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Abstract—In this paper we deal with some finite-time
control problems for discrete-time linear systems. First we
provide necessary and sufficient conditions for finite-time
stability; these conditions require either the computation of
the state transition matrix of the system or the solution of
a certain difference Lyapunov equation (or inequality). The

if and only ifeither a certain inequality involving the state
transition matrix is satisfied, or a symmetric matrix function
solving a certain Lyapunov difference equation (inequality)
exists.

The conditions involving the state transition matrix or
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design problem, i.e. the problem of finding a state feedback the Lyapunov difference equation are not useful when the
qontroller Wh!Ch stabilizes the closed loop system in the finite- system is uncertain; moreover they cannot be used as the
time sense, is then addressed. The way these conditions cangiarting point to solve the synthesis problem. Therefore,
be solved numerically is finally considered. o . "
Keywords: discrete-time linear systems, finite-time stability, " VI€W of the design pr_oblem,_we focus on the conc_Jl_tlon
state feedback. involving the Lyapunov inequality. However this condition
can become computationally hard to apply, since it requires
l. INTRODUCTION to study the feasibility ofV difference inequalities, ift, V]

When dealing with the stability of a system, a distinctioris the time interval in which FTS is studied. For this reason
should be made betweatassical Lyapunov stabilitand we derive a sufficient condition for FTS which requires
finite-time stability (FTS) (or short-time stability. The to check the feasibility ofonly oneinequality and then
concept of Lyapunov asymptotic stability is largely knowrnwe use this condition to address the problem of designing
to the control community; conversely a system is said state feedback controller guaranteeing some finite-time
to be finite-time stable if, once we fix a time-interval,performance.
its state does not exceed some bounds during this time-The paper is organized as follows: in Section Il the
interval. Often asymptotic stability is enough for practicaldefinition of finite-time stability is recalled and specialized
applications, but there are some cases whamge values to the discrete-time case, and the problem we want to
of the state are not acceptable, for instance in the presersmve is formally stated. In Section Il we solve the FTS
of saturations. In these cases, we need to check that theselysis problems. In Section IV we address the FTS syn-
unacceptable values are not attained by the state; for thebesis problems, namely some sufficient conditions for the
purposes FTS could be used. existence of a state feedback controller guaranteeing finite-

Most of the results in the literature are focused oriime stabilization of the closed loop system are provided.
Lyapunov stability. Some early results on FTS can be foun@ur conclusions are drawn in Section V.
in [8], [10] and [7]; more recently the concept of FTS has
been revisited in the light of recent results coming from
Linear Matrix Inequalities (LMIs) theory [5], which has al- In this paper we consider the following discrete-time
lowed to find less conservative conditions guaranteeing FTigiear system
and finite time stabilization of uncertain, linear continuous-
time systems (see [1], [2], [3]).

Differently from previous papers, in this paper we dealhere A € R"*", B € R"*™,
with discrete-time systems. First we focus on the finite- The general idea ofinite-time stability concerns the
time stability problem. The main theorem guarantees FTBoundedness of the state of the system over a finite time
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Il. PROBLEM STATEMENT AND PRELIMINARIES

x(k+1) = Az(k) + Bu(k) (@)}



interval for some given initial conditions; this concept can Proof: Proof that i) is equivalent to ii). First we
be formalized through the following definition, which is anprove that ii) implies i); letk € {1,..., N} andz(0) such
extension to discrete-time systems of the one given in [8that z(0)” Rx(0) < §2. We have

Definition 1 (Finite-time stability):The  discrete-time X
linear system (k) = A%z(0)

w(k+1) = Az(k)  keN, (2) then

T _..T T\k k
is said to be finite-time stable with respect(q, ¢, R, N), a” (k)R (k) = 1:2 (0)(A7)"RA"2(0)
where R is a positive definite matrix) < §, < ¢, and

* —z (0)Rz(0
N e Ny, if <52w()x()

< for all 1,...,N}.

2T (0)Rz(0) < 62 = 27 (k)Ra(k) < ¢ Vk e {1,...,N} ¢ foralkefl,...,N}
Conversely, assume by contradiction that system (2) is

A FTS and that for somé € {1,...,N}, z € R"

Remark 1:Lyapunov Asymptotic Stability (LAS) and
FTS are independent concepts: a system which is FTS may
be not LAS; conversely a LAS system could be not FTS if,
during the transients, its state exceeds the prescribed bounds ~
(see also the example in Section I11). o Nowletz(0) = Az, such that

Now, given system (1), we consider the (possibly time- 2T (0)Rz(0) = \2zT Rz = 62 (6)
varying) state feedback controller *

_ . €
(AT RA*z > 27 'Rz (5)

moreover letz(-) the state evolution of system (2) starting

u(k) = K (k)x(k), (3) fromz(0).
From (5) and (6) we have
where K(-) : k € Ny — K(k) € R™*". One of the

goal of this paper is to find some sufficient conditions a" (k) Rz (k) = z(0)" (AT)* RA*z(0)
which guarantee that the state of the system given by the €2 _ 9
interconnection of system (1) with the controller (3) is = ﬁx T(0)Rx(0) = €.

stable over a finite-time interval o - o
Therefore we have found an initial conditiefi0) satisfying

Problem 1: Given system (1), find a state feedback conz(0)” Rz (0) = 62 such that, for some, =7 (k) Rz (k) > €.
troller (3) such that the closed-loop system is finite-timerhis contradicts the hypothesis that the system is FTS.
stable with respect t¢j,, ¢, R, N). A
Proof that i) is equivalent to iii). First we prove that iii)
implies i). Letk € {1,..., N} and assume there exists a

The following theorem is the main result of the paper. symmetric matrix-valued?(-) such that

Theorem 1 (Necessary and Sufficient conditions for FTS)
The following statements are equivalent;

IIl. M AIN RESULTS

P.(h)=ATP,(h+1)A  he{0,1,....,k—1} (7a)

i) System (2) is FTS with respect ((ziz,e,R, N). Bi(k) = RQ (7b)
ii) ( ) "RAF <5 R forall k € {1,...,N}. P (0) < %R. (7c)
iiiy For eachk € {1 ., N} let o3

Po(k) = R By (7a) we have
Pu(h) = ATPy(h+1)A  he{0,1,....k—1}. e (h 4+ 1) Py(h + Da(h + 1) = 27 (h) Py (h)a(h) = ®)
=27 (h) (AT Py(h +1)A — Py(h)) x(h) = 0.
then P, (0) < 52R ( >( K ) () a(h)
iv) For eachk € {1,...,N} there exists a symmetric By summing (8) betweefn andk we have that
matrix-valued functlonPk(~) :h e {0,1,...,k} — T o7 _
Pk(h) e R™*" sych that € (k>Pk(k)x(k) Z (O)Pk(())x(o) =0, )
AT Py(h + 1) A — Py(h) < 0 From the last equation and by using (7b) and (7c) it follows
hefol,. . . k—1) (4a)  that 2
(S s lyoo oy K — T € T
k)Rx(k) < —z” (0)Rz(0). 10
Pi(k) > R (4b) ff()w()<5%x()l() (10)
P(0) < iR. (4c) Therefore ifz” (0) Rz (0) < 7 we have that™ (k) Rz (k) <
oz e for all k € {1,..., N} and then the proof follows.
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Conversely assume that system (1) is FTS, let
P.(h) =ATPy(h+1)A  he{0,1,....k—1} (11a)
P.(k)=R (11b)

and assume by contradiction that for some R"

2
' PL(0)z > g—zi'TRf.

x

12)

Again letz(0) = Az such thatz” (0) Rz(0) = 62 andz(k)
the state evolution starting from(0). By (11a) it follows
that

zT (k)Rz(k) = 27 (0)P(0)2(0) (13)
which implies, by virtue of (12), that
o7 (k)R (k) > ngUDRxw):e2 (14)

a2

This completes the proof. |
Remark 2: Statements ii) and iii) are very useful to test
the FTS of a given system. However they cannot be used
to deal with uncertain systems. Assume for example that
system (2) depends on a vector of uncertain parameters,

that is
w(k +1) = A(p)(k)

wherep is the parameter vector
T _ .
p:(pl b2 pQ) pie[ﬂivpi}vlzla"'vq'

Let us defineR the set to which the uncertain parameters
belong

R =lp,.71)  [p, 7o) % -~ % [, 7]

and assume that(-) depends affinely on parameters, that
is A(p) = Ao + >_,—,.,Aipi- In this case condition ii)

which contradicts the hypothesis that the system is FTS.for robust FTS becomes

Proof that i) is equivalent to iv). The proof that iv) implies
i) follows from the fact that, under the assumptions (4)
equations (8) and (9) hold witk: in place of=. The rest
of the proof follows exactly the same steps of the proof that

iii) implies i).

Now let us assume that system (1) is FTS. Then by co
tinuity arguments it follows that there exists a sufficiently

small v such that, lettingz: = vz,
2T (0)Rz(0) < 62 = 2T (k)Ra(k) + ||2)|2 < €2

where|[z[3 = Y4, 27 (h)2(h).
Now let P.(-) : h € {0,1,..
defined as follows

ATPy(h +1)A = Py(h) — 41, Py(k) = R

(15)
Lk} — Pu(h) € Rxm

(16)

and assume, by contradiction, that there existsR™ such

that )

z! Pp(0)T > ;—QTTRE

x

62

(AT(p)" RA()* < SR (17)
forall k€ {1,...,N} andp € R.

To test (17) we would need to verify an infinite number
of conditions, that is one condition for each valuepofThe
same applies to condition iii) of Theorem 1.

Conversely consider condition iv) in presence of param-

eters. In particular (4a) becomes
A" (p)Pi(h+1)A(p) — Pr(h) <0, (18)

By using the results of [4] it can be shown that (18) can be
converted into a finite number of conditions and therefore
it leads to a computationally tractable problem. Indeed (18)
is satisfied for allp € R if and only if it is satisfied on the
vertices ofR.

In other words (18) is equivalent to

AT (pi)) Pe(h + 1) A(ps)) — Pe(h) <0
i=1,...,2%
wherep;) denotes the-th vertex of the hyper-boR. ¢

n_

pER.

(19)

By following the same steps of previous proofs we can |n the following example we use the results of Theorem 1
construct anc(0), with z7(0)Rz(0) = 42, such that from to show that finite-time stability and asymptotic stability are

(16)
o" (k) Ps(k)z (k) — 2(0)" P (0)z(0) + [|2]|3 = 0

from which it follows that

2
€
T (k)Rx(k) +|2])2 > ﬁxT(O)Rm(O) =€,
which contradicts (15).
Therefore we have proven that, for ahye {1,..., N},
there existsP;(-) : h € {0,1,...,k} — Px(h) € R**"
such that

ATPy(h+1)A — Py(h) = —*1 <0

Py(k) > R
2
‘R

Pk(O) < 57

independentoncepts.
Example 1 (Finite-Time Stability and Asymptotic Stability):
Let us first consider the system
0.8026  1.0000 0.2392
z(k+1)=|-0.1842 0.8026 0.2034 (k).
0 0 0.3333
This system is asymptotically stable, since its eigenvalues
are inside the unit circle. But it is not FTS with respect to
(64,6, R,N) with 6, =1, ¢ = 1.78, R=T and N = 5.
Indeed condition ii), iii) and iv) of Theorem 1 fails for
k=3.
On the other hand, let us consider the system

0.3333 0.4189 0.0833
zk+1)=| 0 11053 0.4189 | z(k),
0 0  0.3333
1442



Relative gap

15 ; ; where ¢y denotes the exact value ef computed using
Theorem 1 andg its estimated value obtained applying
5 Corollary 1.

° ° ° o Note that for most of the systems the value ofyeis
close to zero. A

© Remark 3:In Section IV we shall show that Corollary 1
leads to a computationally tractable problem for what
concerns the synthesis problem. O

101 o © o

IV. STATE FEEDBACK STABILIZATION

Now let us go back to our original problem, that is to
find sufficient conditions which guarantee that the intercon-
nection of system (1) with the controller (3)

a(k+1) = (A + BK(k))z(k) (21)

Sample number ’ is finite-time stable with respect {@,, ¢, R, N). The solu-
_ , . __tion of this problem is given by the following theorem.
Fig. 1. Relative gap between the necessary and sufficient conditions of h .. . bili . feedback):
Theorem 1 and the sufficient condition of Corollary 1. Theorem 2 (F!mte'.t'me _St& ity via Stat? eedback):
System (21) is finite-time stable with respect to

(65,6, R,N) if there exists a positive definite matrix-

which is unstable. Anyway, by applying condition ii) or iii) valued functionP(.) and a matrix-valued functior(-)
or iv) of Theorem 1 it is possible to show that this systen$uch that

is FTS with respect t¢d,, ¢, R, N) with 6, = 1, e = 2.13, —P(k) (A+ BK(k)T
R=1T1andN =5. A A+BK(k) —PYk+1) ’ (22a)
From condition iv) of Theorem 1, we can easily derive the ke{0,1,...,N—1}
following corollary, which gives asufficientcondition for
FTS. This condition requires to check ordye difference
inequality and for this reason it will be used in Section IV P(k) = R, ke{l,...,N} (22D)
for the synthesis problem. €2
. " P — 22
Corollary 1 (Sufficient condition for FTS)System (2) (0) < 6§R (22¢)
is FTS with respect to(d,,e, R, N) if there exists
a symmetric matrix-valued functionP(-) : k € Proof: We can apply Corollary 1 to system (21), by
{0,1,..., N} — P(k) € R"" such that replacing A with A + BK; in this way we find that the
system is guaranteed to be FTS w.r.(8g,¢, R, N) if
T p—
€0l N1} ~P(k)<0, ke{0,1,....N—1}
P(k)ZRQ’ Befl,...N} (20b) P(k)>R, ke{l,....N} (23b)
& 2
P(0) < (%R. (20c) P(0) < £R. (23c)
Proof: Itis straightforward to check that a matrix func- 9z

tion P satisfying conditions (20) also satisfy conditions (4)Now, using Schur complement it is easy to check that (23a)
of Theorem 1. B s equivalent to (22a). [ ]
Note that a matrix functior?(-) satisfying Corollary 1 can ~ Remark 4:The fact that the controller provided by Theo-
be found, if one exists, by using the LMI Toolbox [9]. rem 2 is time-varying is consistent with the fact that we are
Example 2:In order to compare the necessary and sufsolving a finite-time control problem; see for example the
ficient conditions stated in Theorem 1 with the sufficienfinite horizon LQ optimal control framework for discrete-
condition of Corollary 1 we have randomly generated 1,000me systems [6]. o
discrete-time linear systems. For each sample we haveRemark 5:In order to find a numerical solution to
computed the minimura such that the given system is FTSProblem 1, i.e. to compute the matrix-valued functions

wrt (6,6, R, N) with 6, =1, N =5, R = I. P(:) and K(-), a back-stepping algorithm can be used for
Figure 1 shows, for each generated system, the value @®nditions (22). In the first step inequalities (22a) and (22b)
the following quantity can be solved, obtaining the matricé§N), P(N — 1),
K(N —1). ThenP(N — 1) is determined and in the next
erry, = 100(€esuff — €true)/€true s step (22a) and (22b) can be solved fo&= N — 2, finding
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P(N —2), K(N — 2), and so on. The final step consists[2] F. Amato, M. Ariola, C. Cosentino, C. Abdallah, and P. Dorato.
in solving (22a) and (22c) together fér= 0. In order to Necessary and sufficient conditions for fimite-time stability of linear
. . . systems. Proc. of the 2003 American Control Conferendgetroit
find the smallest value for, in the various steps a further oy june 2003.

condition can be added, which imposes the minimization g8] F. Amato, M. Ariola, and P. Dorato. Finite-time control of linear sys-

the largest eigenvalue Cﬂ’(k) at each step. O tems subject to parametric uncertainities and disturbadegsmatica
37(9):1459-1463, Sept. 2001.
V. CONCLUSIONS [4] F. Amato, M. Mattei, and A. Pironti. Necessary and sufficient

) ] o ) _conditions for quadratic stability of linear discret-time systet&EE
In this paper we have considered the finite-time stabi- Trans. Auto. Conty.43:227-229, 1998. . _ _
lization problem for a discrete-time linear system. The firgl S: Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnamear Matrix

. - Inequalities in System and Control Theo§IAM Press, 1994.
result of the paper consists of some necessary and sufficigg)t £ m. callier and C. A. Desoer.Linear System Theory Springer-

conditions for finite-time stability; then the state feedback Verlag, New York, 1991.

problem has been considered and a sufficient conditidA 2i|y?;/;?]gdelsoécl_olgegro!tme_\llg%ng Systems: Analysis and Synthesis
guaranteeing the existence of a state feedback ContrOItgf P. Dorato. Short time stability in linear time-varying systemsPInc.
has been provided. IRE International Convention Record Par gages 83-87, 1961.
[9] P. Gahinet, A. Nemirovski, A. J. Laub, and M. ChilaliMI Control
REFERENCES Toolbox The Mathworks Inc, Natick, MA, 1995.
) ) o ) [10] L. Weiss and E. F. Infante. Finite Time Stability Under Perturbing
[1] F. Amato, M. Ariola, and C. Cosentino. Finite time control via output Forces and on Product SpaceéBEE Trans. Auto. Contr.12:54-59,
feedback: A general approachrroc. of the 2003 IEEE Conference 1967.

on Decision and ContrglHonolulu, Dec. 2003.
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