defines a standard rotation matrix ofθ as
follows

R(θ) =
[

cos θ sin θ
− sin θ cos θ

]

The target performance of the platooning system can
be specified by a second-order system for the closed-loop
output tracking error

¨̃z + 2ξλ ˙̃z + λ2z̃ = 0 (6)

where the natural frequencyλ > 0 and the damping ratio
0 < ξ ≤ 1 can be specified for a desired target performance.

Equation (6) can be rewritten equivalently as

z̈ = z̈d − 2ξλ ˙̃z − λ2z̃ (7)

Taking time derivative of (4) with using the dynamics
model (1) produces

ż =
∂z

∂q
q̇ =

∂z

∂q
Gµ = E(θ, γ)µ = RT (θ)Ē(γ)µ (8)

where the decoupling matrix

Ē(γ) =


 1− l

a tan γ sin pγ −lp sin pγ

tan γ
(

1+f
2 + l

a cos pγ
)

lp cos pγ


 (9)

Taking the differentiation of (8) again yields

z̈ =
∂(Eµ)

∂q
Gµ+Eµ̇ = RT (θ)H̄(γ)µ+RT (θ)Ē(γ)u (10)

whereH̄(γ) is a nonlinear vector function ofγ.

H̄(γ) =
[

H̄11 H̄12

H̄21 H̄22

]

and

H̄11 = − tan γ
{

1+f
2 θ̇ + l

a (θ̇ + pω) cos pγ
}

H̄12 = − l
a

v

cos2 γ
sin pγ − lp(θ̇ + pω) cos pγ

H̄21 = θ̇ − l
a (θ̇ + pω) tan γ sin pγ

H̄22 =
(

1+f
2 + l

a cos pγ
) v

cos2 γ
− lp(θ̇ + pω) sin pγ

Similarly, the second-order time differentiation of (3) is
computed

z̈d = RT (θ)

{[
v̇ − 1+f

2 aθ̇2

vθ̇ + 1+f
2 aθ̈

]

+RT (φ)




{
d̈− d(θ̇ + φ̇)2

}
{

2ḋ(θ̇ + φ̇) + d(θ̈ + φ̈)
}








(11)

where
θ̇ = v

a tan γ

θ̈ = v̇
a tan γ + vω

a cos2 γ

And the time differentiation of (5) is

˙̃z = RT (θ)[
−l(θ̇ + pω) sin pγ − ḋ cos φ + d(θ̇ + φ̇) sin φ

l(θ̇ + pω) cos pγ − ḋ sin φ− d(θ̇ + φ̇) cos φ

]

(12)

By substituting (5), (10), (11) and (12) into (7) and
rearranging the equation, (7) becomes

RT (θ)Ē(γ)u = RT (θ)F̄ (v, v̇, γ, ω, d, ḋ, d̈, φ, φ̇, φ̈) (13)

whereF̄ is a nonlinear vector function

F̄ =

[
v̇

1+f
2 v̇ tan γ

]

+lRT (pγ)

[
(θ̇ + pω)2 − λ2

− vω

a cos2 γ
− 2ξλ(θ̇ + pω)

]

+RT (φ)

[
d̈ + 2ξλḋ + λ2d− d(θ̇ + φ̇)2

d(θ̈ + φ̈) + 2(ḋ + ξλd)(θ̇ + φ̇)

]

(14)
Multiplying the orthogonal matrixR(θ) to both sides of

(13) produces

Ē(γ)u = F̄ (v, v̇, γ, ω, d, ḋ, d̈, φ, φ̇, φ̈) (15)

Note that (15) is independent of all the three global param-
eters (x, y, θ).

Suppose(v, v̇, γ, ω, d, ḋ, d̈, φ, φ̇, φ̈) are measurable (by
using Inertial Navigation System onboard and range sensors
such as cameras and laser scanners), the control inputsu
can be generated from (13) if and only if the matrix̄E is
non-singular:

det(Ē) = lp cos pγ +
1 + f

2
lp tan γ sin pγ 6= 0 (16)

Since f only takes two values−1 or 1, we have the
following equality

1 + f

2
tan γ = tan

(
1 + f

2
γ

)
(17)

then (16) becomes

det(Ē) = lp cos pγ + lp tan
(

1+f
2 γ

)
sin pγ

= lp
cos

[(
p− 1+f

2

)
γ
]

cos
(

1+f
2 γ

) 6= 0
(18)

Condition (18) is applicable to both tracking cases. For
practical wheeled mobile robots, the steeringγ is restricted
|γ| ≤ γmax < π

2 . Thus, condition (16) is equivalent to
{

lp 6= 0 (a)∣∣∣p− 1+f
2

∣∣∣ <
π

2γmax
(b) (19)

Condition (19-a) requires (i) (l 6= 0), i.e, the focus point
Pr can not be fixed at the front center pointPf of the
following vehicle in look-ahead tracking or at the back
point Pb in look-behind tracking; and (ii) (p 6= 0), i.e., Pr

can not be fixed on the longitudinal center axis. Condition
(19-b) indicates that the selectable range of parameterp is
bounded. Furthermore, [17] has shown that the parameters
should be chosen (l > 0, p > 0) for look-ahead tracking,
and (l < 0, p < 0) for look-behind tracking. Therefore, (19)
leads to



• For look-ahead tracking:

l > 0 and0 < p < 1 +
π

2γmax
(20)

• For look-behind tracking:

l < 0 and− π

2γmax
< p < 0 (21)

With proper selection of parametersl and p to ensure
matrix Ē’s regularity, the resultant nonlinear controller can
be obtained as follows

u = Ē−1(γ)F̄
(
v, v̇, γ, ω, d, ḋ, d̈, φ, φ̇, φ̈

)
(22)

This control input u is highly nonlinear and de-
pends solely on parameters in vehicular coordinates(
v, v̇, γ, ω, d, ḋ, d̈, φ, φ̇, φ̈

)
. That is, no global measure-

ments such as generalized position and orientation(x, y, θ)
are required. It is a unified controller for both tracking
cases:look-ahead and look-behind, with only one switching
parameterf being of value 1 or -1, respectively. It also
combines the action for driving and steering into the same
controller.

IV. SIMULATION STUDIES

Simulations are carried out to verify the effectiveness
of the proposed control scheme. Different sets of design
parameters(l, p) are tested for both look-ahead and look-
behind tracking control.

A. Look-ahead tracking control

In this situation, the leading vehicle isl meters in front
of the following vehicle. The leading vehicle is maneuvered
with the desired steering angle and acceleration profiles as
shown in Fig. 3 and Fig. 4, respectively.

Parametersλ andξ of the target performance are fixed at
1 and 0.5, respectively. We focus on the effects of system
parametersl andp.

Fig. 3. Desired steering angleγd and steering rateωd for the leading
vehicle

Fig. 4. Desired acceleration and velocity for the leading vehicle

Suppose the steering angle of the vehicle is limited|γ| ≤
γmax = π

9 . Then, the condition (20) becomes

l > 0 and0 < p < 5.5 (23)

1) Influence of parameterp:
Parameterl is fixed at a desired space of2.5m,
while different values ofp are tested in the range of
(0, 5.5). Simulation results, in Figs. 7-9, show that the
following vehicle successfully follows the leading ve-
hicle. The tracking errors are small along the straight
path. However, during turns, the value of parameter
p clearly has an effect on the tracking performance.
With smaller values ofp, the following vehicle tries
to cut corner to catch up with the leading vehicle.
In contrast, larger values ofp result in overshooting
before turning. The best of the tested values isp = 2.
Obviously,p value should not be near its upper and
lower limits in (23) to avoid matrixĒ being singular.

2) Influence of parameterl:
Parameterp is fixed at 2 and parameterl is now
changed from1m to 7m. The tracking results are
shown in Figs. 10-12. It is clear that the controller
can drive the vehicle to follow the leading vehicle. It
also shows that the tracking errors are the same along
the straight path. When turning, the tracking error
is bigger with large values ofl. And the following
vehicle’s trajectory is closer to that of the leading
vehicle whenl is small.

B. Simulation study for look-behind tracking

In this situation, the leading vehicle is placedl meters
behind the following vehicle. Similarly to the look-ahead
tracking situation, the trajectory of the leading vehicle is
generated with the desired steering angle and acceleration
as shown in Fig. 5 and Fig. 6, respectively.

Fig. 5. Desired steering angleγd and steering rateωd of the leading
vehicle

Fig. 6. Desired acceleration and velocity of the leading vehicle
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Fig. 9. Steering angleγ for different values ofp
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Fig. 10. Vehicle trajectories (x, y) with different values ofl
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Fig. 12. Vehicle velocityv for different values ofl
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Fig. 13. Vehicle trajectories (x, y) with different values ofp

0 20 40 60
0

0.1

0.2

0.3

0.4

0.5

time(s)

tra
ck

ing
 er

ro
r(m

)

p=−0.01
p=−1
p=−2
p=−4

Fig. 14. Tracking errors||z̃|| for different values ofp
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Fig. 15. Steering angleγ for different values ofp
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For the controller (22), parametersλ andξ are both fixed
at 1.

Suppose the steering angle of the vehicle is limited|γ| ≤
γmax = π

9 . Then, the condition (21) becomes

l < 0 and − 4.5 < p < 0 (24)

1) Influence of parameterp:
Parameterl is fixed atl = −2.5m. Several values of
p in range(−4.5, 0) are tested with results shown in
Figs. 13-15.
The tracking is successful. It is shown that along the
straight path, the tracking is extremely good. When
the leading vehicle turns, the following vehicle’s
steering turns to the opposite site for a while before
turns back to the same direction. It is because the
tracked point is the front point of the leading vehicle,
not the rear point which is considered as the reference
point of the leading vehicle. Thus, when the leading
vehicle is about to turn left, for instance, its front
point will move to the right side.
The range ofp is divided into two parts. With values
of p in (−1 < p < 0), the controller will drive the
following vehicle to cut short the corner to catch up
with the leading vehicle. On the other hand, the values
of p in (−4.5 < p < −1) will give overshoots when
the leading vehicle turns . The tracking performance
is the best whenp = −1, as shown in Fig. 13.

2) Influence of parameterl:
Now parameterp is fixed atp = −1. Several values
of l in range(−1,−7)m are tested with results shown
in Figs. 16-18. The tracking performance in the look-
behind case is also influenced by parameterl the
same way as that in look-ahead tracking. With bigger
value of l, the tracking vehicle will take more direct
”shortcuts” to follow the leading vehicle. The tracking
error, however, is slightly smaller when a larger value
is chosen for parameterl. That is because in this case
the error is caused by the swing of the desired point
Pd, that is defined at the steering wheel side instead
of the fixed side. In other words, the desired pointPd

looks more dynamic than the reference point of the
leading vehicle from the following vehicle’s side.

V. CONCLUSIONS

The proposed unified platoon tracking controller is suit-
able for both look-ahead and look-behind maneuvers. It is
an integrated action for both velocity control and steering
control. The design and implementation of the controller
depend on the selection of 4 parameters. The target per-
formance is determined by the natural frequencyλ and
the damping ratioξ. The non-singularity condition also
introduces two platoon parameters (l, p). Extensive sim-
ulation results show that proper selections of these two
system parameters are important to the performance of the
platooning tracking system.
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