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Abstract—This paper gives an adaptive robust fuzzy
control design for a class of nonlinear systems represented by
input-output models to follow a reference trajectory in the
presence of uncertainties. Direct approach to this problem
by using fuzzy logic systems (FLS'’s) to approximate the
unknown ideal control law (designed when the nonlinear
system is known) is followed, and the semi-global stability is
established based on the Lyapunov analysis. By combining
the advantages of fuzzy logic reasoning, robust control and
adaptive control techniques, the proposed control has the
following features: ability to incorporate in a transparent
way an existing control experience into the controller design,
robustness to a wide rang of uncertainties, reducee priori
information on the nonlinear system and on-line computa-
tion load required for its implementation, and semi-global
exponential output tracking to the reference signal up to a
ultimately bounded error. The effectiveness of this control
is demonstrated through simulations.

Keywords: Fuzzy direct control, Lyapunov stability, output
tracking, nonlinear systems, uncertainty.

. INTRODUCTION

teed stability have been made by using analytical tools
developed for nonlinear systems (sexg. [8] and the
references cited therein), particularly those for robust
control and adaptive control systems [21], [17] . By
exploring structural information of the plant to be con-
trolled, analytical approach to fuzzy control retains the
salient characteristics of fuzzy control, and further can
deal easily with problems that are difficult to handle with
conventional nonlinear control methods, such as unmod-
eled dynamics, non-linearly parameterized systems and
high relative-degree [6], [13], [7], [5]. Within this conte

two common methods are used to design a fuzzy logic
control: indirect and direct. In the former FLS’s are used
to approximate the unknown dynamic systems and then
controllers are synthesized based on this approximation
[21], [20], [17], [10], [19], while in the later controllerare
directly synthesized using FLS’s [21], [2], [17], [9]. Most
of the results in controller designs obtained by means of
FLS’s are shared with those resulted from neural network

Since fuzzy logic systems (FLS’s) [23] introduced intocontrol [15], [11], [14], [16], [24], [3], and in general viit
control designs [12], fuzzy logic controllers have had gredhose control syntheses based on the so called universal
successes in applications [22]. Due to their simplicity ifPProximators [18]. But in the class of approximators
design and implementation, inherent capability of dealing/hich are linear in the parameters, FLS's are much closer
with uncertainties in dynamic systems and ability tdh SPirit to human thinking and natural language. They
incorporate easily expert experiences into the controlldiovide an effective means of capturing the approximate,
design, fuzzy control has been becoming one of th&€xact nature of the.reall world, in particular, when large
favorite choices for control engineers. From a practicsa®mount of uncertainties is present.

engineering point of view, all available information shaul

Although analytical methods give systematic designs

be utilized in the design of a control system. Usually, threef fuzzy controls with proved closed-loop stability, many
important sources of information are available: numericalesults reported in the literature suffer from at least one
information about the measurements of variables provideaf the following drawbacks: (1) lack of robustness to
by sensors, linguistic information about how the plant besnmodeled dynamics and/or external perturbations due to
haves or how to control the plant under certain conditionenly asymptotic convergence of the tracking error to a
provided by a human expert, and structural informatiomesidual set of the origin is achieved, (2) requirement of
about the plant provided by mathematical modellingthe knowledge on the nonlinear systems, which may result
Conventional controls can only make use of numerical andifficult to obtain in practice, for controller implementa-
structural information and have difficulty of incorporagin tion, (3) requirement of the bound on the norm of the

linguistic information. Fuzzy control may easily incorpo-

optimal parameter vector of the universal approximator,

rate numerical and linguistic information into its designor a compact set to which the optimal parameter vector
but structural information is largely unexplored, spdgial of the universal approximator belongs, (4) heavy on-line
in its early stage of development. As a consequence,camputation burden due to updating the parameters of
main drawback of fuzzy control systems designed basdble universal approximator. These drawbacks create once
on expert experience is the lack of stability analysis, segain a gap between the control theory development and
it may not guarantee beforehand the stability and theontrol engineering practice, because design methods that
performance of the closed-loop system. Also, the lack agfsult in a high complexity, lack of robustness, or based
a systematic design method often makes fuzzy controll@n a priori information hard to obtain are rarely utilized
design a tedious, time-consuming process, specially fom practice.
complex dynamic systems. As an attempt to reduce this gap, this paper gives an
In recent years, significant advances towards providingdaptive robust fuzzy control design for a class of nonlin-
a systematic design of fuzzy controllers with guaranear systems represented by input-output models to follow

_ _ a reference trajectory in the presence of uncertainties.
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Direct approach to this problem by using FLS’s to approx-
imate the unknown ideal control law is followed, and the

semi-global stability is established based on the Lyapunov

1788



analysis. By combining the advantages of fuzzy logi@rror, while maintaining all the signals bounded. Also the
reasoning, robust control and adaptive control techniquesltimate error bound should be made arbitrarily small by
the proposed control has the following features: abilitcthoosing appropriately controller parameters.
to incorporate in a transparent way an existing control | ot Ve A [y, yﬁl) ygnfl)]T c R be the reference
experience into the controller design, robustness to a wide . A
rang of uncertainties, reducedpriori information on the S/gnal vector and the tracking error be=y —y. Its
nonlinear system and on-line computation load requiredynamics are obtained from (2) as
for its implementation, and semi-global exponential otitpu s )
tracking ?o the reference signal u% toa uItiFr)nater bounged &= Aoe+ Bo[f(x) + bx)u —y;"]. ©)
error. The effectiveness of this control is demonstratef is easy to see that if the control law is chosen as
through simulations. 1
The rest of the paper is organized as follows: after the , — ——_
problem statement and control design for known plant b(x)
given in Section 2, functional approximation using FLS’ 1xn
is briefly described in Section 3, which will be used in chWhereK €R
control design in Section 4. In this Section, control design A, 2 A, + B, K, (7)
with state feedback is considered first. Next, the high- )
gain observer [7] is used to design an output feedbadR Hurwitz, i.e. all its eigenvalues have the negative real
control. Section 5 gives a numerical example to illustratparts, then the tracking erref(t) = exp(A.t)e(0) — 0
the proposed control. Section 6 concludes the paper wigkxponentially.
some remarks. We will refer to the control law (6) as the ideal control.
Il PROBLEM STATEMENT AND CONTROL In the y-coordinate, this control law can be expressed as

* * A 1 n—1 n
DESIGN FOR KNOWN NONLINEAR SYSTEMS  v" =u"(y,yr) Whereyg = [y, y§ - yﬁ ) yf(’ )]T €

n+1 H
We consider in this paper the class of single-inpu - Although can not be implemented because the

: : ; > unknown functionsF'(x), g(x) and h(x) and therefore
single-output nonlinear systems in the following form |0 nown f(x) and b(x), it is a continuous function of

[Ke — f(x) + 3™ 2 u(x,e,y™),  (6)

is such that the matrix

x = F(x)+g9(x)u, y andyg. So it can be approximated to any degree of
= h(x) (1) accuracy in a compact set &' x R"*! by a universal
oo * approximator. In the following, FLS’s will be used for this

wherex 2 [y x5 ... 2,]T € R" is the state vector of PUPOSe:

the systemu, y € R is the control input and measured [I1l. FUNCTIONAL APPROXIMATION USING
output, respectivelyF, g : R® — R™ andh : R" — R are FLS's
unknown smooth functions of. In the design of the fuzzy

controller, we assume the plant (1) to have the well defme&l] with the product-inference rule, singleton fuzzifier,
relatlverrdern. Therefore, through transformation = ooy average defuzzifier, and Gaussian membership
T(x) = [y y® .y=VIT T . R* — R", being a function given byn, fuzzy if-then rules

diffeomorphism, (1) is expressed as

Consider am;-inputs, single-output fuzzy logic system

_ R" . if xyis Af(x1) and ... and z,,, is A}, (z,,)
v = Ay + B,[f(x) + b(x)u], 2 then uw = b, o)

with where R” denotes therth rule, 1 < r < n,, x =

f(x) = Lhh(x), b(x)=L,L% 'h(x) #0, Vx€R", (1 .. 2,,]T € X CR™ andu € R are the input and
(3) the output of the fuzzy logic system, respectively, with

0o 1 0 .. 0 0 X a compact seth” is the fuzzy singleton for the output

0 0 1 .. 0 0 in the rth rule, andAj(z1) ... A7, (z,,) are fuzzy sets
A,=1| .. v o . .. |, Bo=| .. |. (4 characterized by Gaussian membership functions

0 0 0 1 0 o

0 0 0 0 1 par(x;) = exp{—( jar 1)2}, 9)
Assumption 1: 0 < by < b(T(y)) < big(] y ), J

Vy € R" , whereby andb; are unknown constants, andwherec” is the center and” the width of the Gaussian

gl y I) =1+ || y | +...+ | y |[” with p > 0 a known membership function. The ‘output of the FLS is given by
integer. Throughout the papér. || denotes the Euclidean

ny

norm.
° u = Zwr(;v)br, (20)
Let . be a given reference signal. We assume that =

y, and its derivatives up to orden to be bounded, T2 par (x5)

and 3™ to be piecewise continuous. The problem we ¥ (X) = ST T @) Lo (1)

] . . A A j=1 1=1MA’ T
consider in this paper is to design an output feedback :
control law for (1) to ensure the plant outputand its If the membership functions.€, ¢, ¢%) are fixed, the
derivatives up to order — 1 to track the referencg. and normalized firing strength (activation degree) of tkta
its corresponding derivatives within a ultimately boundedule w™ is a function of onlyx. Therefore, the output of
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an FLS allows a linear parameterization in its consequeneehere ug is the nominal control representing the best

parameters”: available experiences on how to control the plant given
A by n, fuzzy rules,r = 1,2,...,n,:

u(x) = [b' b ... 0™ ][w! w? ... w™]T = BW(x). (12

() =1 I ] 012 yr is A5 (y,) andy' is A7(yM) and ... and

In the rest of the papei € R <"+ will be referred to yi" is A7 (y™) andy is A7, (y) and ... and
as theparameter vector of FLS’s, andiW : X — R"" the y=Vis A5 (y»=1)  thenu = b
fuzzy basis functions. The fuzzy rule set (8) is said to be " (18)

complete, if for any x € X, there is at least one fuzzy The fuzzy rule set (18) is assumed to be complete.
rule fired, i.e.,>"", [T, 145 (i) > 0. Itis well known  |n occasions, an available control experience may give a
that FLS’s (12) are universal approximator in the sensfizzy rule set that is not complete. In this case, a complete
that given any real continuous functigh: R — R ina fuzzy rule set can be obtained by fulfilling the fuzzy

compact sefX C R™ and anyk > 0 there exists an FLS space with fuzzy sets whose membership functions have

(12) such that [21] consequence part set to zero.
This fuzzy rule set gives the fuzzy basis function
sup lu(x) — f(z)| < k. (13)  W(y,yr) as in (11) withn; = 2n + 1 and the nominal

parameter vectoB® = [b} b3 ... by"]. These in turn give
In light of this result, the functiorf(x) can be expressed the nominal control as

as up = B"W (y,yr). (19)

f(x)=B"W(x)+Af(x), vxeXCR™, (14) The component, is designed to compensate for the
uncertainties resulting from the error between the nominal

where Af(x) is calledapproximation error satisfying parameter and the optimal parameter as well as the

sup |Af(x)] < k, (15) approximation error
xeX
N e w = g2 CllylDpie (20)
and B* is the optimal parameter vector sq(l y |) | pTe | +e
. A . 5 . .
B 2arg i fow W60~ /@) 08 S=-oitqlpfelalyl) 500 @Y

wheree > 0, o and~ > 0 are design parameter&(t) is

In practice, the optimal parameter vector may be ngho aqrimate of (defined below (26)) at the instant> 0,
unique or known. Several methods based on the gradie dp, € R is the last column of the matri® ¢ R"*"

of an error function are available to estimate it (see,
g. [21]). Also, when some part of an FLS (number Ofresulted from

rulesn,., membership function,aA]r_(;z:j), or consequence ACTP + PA. = —Q, (22)
parameter$” ) is fixed, the approximation error bourid ) , ) ] )
is unknown. for a given0 < Q € R"*", where A, is defined in (7).

B. Stability analysis

. . . From the results in Section 2, the ideal control law (6)
In this section, we design a control for the plant (1) bymay be approximated by an FLS with the optimal param-

approximating the ideal control law (6) by means of alter vectorB* and the fuzzy basis functiof (y,yr)
FLS. We use the robust control technique [1] to desigResylting an approximation erraku(y, yr)

a signal to compensate for the parameter uncertainty

arising from the unknown optimal weight matrix*, and u* = B*W(y,yr) + Au(y,yRr)- (23)
the error arising from approximating the unknown ideal _

control law. Firstly, the control design with state feedbac 't follczwsAfrom Assumption 1 that the parameter error
is considered. Next, the high-gain observer [7] is used teector B = BY — B* and the approximation error
design an output feedback control. Au(y,yr) satisfy

A. Control law | b(x)[BW (y,yr) — Au(y,yr)] | (24)

Givenygr = [yr vt ... 7Y 41T the reference big(Iy DI Bl W(y,yr) | + | Au ],
and its derivatives up to the ordes we first choose the big(ly DI B + | Au ],
fuzzy setsA;(yﬁj)) for 0 < j < n, and the corresponding bosq(] y ||) (25)

()
Vy €Y CR* and yr € Ygr C R*t! , where

IV. CONTROL DESIGN

VANRVANRVA

membership function&A; (y#’’) as in (9). Accordingly,
the fuzzy sets and the membership functions fomay

r H ro )Yy — Ar (9) < i< b
zhi)sle.n asty(.), e, Ap (YY) = A5(y"), 0< 5 < 5= ip’ (26)
We propose the control law for the plant (1) as follows: - ]
for some constanp >|| B || + | Au |, Yr is a compact

U = Ug + Ue, (17) set containing the reference signal and its derivatives up
1790



to ordern, andY a compact set whose definition will beY < R™ the corresponding compact set for a given
clear from the subsequent analysis. Y, C R™ Then E is invariant, i.e, for any initial
Rewrite the control law (17) as conditione(0) € F = e(t) € E, ¥t > 0. Therefore,
- y(t) €Y, vt >0.
u=u*+ {uc + BW(y,yr) — Au(y, YR)} , (27 A ultimate error bound is given by—tz-—, which can
. be made arbitrarily small by properly choosing the design
therefore, the error dynamics in terms of the parame“gfarameters.
uncertainty and approximation error are obtained by sub-
stituting (27) and (6) into (5) C. Output feedback
. We now use the high-gain observer (HGO) [7], [8] to
é = Ace+ Byb(x) {Uc + BW(y,yr) — Au(y,yr) ;-  estimate the statg. It is shown in [8] (pg. 622) that
28) the design of such HGO satisfies the separation principle,
Let P = PT > 0 be the solution of the Lyapunov provided that the state feedback control guarantees the
equation (22). Consider the following Lyapunov functionsemi-global boundedness gfand the observer gains are

candidate ) ) high enough. The HGO is given by
_ T 0 2 . .
V—§e Pe—&—%é . (29) él — éi—&-l""%(el_él)a 1§i§n—1,
€ob
where§ 2 § — 5. Taking the time derivative of/, it &, = a_:<61 —é1), (33)
follows from (22) and (28) that €ob
. 1o where0 < ¢, << 1 is a design parameter, ang > 0
vV = € (A, P+ PA.)e (30) are chosen such that the roots &f + a;s" ! + ... +
~ by - Qn—15+ ay have negative real parts. The estimateyof
+e’ PB,b(x) {uc + BW(y,yr) — Au} + 2256 is therefore
Y ) .
=1 — 5. 4 (=1 i
1 - (] =é+y' "/, 1<i<n (34)
= ——e’Qe +pleb(x) {uc + BW(y,yr) — Au} o o
2 ) The controller is implemented by substituting and
+b_055. e in (17)-(21) by their estimates. The control is saturated
vy outside a compact region of interest to prevent the peaking
In the next, we will bound the last two right-hand terméntmduced by the HGO [8].e.,
of (30) by using the compensation componeptin (20) Uy + Ue
) u = Ssat g , (35)
Teb(x) { u. + BW (y, — Aul+ 2255
P eb(x) { .¥r) } 0 wheresat(-) is the saturation function anglthe saturation
< pLeb(x)uc+ | pLe|| b(x)[BW(y,yr) — Aul | limit, chosen to cover the region of interest. The overall
B by <= stability is ensured by the semi-global stability provided
+7(56 by the state feedback and the separation principle [8].
. " bo <= D. Design Procedure and Discussions
< preb(X)uc +bod [pre [q(lly ) + ;55 1) Design Procedure: Summarizing the control design
bo ~= gives the following design procedure: Given a nonlinear
< bopLreu.+bod | pLe|q(]y ) + =066 system in (1), verify Assumption 1 for an integee> 0.
v For state feedback control:
bo {pz;euc +4 |pTe | q(|| y ||)} Step 1. Design the membership functions according to
b ) a given reference signal and its derivatives up to the order
0% % T
+—640 — Le s , , ,
0 { vIpnelally H)} Step 2. Get the fuzzy basis functioh8(y,yr) as in
boo = boo o (11) withn; = 2n + 1.
< b~ T‘S + 75 : 31) Step 3. If there is a previous control experience as in

) ) o (18), incorporate it intou, through BY. Otherwise set
The second inequality follows from (25), the third inequal-go — .

ity is because) < by < b(x) andp,euc < 0, the last  step 4. Implement the compensation component and
inequality is because thaf eu. +0 | pfe | q(]|y [[) <e the uncertainty bound estimator (20 )-(21). Chodse=

and —66 < —42 + 62, sinced(t) > 0,Vt >0 . [k1 ks ... k,] such that the eigenvalues of the matrixin
It follows from (30)-(31) that (7) have negative real parts, and a magix> 0, solve the
V<9V 4e. Vi>0 (32) eduationAl P+ PA, = —Q with A, = A,+ B, K to get
- e’ - the last column ofP, p,. Choose the positive constants
wherea 2 min {—i’;f:((g)), cr}, ande, = bo(e + %52)_ |€s z;,cge;lgglethat the ultimate bound on the tracking error
Letrp 2 max {i“ﬂ—x((lf)) | e(0) |1 +Al,7:j2(52))w pw—vcY } For output feedback control:

A . 1/2 . Step 5. Implement the HGO (33). Choose the positive
E = {e ER" || e|<rg } C R™ a compact set, and constantse,, << 1, anda; > 0 such that the roots of
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s"+a1s" !t + ...+ a,_15+a, have negative real parts. The parameters used in the HGO (33) afg= 1072,
Choose the saturation limf > 0 to cover the region of S = 100, a; = 2, as = 1, and the initial conditions for
interest. the observer (33) were(0) = [0 0]7.

2) Discussions: Remark 4.1: The only a priori infor- Two Gaussian membership functions for each variables
mation on the unknown plant (1) required for the con{y,, v, ¥, y, y) are used resulting im, = 32 fuzzy
troller implementation is a upper ordgrof the bounding rules. The center and the width of these membership
polynomial¢(|| y ||) in Assumption 1. The incorporation functions are chosen according to the reference signal and
of a control experience is optional. If it is incorporated,ts derivatives up to the order = 2 to cover a compact
lees control effort will be needed from the compensatioset of interests.
component in the control signal, giving a smoother control The dynamic equation of an inverted pendulum is (36)
signal. This is true specially in the transient period. Awith
cont_rol experience_ may be obtained frqm_ a human expert . . g(me +m)sinz — mli? coszsinz
as discussed previously, or from an existing controller by F(z, &) = [&
collecting its input-output data and then training a fuzzy
controller to get the nominal vectds® by means of off- cos T
line training methodse. g., Anfis [4]. g(z) = [0 IE

3(me +m) —mcos? z]

Remark 4.2: Compared to the adaptive control with awhich is already in the form of (2). The parameters’ mean-
universal approximator (fuzzy logic systems or neuraing and their values (in Sl units) used in the simulation
networks, seeeg., [15], [21], [2], [22], [11], [14], [20], are:m = 0.1 the mass of the pendulumm,. = 1 the
[17], [16], [24], [9] and [3]), the robust adaptive approachmass of the car] = 0.5 the length of the pendulum,
followed here alleviates the need of off-line training ofth ¢ = 9.8 the gravity acceleration. The initial condition for
universal approximator, the knowledge of a compact se¢he pendulum isc(0) = [, 0]7. All the conditions for

to which the optimal parameter vector of the universathe simulation are the same as in [20].

approximator belongs, the bound on the norm of the For this example, an intuitive control based on the
optimal parameter of the universal approximator, or thexperience is

knowledge on the nonlinear systems, such as a known
upper bound on the unknown functidf(x) and g(x) for ) ) )
controller implementation. Also the on-line computation  if ¥ is P(y.) andy is N
load of updating the universal approximator parameter if y, is N(y,) andy is P
vector (whose dimension may exceeds sometimes over ; ; ;
hundred) is reduced to estimating only the uncertainty it yr is P(y-) andy is P
bound. More importantly, semi-global exponential trackwhere N and P mean fuzzy set Negative and Positive,
ing up to a ultimately bounded error is achieved, whicltharacterized by a Gaussian membership function (9) with
will provide robustness to unmodeled dynamics and/dfcenter, width) = (—55, g5) and (55, g5). respectively,

}T

1[5 (mc +m) — mcos? z]
(38)
1T, (39)

if y-is N(y,) andy is N

—~

y) thenu = PS
y) thenu = PL
y) thenu = NL
y) thenu = NS

—~ o~

external perturbations. and fuzzy singletoiV .S, PS, NL, P%)’stg]nd for Negative-
Small, Positive-Small, Negative-Large and Positive-learg
V. ANUMERICAL EXAMPLE with valuesPS = — NS = 0.5, PL = —NL = 5,

In this section, we will illustrate the proposed controlrespectively. Representing this control experience inéo t
by a numerical example, carried out in Matlab/Simulinkform (18) gives the'th rule (super-index < r <n, = 32
In the simulation we use the model of a physical system,
namely inverted pendulum used in many similar works ( ; o AT e AT
g., [20], [9]), to show how to design the proposed control iy IS A,O(yTT) _"?md Yr IS,Al(gT) .

In the simulation, the plant dynamics are of the form andj, is A;(jj;) andy is A;(y) andy is Ay(y)

@ thenu = by,
X

= F(z,2)+ g(z)u, L
where each fuzzy sedl] is either N or P. The corre-

vy =1 (36)  sponding singletond’; is assigned a value iiIN S, PS,
and the reference signgl. is generated as the output of VL, PL} according to which fuzzy sets. andy belong
a low-pass filter to. With the fuzzy basis function given by this fuzzy rule
set, the control (17) with (20) and (21) is applied, the
_1oo0 m . results are shown in Fig.2.
Yr = = (30 sint). (37)
(s +10) VI. CONCLUSIONS
The reference signal and its derivatives up to orzlare A direct robust fuzzy control has been studied for the
shown in Fig. 1. The parameters used in the controllegontrol of a class of non-linear systems represented by
are K = [-2 — 3]. The control component (20) - (21) input-output models to track a reference signal. Semi-

are implemented with design parameters 0.1, 0 = 10  global exponential tracking to the reference signal up
and~ = 10000, and the initial conditions(0) = 10. The to a ultimate error was achieved, and the ultimate error
bounding polynomial in Assumption 1 ig|| y ||) = 1. can be made small by properly choosing some controller
The matrix in the Lyapunov function i§ = diag[l 1], parameters.

giving as the last column of the resulted solutiph = By combine the advantages of the fuzzy logic reason-
[0.25 0.25]. ing, robust control as well as adaptive control techniques,
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the proposed control design is capable of using available
information — numerical, linguistic and structural to give
a simple controller, yet robust to a wide rang of uncer-
tainties. Numerical simulations are included to illustrat
the proposed control scheme.
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