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GMV and Restricted-Structure GMV Controller Performance
Assessment — Multivariable Case

Pawel Majecki* and Michael J. Grimble

Abstract—The application of control loop performance performance index: is it so low because the controller
assessment and benchmarking techniques to multivariable s poorly tuned or simply because it is not possible to
industrial process control loops is considered. The results for - opain 5 petter result with the existing controller structure?
assessing the performance of Multiple-Input, Multiple-Output A | soluti b ify the admissibl
(MIMO) control loops against the Generalized Minimum natural solution _may . e to pre'SPGC'_fy the admissi _e
Variance (GMV) benchmark, using routine operating data  controller structure in which case the optimal benchmark is
and the knowledge of the interactor matrix, are presented. actually achievable by the existing controller. The second
Then, assuming knowledge of the system model, the optimal part of the paper describes such a "restricted-structure” (RS)
controller is restricted to be of a low-order classical structure GMV benchmarking algorithm. It must be stressed here

so that a more realistic benchmark is obtained. The technique that while the RS bench i d id
may also be used to determine the best structure to use for a at while the enchmarking procedure provides a more

multivariable controller. This paper presents an extension of Meaningful performance assessment, it also requires full
the existing results to the cases of multivariable data-driven information of the process model — system identification
GMV benchmarking and multivariable model-based RS-GMV s therefore an important step.
benchmarking. The paper is organized as follows: in Section 2, the
. INTRODUCTION system description and the GMV cost function are in-
Jroduced; in Section 3, the optimal multivariable GMV
ntroller is derived; Section 4 deals with the estimation
the controller performance index from routine operating
ata; Section 5 outlines the algorithm for restricted-structure

Minimum variance criteria have been used in stocha
tic performance assessment since the subject of contt%?
loop benchmarking was introduced by Harris [10]. The

later research by Desborough and Harris [2] and Stanfe o . . ;
et al. [16] built on this work, showing how time-series MV benchmarking; Section 6 includes a simulated ex-

analysis can be used to estimate the minimum achievabq@ple of the application of the presented benchmarking

variance of the controlled variable from routine operatings_(:hni(wes t(.) a si_mple n_1u|tivariab|e plant; the paper closes
data, and defining the "controller performance index” a ith conclusions in Section 7.

the ratio of the minimum achievable variance to the actual Il. STOCHASTIC SYSTEM DESCRIPTION ANDGMV

variance. This early work was focused mostly on assessing PERFORMANCECRITERION
SISO control loops against the Minimum Variance (MV) _ . . . o
controller. The discrete-time system of interest is a multivariable

The "Generalized Minimum Variance” criterion (derivedStochastic feedback control loop as shown in Fig. 1, and
by Clarke and Hastings-James [1] and re-derived by Grinthe pla_nt, disturbance and reference left matrix fractions
ble [6] using an unconditional cost function) addressed'® defined as:
some of the problems related with the MV control (ag- W W, W, =AY B C; E 1)
gressive control action, poor robustness) by considering a
combination of the weighted error and control signals. The The multivariable plant¥ may in general have: inputs
GMV benchmarking results for the scalar case were lateindr outputs and is controlled by an x r linear controller
presented in Grimble [8]. In the first part of this paper, these, = C,,C;;,/. Both the reference and disturbance signals
results are extended to multivariable systems, following thare modeled as outputs from linear dynamic systems excited
approach used by Huang and Shah [12] for the case b{ zero-mean independent white-noise vector sequences of
multivariable MV benchmarking. Essentially, we pose theinity covariance matrix.

GMV problem as a generalized MV problem and then make _
use of the results derived by these authors. A. Interactor matrix

In practice, industrial processes are usually controlled by The delay structure of the multivariable plant has a
multi-loop PI/PID controllers, without taking into accountdjrect effect on the minimum achievable variance and is
interactions existing between loops. A question then arisearacterized by the so-calléateractor matrix([17], [3]).
how to adequately interpret the value of the calculated Theorem 2.1:[12]. For anyr x m proper, rational poly-
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wheren is the number of infinite zeros @. The matrix These weightings can be used to frequency-shape the re-
D is defined as the interactor matrix afiti™! is called the sponses produced by the controller.
inverse interactor matrix. O Unlike the related LQG control law, there is an additional
The interpretation of the interactor is that it is a partestriction that must be imposed on the selection of the
of the transfer-function matrix that cannot be modified bylynamic weightings — they cannot be chosen arbitrarily. The
state feedback [14] and therefore constitutes a fundamentaindition that must be satisfied is stated in Theorem (3.1)
performance limitation in the system. This is equivalent t@and ensures the stability of the closed-loop system.
the role that the time delay plays in scalar systems; however,
the multivariable case is normally more complex due tc? Generalized plant

interactions between loops. Our approach will be to reformulate the GMV problem as
In the simple case, the interactor may have a diagonah MV problem for the generalized plant and subsequently
structure: D = diag(z*, 2*2, ..., 2*") where k; is the reduce it from the general to the simple interactor problem.

minimum delay between all the inputs and outputf all The expression for the controller error can be written as:
the delays are equal, then the simple interactor matrix is -
obtained:D = z*I, and this is the direct equivalent of the e =—D"Wu+Ne& )
scalar time delay. In general, however, the interactor can lyghere D is the plant interactor matrixd¥ = DW is the
a full matrix. delay-free plant transfer-function matrig; is a zero-mean,
The knowledge of the interactor matrix is a prerequisitédentity-covariance white-noise sequence andepresents
for the proposed controller performance assessment alghe combined effect of all of the stochastic inputs.
rithm. In this paper, we assume that the interactor has The generalized output (3) can now be rewritten as
already been calculated from the plant transfer-functiofollows:
matrix (e.g. using the algorithm given in [15]) or estimated b, = Pocy + Fouy — PC(—D—ll/T/ut + N &)+ Fou
from plant data [12]. — (F, — P.D""W)uy + PN €
The interactor matrix is not unique. A particularly use- e e et =t
ful form is the unitary interactor matrixwhich satisfies Introducing new symbols for the generalized plait; =
DT (z=')D(z) = I. The important property of a unitary D;'Wg = F. — P.W and the disturbance modeNg =
matrix is that it does not change the spectral propertieB. /N, obtain
of a filtered signal, i.e||Dz|, = ||z||,. In particular, the

_ p-1yf
variance of the filtered signal remains the same as that of O = Dg Wour + N & ©)
the original signal. which is in a form equivalent to (5). Note thdd. (the
unitary interactor matrix of the generalized plant) may in
#h= R+ Fu general be different from the original interactor matfix
e S oty I11. OPTIMAL GMV CONTROLLER AND BENCHMARK
Error Coml D i COST VALUES
vl w“gmmg m:.zdel o In order to simplify the problem, the analysis given

in [12] is followed. Consider the filtered signal

. af W_’ e 1 \
- —k —k
Reference Controller Plant v ¢t =2z "Dapr =z~ "Wgur + N € (7)

where No = z*DuNg and k is the order of Dg
(the highest degree of its entries). Because of the unitary
property of the interactoD¢, the spectrum of the signal
) ¢, is the same as that af, and the original problem (2) is
B. GMV cost function thus reduced to minimizing the variance of siggal

By analogy with the "Minimum Variance” control law,  The main step in the derivation of the GMV control law
the GMV control algorithm can be defined as one tha to split the cost function (2) into two terms, one of which

Fig. 1. Single Degree-of-Freedom Closed-Loop System

minimizes the following cost function: is independent of, and the other dependent on the controller.
J=E {(th@} @) The control law then results by simply setting that second
_ _ term to zero.
where the “generalized” output signg) Splitting the disturbance terdV,; into unpredictable and
br = Poey + Fouy (3) predictable components using the Diophantine identity:
is a sum of dynamically weighted error and control signals Ne=F+q "R, (8)

(see Fig. 1). The multivariable dynamic weighting transfer-
function matrices are defined as:

P.=P.,P,, F.=F.,F} 4) b =qF (WGUt +R et) +F e 9)
698

equation (7) can now be rewritten as:



Because the two terms on the right-hand side do not overlap Jo= — trace{T;To}@ (19)
in time, the expression for the optimal controller clearly 2mj z

follows by setting the term in brackets to zero. This gives
the optimal control signal: and

uw = -W5'R €, (10) T, = (GDy'P'Coa—HD3 ' F.;'Co,)(ACo4+BCo,) ' Dy
(20)

) The "implied Diophantine equation” defining the character-

vt F g (11) istic polynomial matrix of the closed loop system:

and the generalized output under GMV optimal control:

In order to obtain an explicit expression for the controller, GD, ' B, + HD;' Ay = Dg(Pu, By — Fon A1) = D, (21)
combine (10), (11) and (3) to get:
. A necessary condition for stability is therefore that the
u?t = — (FR_lWG+q_kDGFc) ¢ ¥DgP.e, (12) weighting matricesP. and F,. be selected so that the
o . o ) polynomial matrixD.. is strictly Schur. a
The minimum value of the cost function (minimum variance Corollary 3.1 (Optimal GMV cost)Since J,.;,, is inde-

of the generalized outpu;) follows from (11) as pendent of the controller parameters, the optimal GMV

k-1 controller is obtained by simply settirifj, to zero and the
Jmin = Var [F €)=Y trace (F'F) (13)  minimum value of the cost function becomds,;,,. O
1=0

and depends only on the combined disturbance/stochasBc Selection of the weighting transfer-function matrices
inputs model and the interactor matrix of the generalized As the properties of the benchmark controller depend on
plant. the choice of the dynamic weightings (4), some guidelines
are needed to help in their selection. The weightings should
ideally reflect the requirements imposed on the control
. ) ) ] system (regulatory performance, tracking/disturbance rejec-
Equation (12) provides an expression for the optimal fulliiony |evel of robustness) and these normally are process-
order GMV controller in terms of transfer-function matricesdependem. Some rules of thumb, however, do exist and may
However, for the restricted-structure controller design prése ysed as a starting point ([5], [7]).
sent_ed in se(_:tion 5 we will e_llso need a polynomial ma_trix In general, the frequency dependence of the weightings
version of this equation. This may be arranged followingan pe used to weight different frequency ranges in the error
the introduction of a few factorizations and identities. and control signals. The usual procedure is that the error
~ First, recalling the common denominator descriptioRyejghting P, normally includes an integral term, which
|n_(11), we can writeNg as a left matrix fractionNg = |eads to integral action in the controller, and the control
A~ Dy, where the strictly Schur polynomial matri?; is  \yeighting 7, is chosen as a constant, or as a lead term to
the solution of the following spectral factorization problem:ansure the controller rolls-off in high frequencies and does
DyD} = EE* + CqC}; (14) not amplify the measurement noise. An additional scalar
. ] ] ] o may be used to balance the steady-state variances of the
The following left-to-right matrix fraction factorizations orror and control signals
i ionP—-14-1 — -1 . . ' . N
arglneeded in tble so_lﬁmonPcd A B_}fcd = Bid;, While selecting the dynamic weightings, one has to be
Dy APey = A3Dy ", Dy BFeq = By Dy _ aware of the restriction stated in Theorem 3.1 - this stability
The solution(G,H,F), minimum row degree with respect ¢ongition must be satisfied when actually designing the
to F,_to the following coupled Diophantine equations is alsQspy controller. Note that the benchmarking algorithm
required: Y _ will still return a controller performance index even if the
FAy + 277G = Pen Dy (15)  condition is not satisfied - this however will involve the
FBy— 2 FH = F.,Ds (16) assessmgnt ggainst an inadmissible contrqller, effectively
underestimating the controller performance index.

A. Optimal GMV controller — polynomial matrix descrip-
tion.

where P., = 2 *DgP., and F., = 2 *DgF.,. The
following theorem gives the GMV optimal control law in IV. GMV CONTROLLER BENCHMARKING USING
terms of the polynomial matrices introduced above. ROUTINE OPERATING DATA

Theorem 3.1 (Multivariable GMV benchmark cost values),'_|uang and Shah [12] used the Filtering and Correla-

The GMV cost function (2) can be decomposed as fOllo"\’“':tion (FCOR) algorithm to estimate the minimum achievable

J = Join + Jo (17) output variance from routine operating data. Although only
the minimum variance case has been considered by these
1 dz authors, it is relatively straightforward to extend their results
Jinin = o ]{ trace{F" F}— (18)  to the GMV case using the MV-GMV equivalence discussed
|z]=1 in section 2.

where
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The idea behind the FCOR algorithm is to estimatsection addresses this question by explicitly restricting the
the coefficients of the matrix polynomidl' and then use controller structure to that of a filtered PID algorithm:
(13) directly. This can be done by cross-correlating the k k(1 — 2= 1)
interactor-filtered generalized outpgt with the estimated Co(z71) = ko + 1 lz_l i p—

white noise input (signa,), as outlined below. o
where 74 is fixed. All elements of the controller transfer-
FCOR algorithm (GMV case) function matrix are restricted to be of this form.

1) Filter the error and control signals to obtain theAa. The GMV restricted-structure controller benchmark
generalized output signal:

(23)

The multivariable GMV theorem defines the optimal
¢y = Poey + Fouy controller which minimizes the part of the cost functign
given in (19). The optimal full-order controller setf to
2) Estimate the interactor matrix of the generalized planiero — however, when the controller structure is restricted,

Dg and determine it$ order _ _ the minimum value of (19) will generally be nonzero.
3) Filter ¢, through the interactor matrif)¢ to obtain The multivariable controller can be represented in the
b = q Doy matrix form as
. . . 1 (1-271
4) Estimate the noise vector sequeneg (whitening Co =Ko+ Kig—— + Ko — e (24)

process) — a common approach is to model the output W . ]
signal as a VAR (Vector Auto Regressive) time serie/heré K, = {kj; i =1..m;j = 1..r}, and equivalently

o . . e - - i i -1
and then filter it to obtain the white noise ‘innova-in the right matrix fraction form a&’y = ConCyy .
tions’ sequence: The basic idea is to use a parametric optimization algo-

. rithm to minimize the cost (19) with respect to the controller
€= A(g "o parameters; then (24) gives the formula for the optimal
5) Compute the cross-correlation between the output adD controller. Backsubstituting into the cost function and
the estimated noise-: comparing with the value obtained for the existing controller
- results in the controller performance index.
75,(0) = Elpy €]] = FoXe

B. Solution of the parametric optimization problem

: - o The optimization algorithm is a direct generalization from
rgalk = 1) = E[¢r €y 1] = Fr1Xe the SISO case [5] and involves representing the integral (19)

whereX¢ = E [€,€]]. The right-hand sides follow in the frequency domain:

from equation (9), and the coefficients Bfare thus 2m
determined. Min /trace{To(ej“)To(e*j“’)}dw (25)
6) Calculate the optimum covariance matrix: Co .

0

Yo = FoXeFy + ..+ Fr1 X FL This nonlinear optimization problem has to be solved
numerically. One approach is to assume that the “denomi-
nator” matrix (ACyq + BCy,,) is known from the previous

(22) iteration and then perform the least-squares minimization,

trace (EQ;) approximating the integral in (25) with a summation. The
optimization is with respect to the parameters appearing
wherey; = E {q@téﬂ , linearly in the “numerator” matrix, therefore such a problem
can be easily solved. This step is iterated a number of
Another method of estimating the controller performancgmes, and the whole procedure is known as a "successive
index, which is closely related to the multiple coefficient ofapproximation” algorithm. The details of the algorithm can
determinationk?, was used by Desborough and Harris [2]oe found in [9] and [13], and its basic steps are summarized
in the scalar case and then was extended to multivariadie Fig. 2. A similar algorithm for the continuous-time
case by Harris et al. [11]. This approach was also used QG case has been presented in [4]. Our experience shows

Grimble [5] in a scalar GMV benchmarking paper. that the successive approximation algorithm is very fast at

finding the minimum - usually it takes less than 7 iterations

V. RESTRICTEDSTRUCTURE MULTIVARIABLE GMV to converge to the optimal parameters, even if the cost
CONTROLLER BENCHMARKING value for the initial point is not bounded. However, as

The GMV benchmark provides a more flexible perforthere is no convergence proof for this algorithm, we used it
mance measure than the MV benchmark, however the o combination with the Quasi-Newton gradient algorithm,

timal controller is normally high order and the comparisorwhich is guaranteed to converge although it requires a

with a PID controller may therefore be not realistic. Thisstabilizing initial condition.

7) Compute the controller performance index:
_ trace (Zpmw)
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—0.6

1
N = 1—()0.%z_1 1—0.152—1
1-0.5z—1 1-0.5z—1
‘cdcumeudenommaw of To Both set-points are assumed to be zero (pure regulatory
! control). The parametek’;, determines the level of inter-
action between input 2 and output 1 and varies from 0 (no
interaction) to 1 (large interaction). Irrespective of;Kthe

plant has a general interactor matrix

o | D —0.9578z —0.2873z
| 0.287322  —0.957822

Perform optimization assuming
constant “ denominator”

Solution converged
OR
Maximum No. of
iterations reached?

v

Return Co and stop
In this subsection we assume only the knowledge of the
Fig. 2. Successive Approximation Algorithm generalized plant interactor matrix. The existing controller
is the multi-loop minimum variance controlléf, calculated
for the two single loops without considering the interactions.

e e ety Wo choces of yraic weighing fncions e been
g considered in this example:

controllers. However, restricting the structure (forcing some e . o
. : . Case (1):Minimum variance weightings:
of the parameters to be zero) is relatively straightforward
and does not lead to major modifications of the algorithm. P.=1,, F.=0
The additional constraint is of course that the closed-loop ' o
system must be stable and this has to be verified e.g. byCase (2):GMV static weightings:

calculating the closed-loop system poles. 10 R 0
_ _ P. = , F.=-D7'| 1 :
C. Calculation of the controller performance index 01 0 Ry

~ The previous section described the algorithm for comput- parameters?, and R, determine the relative importance
ing the optimal restricted-structure controller. To benchmarkttached to both control variances with respect to each other

the existing controller, there are a few steps remaining: and to the error variances. In this example they have been
1) Calculate the minimum value of (19) correspondindixed to R; = 3 and R, = 5. Also note that the weighting

A. Estimation of the minimum variance from operating data

to the optimal RS controller.JC?") F,. has been premultipled byp~! and in this case the
2) Determine (19) for the actual controlles{“") interactor matrixDg simply equalsD.
3) Calculate the "Controller Performance Index”: The system has been simulated for different values of
Joi + Jgpt K12 and 5000 samples of the error and control signal have

K= (26) been collected in each case. Then the FCOR algorithm
Tmin + g has been applied to the interactor-filtered lized
pplied to the interactor-filtered generalize
with Jy,in, calculated from (18). output and the benchmark cost evaluated. The controller
The controller performance index lies in the rafige. 1, performance index (CPI) has also been calculated using
where “1” (optimum performance) is actually achievablg22). The comparison of the error and control variances
within the existing controller structure. for the optimal MV and GMV controllers is presented in
An interesting question that arises is the potential beneffiable |, and the benchmarking results are shown in Figure 3.
that may result from adding additional controllers into the
original multi-loop system. When this benefit appears to be Comments

significant (relative to the estimated costs), then the tuning , Ajthough simplistic, the static GMV weightings do
parameters are readily available from the optimization step. provide a means of defining a benchmark with bal-

VI. SIMULATED EXAMPLE anced error and control variances. In this particular
example, the plant becomes non-minimum phase for
Ky5 > 2, resulting in the unbounded minimum vari-
ance control. The introduction of the control weighting
makes the benchmark realizable.
As expected, the performance of the multi-loop MV
controller is close to 1 for small interactions between
loops and decreases when these interactions increase.
« The existing controller, however, is not so good if the
W 1_3_’41271 fé?fjl control variances are also of importance. This implies
- -2 that detuning the controller may be needed in practice.

The example that we use for illustration comes from [12]
and involves a2 x 2 system with time delays. First, we
show how to estimate the MV and GMV benchmark values
from sampled data, and then demonstrate the potential of
the restricted-structure design and benchmarking. *

The process is described by equation (5), with the plant
and disturbance transfer-function matrices given as:

0.3z~ " z
1-0.12—1 1-0.82—1
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TABLE |
ERROR AND CONTROL VARIANCES

example thus illustrates the potential of the technique in
analyzing structure, pairing the input-output variables and
as a tuning guidance.

VIl. CONCLUSIONS

Some aspects of multivariable controller performance
assessment, using the GMV controller as a benchmark,
have been presented. First, the multivariable optimal GMV
controller has been derived using the concept of the gen-
eralized plant and its interactor matrix. The algorithm was
then given for the data-driven controller performance assess-
ment against the GMV benchmark. Finally, the restricted-
structure version of the benchmarking algorithm has been
presented. The RS algorithm given here is simple to apply,
given the model of the system and its application for
structure assessment, controller tuning and benchmarking
have been indicated. A simple example has also been

K12 | Controller | Var[e;] Var[ez2] Var[u] Var[uz]
MV 1.387173| 1.551406| 0.798925| 0.302076
1 GMV 2.824503| 2.113715| 0.182249| 0.014378
MV 1.389516 | 1.551405]| Inf Inf
5 GMV 3.230315[ 1.914557| 0.207795] 0.004998
10 MV 1.40381 | 1.551394 | Inf Inf
GMV 3.387025[ 1.878119| 0.24094 | 0.002577
o . Cnr]trnller F'erfnrmapce Inldex . .
=M= GhiV benchmaik
ozt 4
06 1
o
[
O % |
i RV
.
ozF H*“""% _'J
ARG
. i ot IR

(1]

Fig. 3. MV and GMV Controller Performance Indices

(2]

B. Restricted-structure controller design and benchmarkin

presented to illustrate the discussed results.
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