Ch. 13
Frequency analysis

Force linear system with input x(t) = A sin ot .
Here is the output y(t):

et
LN\
_:lim}:;— V\O“‘W"V

shift, Az Input, x

Figure 13.1. Tima, ¢

Attenuation and time shift between input and output sine waves (K = 1), The phase
angle ¢ of the output signal is given by ¢ = -At/P x 360 , whare At is the time

(period) shift and P is the period of oscillation.
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u(t) = A sin(wt

u
—_

As t —:

—

y(t) = AR *A*sin(wt+)

General (VERY SIMPLE).

Set s=jw in G(s). Then
= 1G(jw)|
¢ = £ G(jw)

4.2.3 Sinusoidal Response

As a final example of the response of first-order

processes, consider a sinusoidal input |, (f) = A sin wf

with transform given by Eq. (4-15):

(s) = Ao
KAw

NS} = =2 423
YO =TT R+ D (4-23)
__KA Wt __seT w ;
T+ 1 (—rs 1 Rpa 52_‘_@1) (4-24)
Inversion gives
y) = :u“j‘;{g%_'_i‘ (wre ™ — wrcos ot + sinwf) (4-25)
or, by using trigonometric identities,
) =BA ud KA G (wre)|  (426)
L\}zT:!-F 1 w2'r?-3_-1
where
& =—tan"Hwr) (4-27)

Notice that in both (4-25) and (4-26) the exponential
term goes Lo zero as { — %, leaving a pure sinusoidal
response. This property is exploited in Chapter 13 for
frequency response analysis.

u(t) = sin(wt) y(t)

s+ 1

6 Plots: Increase w from 0.1 to 30 rad/s

=ARsin(wt+ @)

SINUSOIDAL RESPONSE OF FIRST-ORDER SYSTEM
k=1,t=1[s]
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Wp = 1/r
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Figure 14.2 Bode diagram for a first-order process

Mathematics. Complex numbers, j2=-1

. G(jw)=R+l

Re(G)

s=jo G(jw)=R+1j
G|= AR=\|R*+ I

1
¢ = £G =arctan —
R

Polar form

Polar form: o
G =R+ jI = |G|(cosLG + jsin/G) = |G|el£C
Note: ™ = —1
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Polar form
Multiply complex numbers:
Multiply magnitudes and add phases

G=G,-G,-G,
6]=1G/]|G. ]G]
4G = /LG, + LG, + £G,

Similar — for —ratio :

60
GZ
|G| =[G.|/16,|

£G = /G, - /G,

Simple method to find sinusoidal response of system G(s)

1. Input signal to linear system: u = ug sin(wt)
2. Steady-state (“persistent”, t—<) output signal: y = y, sin(wt + ¢)
3. What is AR =yy/u, and ¢?

Solution (extremely simple!)

1. Find system transfer function, G(s)

2. Let s=jw (imaginary number, j?>=-1) and evaluate G(jw) =R + j | (complex number)
3. Then (“believe it or not!”)

AR = |G(jw)] (magnitude of the complex number)
¢ =2 G(jw) (phase of the complex number)

Im(G) G(jw)=R+l
I6] |
75 |

‘ R Re(G)

Proof: y(s) = G(s)u(s) where u(s) = oor = (S_jj)“(‘:+jw), etc...
(poles of G(s) "die out” as t — 00)
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Example 13.1:

1
! G(S) 7s+1
. 1 1-7jw 2
2 = - . JZ =_1
G(Jw) l+rjo 1-7jo ( )
. T
G(jo)=

l+0’c* 1+ 0’7?

L

1+t

_ [p2 2
3. |G| = AR =\R*+1 \/— } Gain and phase shift

1
¢p=2G= arctanE = —arctan a)r

SIMPLER: Use G=G1/G2, where G1=1, G2=tau*s+1.
set s=jw. Get |G|=1/|G2|=1/sqrt((w*tau)*2+1), angle(G)=0-angle(G2)

of sinusoidal response!

= —arctg(w*tau

wp=1r  1/y2 =0.707

— - = 1 1E URRALL B ) P AL I
=GUw)l= == \ 5
Normalized i 1
amplitude 0.1 4
ratio, ARy F 3
0.01 MERTTT RN TTTT N ETEETIT BTSN
0.01 0.1 1 10 100
(Sl

-arctg(0.1)=-5.7¢

0 =] T T T T T T
{qb = /G(jw) = — arctan(wT)‘ 0L x -arctg(1)=-45]

=1/r
Phase angle ok T 7
¢ (deg) i | _~arctg[10)=-84.3°
-t ;_\__
~120 el s
0.01 0.1 1 10 100
B wT

Figure 14.2 Bode diagram for a first-order process G ( 3) =

1
7541

10
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Example 2

_ _ kTs+1l)
9(5) = ok DmstD = 3 04

g1=kK

g=Ts+1
g3=715+1
gy =795+ 1

Frequency response of time delay

IO: T T TV T T T T T vy

AR 1F .
0. R T AR AT
0.01 0.1 1 10

0 —r T

| wad:—j?’atwe:l
-180
b=-wh |
(deg) T
-360

-540 IR NI I RETT SRR ETT]
0.01 0.1 1 10

wb

Figure 14.4 Bode diagram for a time delay, e-%.
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1. DERIVATIVE

gi(s) =s

Frequency response: g(jw) = jw =0+ jw

|91 (jw)| = w

£g1(jw) = 90° = 7/2 rad (purely complex at all w)
Check:

u(t) = ugsin(wt)

)
y(t) = v/ (t) = upwcos(wt) = wugsin(wt + w/2) OK!

2. INTEGRATOR

|
Lg2(jw) = 0° = Lg1 = —90° = —7/2 rad

Table 13.2 Frequency Response Characteristics of Important Process Transfer Functions

Transfer Function G(s) AR = |G(jw)| Plot of log ARy vs. log w & = LG(jw) Plot of § vs. log w
1 o
F K S -1 : w=t
1. First-order = by s e tan™(wr) i X
-90°
= —
2. Integrator P K —90r
w
T 1
1
-90° — =
90— _—
1. Deriv.
3. Derivative Ks Ko +90*
0°
o
K K 1 L = -1
4. Overdamped e — S =tan"wr) - tn™ (wr) -90° itz
second-order (s + D(ms + 1) Viem) +1V(wn) +1
-180"
o
1
-90° =T
5. Critically damped K K __ P
second-order (s + 1 (wr)? + 1 21an” (wr) o
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o

eak goes to |

-4

»

Underdamped — Kk K o= f — = wr_|
second-order PP+ A + | NI (ar ) ) " = ,-
Left-half plane
(positive) zero Klzs +1) KV +1 +ian ' (wr,) f
Sy =<
Phaselncreasesfcr LHP zero

Right-half plane
(negative) fcru TSt 1 KVior P +1 J —tan~(wr,) X
—90e

Opps! Phase drops for RHP zer
9. Lead-lag e Ve F 1 \/
unit (7, < ) K ;"171 K '\/(m‘]: re ) +tan " (w,) — tan " (wr))
-y = ’11 20
10. Lead-lag R o Moy + 1
unit {1, > 7)) Kew 1 Veor Pl 2, i 1 +tan ! (wr,) — tan~'(wry)
&
o
11. Time delay Ke ™ K o aee - [ j
Frequency response of term (Ts+1): set s=jw.
Asymptotes:
(jwT+1)~1 for WT << 1 (slope n=0, phase=0)
(jJwT + 1) ~ jwT for wT >> 1 (slope n=1, phase=90°)
Gain slope n: |G|~w"
Rule for asymptotic Bode-plot, L = k(Ts+1)/(ts+1)..... :

1. Start with low-frequency asymptote (s—>0)
(a) If constant (L(0)=k):
Gain=k (slope=0)
Phase=0°
(b) If integrator (L=k’/s):
Gain slope= -1 (on log-log plot). Need one fixed point, for example, gain=1 at w=k’
Phase: -90°.
2. Break frequencies (order from large T to small T):

w=1/T (zero) +1 +90° (-90° if T negative)
w=1/t (pole) -1 -90° (+90¢° if T negative)

3. Time delay, e®. Gain: no effect, Phase contribution: -w® [rad] (-1 rad = -57°at w=1/6)
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Example HAND OUT (in class) s« sstepit of usi = 2osyisizoossyzseai . wre on he asymstotes

EXAMPLE )

(amplitude)

_ 20s+ 1
L(S) = sroos+ T2+

L(s)=G(s)C(S):

Loop transfer function for
SIMC Pl-control with t.=4 for
G(s) = 1/(100s+1)(2s+1)

Frequency [rad/s]

Phase L
[degrees]

ssis)

L= {20°501)/15*(100"501)*(2°501]]

figure(s), bodel) % gives 2R inde

w = ogspace-3,1,1000)

[mag phasel-boselLw)

Fgure(1), loglogiw,mag( 1}, grid on, 24([0.051 10 6.001 1600])

SOLUTION
L(s) =

L(s): SIMC Pl-control with 1.=4 for g(s) = 1/(100s+1)(2s+1)

Gainl

2
(smplitude) 10

10
Low-frequency asymptote (s = jw — 0)
= . fi—l . 1 .
is integrator: L = FTR 1o

Gain = % (slope -1 on log-log),

Phase = -00° ) i)
Slope -

Asymptotes: Start at low frequency, ©—0: Help lines
|L(jo)| = l/o. So: [LI=10° at ©=10"3 11

Frequency [rad/s]

B B o o paines el o e i ol

£

10°
Break frequencies: 10
w=1/100=0.01 (pele), 1/20=0.05 (zere), 1/2=0.5 (pole)
90
thase L
First break frequency (at 0.01) is a pole: degrees] 100
Slope changes by -1 to -2 (log-log)
= gain drops by factor 100 when w increases by factor 10 10
Phase drops by -90° to -150°
! i i 120
Asymptote = ST — T
) . 130
Next break frequency (at 0.03) is a zero:
Slope changes by +1 ta -1 (log-log) 150
Phase increases by +90° to -90°
Asymptote = 2 L -150
Final break frequency (at 0.5) is a pole: 160
Slope changes by -1 to -2 (log-log)
Phase drops by -90° to -150° -170
Asymptote = W!w: = _TL'-'
- -180 —
10° 107

=R
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_ 100s+ 1
9(s) = 107755+ 15+ 1)

EXTRA Example (Not used)

10°

Low- ﬁequeuC\ as) mpmte
Geo = =

" Fixed pomt
w =0.001 = |Geo| = 0001 = 200!

i

m

Amplitude 100

ratio

AR 10
1
0

" Phase
angle _gQ

P(deg)
—-180

G ( ) 21Os+‘l

10s

T TTIrm| T TT T T |llr|1I|——I_|'V'I'IW

N

N

High-frequency ésymptote s

Low-frequency asymptote
2 1

| | 1.

0.001 0.01

Figure 13.9. Bode plot for Pl controlier, G.(s) = 2 (1 + —

R ETET

0.1 1 10 100

Frequency (radians/time)
1
10s

)

16.10.2017
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10?2 <

3 \\ — without derivative filter //:
N\ ——=— with derivative filter /1 Figure 146 Bode
[ N i .
. LY L] plots of ideal parallel

E PID controller and
NS ] series PID controller
B o with derivative filter
103 102 10! 100 10! (a=0.1).

ol ) o] Ideal parallel:
a0
201 1
o °F G =2|1+—+4
o of (s) ( L sj
-‘0_ . .
A= Series with
m,,r—-ﬂmzﬁ—kmﬂ-,—-*—ﬂ-‘“%—*—*-““{, Derivative Filter:
" o (S)_2(10S+1j( 4s+1 J
¢ 10s )\ 0.4s+1

Electrical engineers (and Matlab) use decibel for gain

* |G| [dB] = 20 log,,| G| "
g = 10%(100*s+1)/[(10%s+1)*(s+1)]
mm bode(g) % gives AR in dB
0.1 -20dB 4 Bode Dizgram
*C - N\
0dB A S/ N
2 6dB -
10 20dB 3
4 ~
100 40dB | AN
1000 60 dB e W R

*To change magnitude from dB to abs: Right click + properties + units

Other way: |G| = 10!61(dB)/20
GM=2 is same as GM = 6dB

16.10.2017
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* L=gcg, =loop transfer function with negative feedback
* Bode’s stability condition: |L(w;g,)|<1]

CLOSED-LOOP STABILITY

— Limitations Z
» Open-loop stable (L(s) stable) v
* Phase of L crosses -180° only once F

Figure 2.12: Typical Bode plot of L(j) with PM and GM indicated

More general: Nyquist stability condition:

Locus of L(jw) should encircle the

10”
Frequency [rad/s]

(-1)-point P times in the anti-clockwise 5
direction (where P = no. of unstable Vo | Ro
poles in L). A f!‘-' L
= L{jw,
y

L{jw)

Stable plant (P=0): Closed-loop

(=Bode’s stability condition)

stable if L has no encirclements of -1

Example 1. P-control of delay process. For

what Kc is system stable?

Example 2. I-control of delay process. For
what Kl is system stable? & compare with

SIMC for delay process

16.10.2017
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|Ljw)| =ARy, 1 \
AR = —

GM

et

ZUjw)= dop  bgl-———-

(deg) Phase
margin

-180

|

I

I

i

]

1
o o “ge
Sigurd’s preferred notation in red © ®

Figure 14.12 Gain and phase margins on a Bode plot

Time delay margin, A6= PM[rad]/w,

25

HAND OUT (| n class) TASK 1: Bode-plot of L{s) = (205-+1)/[5{1005+1){25+1)] . Write on the asymptotes
TASK 2: What is GM and PM?
TASK 2: How doss the plot change if we add a delay of 2 time units (")
TASK 3: What is now GM and PM? How much extra time delay can we allow?

10’

EXAMPLE 3 )

(amplitude) 1°

_ 20s+ 1
L(S) = Sroos+ yzov ) i

L(s): SIMC Pl-control with t.=4 for
g(s) =1/(100s+1)(2s+1) 10

Frequency [rad/s]

Phase L
[degrees]

rid on, 222([0.001 10 0,001 1006])

16.10.2017
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SOLUTION

14

L0
o
- Il
= o
) 1W ~
£ 1}
= D
z
g B
g 2
£ 4, 3
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5 k)
© [
= el
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El S
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5
- A T.-u

1li80°
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=04
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10
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3

10
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Example. Pl-control of integrating
process with delay
s g(s) =k'e®/s
— Derive: P, =48 and K, = (n/2)/(k’6)
* Pl-controller, c(s) = K, (1+1/(ts))

Ziegler-Nichols 0.45K, = 0.707/(kK' 0) P,/1.2=3.330

SIMC (=) 0.5/(k’ 6) 80

Task: Compare Bode-plot (L=gc), robustness and simulations (use k’=1, 6=1).

g(s) =&, o(s) = K. L=

s & T8
Ziegler-Nichols PI SIMC-PI
Bode Diagram Bode Diagram
Gm = 1.87 (at 1.35 rads) , Pm = 24.9 deg (at 0.76 radls) . Gm =2.96 (at 149 radls) , Pm = 46.9 deg (at 0.515 rad/s)
10 o
% 10° - —_ % 10°
% \\‘\ _ g —
g’ - Tolem g' 0 T [ gm
10 0
0 0
_ M8 PMr— 4 ae— PMI
g ~ g ~
‘9 -360 o -360 AN
8 AN \
& a0 \\ & 540 \
-720 - -720
107 10" 10° 10' 10° 10" 10° 10'
SIMC is a lot more robust: Frequency (radis)
Ziegler-Nichols  1.87 24.9° 0.57 s
SIMC (t,=8) 2.97 46.9° 1.88s
I AB= PM[rad]/w,
33

ZN: AD = 24.9%(3.14/180)/0.76 = 0.572s
SIMC: AO = 46.9%(3.14/180)/0.515 = 1.882s

o
(1), margin(L1) % Bode-plot with margins

% To change magnitude from dB to abs: Right click + properties + units

Ke=0.5, taui=8

€= Ke*(1+1/(taui’s)

=g'c
figure(2), margin(L2)

16.10.2017
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—s

e

Closed-loop response: Pl-control of g(s) =

Simulink file: tunepidd
s=tf('s')

g=exp(-s)/s

Kc=0.707, taui=3.33, taud=0 % ZN
sim('tunepida’)

plot(Tid,y, red'Tid,u,'red")
Kc=0.5, taui=8, taud=0 % SIMC
sim('tunepida’)

hold

2 . . . . . . . plot(Tid,y, blue’Tid,u, blue)

- hold off

t=0: setpoint change, t=20: input disturbance

Conclusion: Ziegler-Nichols (ZN) responds faster to the input disturbance,
but is much less robust.

* ZN goes unstable if we increase delay from 1s to 1.57s.

* SIMC goes unstable if we increase delay from 1s to 2.88s.

.
INCREASE DELAY: g(s) = < 5
4
3 /7, simc |
/L \

" OUTPUT,y (BN |

1 "‘//7\ — )/“‘ \\;A;V o ]

A/ Nl \ 7 ]
2 'S, ) N

o W S i

INPUT, u
1 e
% 5 10 1 2 55 % % 40

t=0: setpoint change, t=20: input disturbance

ZN is almost unstable when the delay is increased from 1s to 1.5s.
SIMC does not change very much

16.10.2017
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Closed- Ioop frequency response

No control (¢ =0): ear = ve — U = Y — gad
With control: e =y, — y = Sy, — Sgad = Seor
G = H;L - sensitivity function = effect of control
L = gc - loop transfer function

Low w where |S| < 1: Control reduces error

High w where § =1 (L — 0): Control has no effect

10
SIMC: M_=1.70
ZN: M, =293
IS| 10 e % e
104 S'MC’ ZN Typical requirement: M, < 2
. At stability limit: M, — o
10%H
w = logspace(-2,1,1000);
10,3 B . . . [mag1,phase]=bode(1/(1+L1),w);
E R [mag2,phase]=bode(1/(1+L2),w);
10° 10" 10° ¢ 10’ ﬁgui(;, loglog(w,magi(:), red',w,mag2(:), blue',w,1,-)
Control: GOOD BAD NO EFFECT axis([0.01,10,0.001,10])

Intermediate w where | S| > 1: Control increases error

Example Ziegler Nichols
Task: Find ZN-settings for integrating+ delay process

First need to find Pu and Ku

16.10.2017
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