Frequency analysis

Important for understanding stability and
robustness of feedback systems



Mathematics. Complex number G, j=-

m(G) G=R+jI
. G(jw)=R+ Im(G)=R, Re(G)=I
G

! Gl =Rz + 17

I Polar form

R -
Real axis = RE(G) (P =426 = arCtanE

Examples:
G =2. |G| = 2, 2G = arctan0 = 0° = 0 rad

3 T
G = 3j. |G| = 3, 4G = arctan6 = arctanoo =90° = > rad = 1.57 rad

3
G=2+3j.|G| =+22+32 =413 = 3.61, 4G = arctani = 56.3° = 0.983 rad
1 1

1 s
—_ —= 7 — . — . — o —
G_Sj_ 3/ |G|—3—033, 4G = -90° = z‘rad

Euler’s formula

Polar form:
G =R+ jI=|G|(cos/G + jsin/G) = |G|6jZG
Note: /™ = —1

May also use i instead of j, i2=-1. (i is common in mathematics; j is more common in control)
arctan = arctg = atan = tan!

From degrees to radians: Multiply by#



Polar form
Multiply complex numbers:
Multiply magnitudes and add phases

G - G1 y GZ y G3
|G| = |G1| . |G2| ) |G3|
LG =26y + £G, + £Gy

Similar — for — ratio:

|G| — |G1|/|G2|
LG = LG]_ - LGZ

G, =2+4j,
G,=—3+3j
|G,| = V22 + 4% = V20 = 4.47, 26, = atan (g = 63.3° = 1.107 rad

|G,] = V37 + 32 = 18 = 4.24, £, = atan (=) = —45° = —0.785 rad

W N—

G =Gy Gy
|G| = 4.47 - 4.24 = 18.953, £G = 63.3° + (—45°) = 18.3° = 0.322 rad
G = 18.953¢/0-322

G, 4.47
= |G| = — = 1.054, £G = 63.3° — (—45°) = 108.3° = 1.89 rad

G= Gy’ 4.24



Force linear system with sinusoidal input: u(t) = u, sin ot
Output has same frequency: y(t) = y, sin (ot + @)

/

Time
shift, At Input, U
Figure 13.1. Time, ¢
Attenuation and tima shift batween input and output sine waves The phase

angle ¢ of the output signal is given by ¢ = —At/P x 360 , where At is the time
(period) shift and P is the period of oscillation.

Period: P[s]
Frequency: o [rad/s] =2/ P
Phase shift: ¢ [rad] = —%Zn = —-At-w

Amplitude ratio (gain): AR =y,/u,

* We have assumed deviation variables, otherwise we need to add an «average» or «bias» to both u(t) and y(t).
* We assume that the input sinusoid is persistent and consider the «steady-state» ast — o.
* One period (cycle) = 2x [rad] = 360°



Example: Ground temperature phase shift
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Day of the Year

AR = amplitude ratio = gain = %
0

Surface temperature:
u(t) = u,, + ugsin (o(t-t,))
* Uy, = 62°F (= 17C)
*  Amplitude u,= 62-40=22°F
Frequency of oscillations:

avg

« P=365d,
e 0=Z =2 _0.017 rad/d,
P 365

Ground temperature:

Y(t) = Vaug + Yo Sin (0(t-ty) + @)
Yavg = 62°F (= 17C)
* yoand ¢ depend on depth X

Amplitude (y,) and Gain decreases with depth X.

X=5ft, y, = 62-50=12 F,

Gain=AR =22 =
Ug 22

Time shift and phase shift increases with depth X.

12 _ 055

X=5 ft, At = 35 days (=from Feb.4 to Mar. 11 = from Aug. 6 to Sep.10):
@ =-At ®=-35d *0.017 rad/d=- 0.602 rad = -34.5°



General: Simple method to find sinusoidal response of system G(s)

1. Inputsignal to linear system: u = u, sin(wt) u_w
2. Steady-state (“persistent”, t—od output signal: y =y, sin(ot + @)

3. Whatis AR =y,/uyand ¢?

Solution (extremely simple!)

1. Find system transfer function, G(s)

2. Lets=jo (imaginary number, j>=-1) and evaluate G(jo) =R + j | (complex number)
3. Then (“believe it or not!”)

AR = |G(jo)]| (magnitude of the complex number)
0=AG(jo) (phase of the complex number)
Im(G) Gljo J=R+il
|G|
AG |
R Re(G)
Prool: y(s) = G(s)u(s) where u(s) = %55 = TR

(poles of G(s) 7die out” as t — o0)
1

S—jw

Term gives G(jw) with partial fraction expansion




Proof, first-order system

1.2.3 Sinusoidal Response

As a final example of the response of first-order
u(t) = Asin(mt) processes, consider a sinusoidal input|ug,(f) = A s wr,
with transform given by Eq. (4-15):

u
—

u(s) = Agto

y(s) = . (4-23)(5-22)

As t —00: (see 4-26)

2
t) = AR *A*sin(wt+ _ KA ( Wr___Swt q) 424
AR = —=2 Inversion gives
Vore2 i1 ) |
¢ =-— tan_l(a)r) vty = lﬁ,_-l_l (wre™ "™ — wTcos wt + sinwf)  (4-23)
woTe
Note: A is the same as u or, by using trigonomeitric identities,
: 0
p(r) = 24wt e-fﬁul—nﬁvro—sm{w+¢} (4-26)
' Wi+ +]
General (VERY SIMPLE). L : o
. . WIere
Set s=jw in G(s). Then .
AR = I G(J(D ) | b= —tan {wT) (4-27)
¢ =AGljo) Notice that in both (4-25) and (4-26) the exponential

term goes lo zero as f — =, leaving a pure sinusoidal
response. This property is exploited in Chapter 13 for
frequency response analysis.



Example: Gain and phase shift for first-order system:

k
1. G(s) = s+ 1
k 1—17jw
CN . 2 _
2. CU0) = T e T-gw U
G(jw) = — '
() 1+ w?t2 1+ szzJ
R |
3 ¢ |
: Gl=AR= [R?+]* = ——=
1G] Ve
¢ =46 = arctanE = — arctan(wT)

—

Gain and |

___ This method is
not really
recommended

bhase shift

_

Q

SIMPLER: Use polar form formulas for complex numbers! G=G,/G,, where G,;=k, G,=1s+1.

G4l k

1G] w41’

Sets = jw.Get: |G|

¢ = G = £G; — £G, = 0 — arctan(w7)




SINUSOIDAL RESPONSE OF FIRST-ORDER SYSTEM
k=1,t=1s]

u(t) = sin(wt)—r— v(t) =AR sin(ot+ ¢ )
— 5

s+1 | >

6 Plots: Increase @ from 0.1 to 30 rad/s

w=0.3; tau=1; t = linspace(0,20,1000);

u =sin(w*t);

AR = 1/sqrt((w*tau)*2+1)

phi = - atan(w*tau), phig=phi*180/pi, dt=-phi/w

y = AR*sin(w*t+phi);

plot(t,y,t,u)
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wp = 1/7
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Figure 14.2 Bode diagram for a first-order process



wp=17  _1/N2=0.707
Y - 1 1 = & T T7TTTH T 1L LIRS I Illlllt
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Figure 14.2 Bode diagram for a first-order process

1

G(s) =

Ts+1

11



Imaginary

part
0.8+
0.4 —
Misprint: Should start from 1.0
F 0] 4G | | W Jﬂ\‘ | Real
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w=g2

Figure 13.12 The Nyquist diagram for G(s) = 1/(2s + 1)
plotting Re(G(jw)) and Im(G(jw)).

Note: Nyquist plot is not included in last edition



Example: Ground temperature phase shift. X=5ft
What is T if assume a first-order response from u to y? g(s) = k/(ts+1)

33°C92
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AR =% =
Uy \/ (wr)?+ 1

¢ = arctan(—wT)

@
N

~
N
T

(4]
n

round Temperature, °F
(1]
N

/ |
N G \\
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Data: uy= A=22, y,=12, ®=0.017 rad/d, ¢ =—35°
Solution:

G
s
n

*  We know from physics that the gain k=1. So g(s) = 1/(ts+1)
1. From amplitude data: AR =y,/u, = 0.545.
Get:

1 1 1
r =15 = 1= gom/oam — 1 = 905

2. From phase shift data. ¢ =— 35°
Get: 7= —2Itan¢ = —5 o tan(—0.568) = 37.4d

Conclusion: This system is more complex than first order (no big surprise!)

It’s described by partial differential equations and can be approximated by a high-order system with many poles and zeros.
For example, g(s) = (t,s+1) / (t;5+1) (T35+1) wheret; > 1, > 1,4



Frequency response of time delay

g:e'es

Gain = |g(jw)| =1

Phase shift = ¢ = £(g(jw)) = - wO [rad]
Alternative proof: Time domain

u(t)
y(t)



(General:

— 1. 9192 ,—0s
g(s) =k 93 91 ©

— L lallg2]
|g| |§3| 94|

L9l = Lg1+ L9 — (g3 — Lgy — w0



Consider term:
go=1Ts+1
Set s = jw and evaluate complex num-

ber g,(jw) with magnitude |g,| and phase
[qq. Get:

19.(Jw)| = VwT? + 1,
/g, = arctan w1’



Example 2

. k(Ts+1) g1 ¢
9(5) T (nis+1)(mes+1) T g3 g

g1 =k

QQZTS—l—l
g3 =T11S+ 1
gy =Tos+ 1

Solution: |g(jw)| = :ﬁl: :ﬁz: Lg(jw) = 291+ 29, — £g3 — 294
lgil=k,  2£g,=0
lg2| = \/1 + (wT)?, £g, = atan (wT)
g3l =1+ (wt1)%,  £g; = atan (wty)
|94l = \/1 + (w11)?, 49, = atan (wT,)

If we also have a time delay gz = e~%% then
lgs|l = 1,49 = —wb [rad]



1. DERIVATIVE

gi1(s) = s

Frequency response: g(jw) = jw = 0+ jw

| =w
/g1 (jw) = 90° = /2 rad (purely complex at all w)

u(t) = upsin(wt)
y(t) = u/'(t) = wowcos(wt) = wugsin(wt + 7 /2) OK!

2. INTEGRATOR



Table 13.2 Frequency Response Characteristics of Important Process Transfer Functions

Transfer Function G(s) AR = |G(jo)| Plot of log ARy vs. log © ¢ = 2LG(jw) Plot of & vs. log w
L wp = % 0°
1
. K _ﬁ— - -1 o “’b = -
1. First-order =+ \/(0,7)-_*_—1- 1 1 tan ((m-) ~45 T
-90°
00
2. Integrator K g —90°
s 1
1
-90°
90°
3. Derivative Ks Ke . +90°
1
00

4. Overdamped
second-order

K K

(ns + I)(ms + 1) \/(M|)2+l\/(TN2)2+l

—tan "l(um) ~ tan~ l(on'z)

‘

5. Critically damped
second-order

K
(zs + 1) (urr)2 + 1

3 -

-2 tan"Yor)

oo
_1
-90° wp =3

-180°




. Underdamped

second-order

K

K

s 4 s + 1

V(1-(0m)?)*+(2Lwr)?

7. Left-half plane : s W . o 1
(positive) zero K(as +1) KV(w7) +1 +tan"(wr,) 3 “b= %
00
Phase increases for LHP zerog
oo
8. Right-half plane o — _45°
(negative) zero ~Tes + 1 KV (ow)" +1 —tan™!(wr,)
-90°
\ Obps! Phase drops for RHP zer
oo
1
9. Lead-lag TS +1 P (wra) + 1 :
unit (1, < ;) s Vo) 1 +tan "' (w7,) — tan "' (wr)) .
90°
10. Le.ad-lag e ¥ V(o) +1
unit (1, > 1) ) \/W:'_l g +tan"Yor,) — mn"!(unz)
oo
oo
11. Time delay Ke™® K 1 —wy j




G = exp(-0s)
G(w)| =1

£G(jw) = —wb
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Figure 14.4 Bode diagram for a time delay, .



ASYMPTOTES

Frequency response of term (Ts+1): set s=jw.

Asymptotes:
(joT+1)~1 forwT<<1 (slope n=0, phase=0)
(joT+1)~joTfor oT>> 1 (slope n=1, phase=90°)

Gain slope n: |G|~w"

Rule for asymptotic Bode-plot, L = k(Ts+1)/(ts+1)..... :
1. Start with low-frequency asymptote (s—>0)
(a) If constant (L(0)=k):
Gain=k (slope=0)
Phase=0°
(b) If integrator (L=k’/s):
Gain slope= -1 (on log-log plot). Need one fixed point, for example, gain=1 at =k’
Phase: -90°.
2. Break frequencies (order ... from large Tand t ... to small T and 1):

w=1/T (zero) +1 +90° (-90° if T negative)
w=1/t (pole) -1 -90° (+90° if T negative)

3. Time delay, e®. Gain: no effect, Phase contribution: -w0 [rad] (-1 rad = -57° at w=1/6)



Example with phase lead (not so common in process control)

10°

— 100s+ 1 <
a(s) = 1075s+ 1) 5+ 1)
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Low-frequency asymptote: Pl-controller:
N

Fliei?;og_ | GC(S) — 21OS+ 1

w = 0.001 = |Geo| = 5% = 200 10s

W 1 IIIII"F T T T

Amplitude 100

h.
High-frequency asymptote 2

ratio ~
AR 10 E |
= Low-frequency asymptote
1L -1
0 T
" Phase
angle _gQ i
¢ (deg) wp=— = 3¢ = 0.1
—180 L i 11l 1 g IIIIJ ]
0.001 0.01 0.1 1 10 100

Frequency (radians/time)

Figure 13.9. Bode plot for Pl controlier, G.(s) = 2 (1 + %)
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Filter:
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Example

grid on

grid on, axis([0.001 10 0.001 1000]

figure[1), loglog(w,mag|

figure(2)

100°s5+1)*{2*5+1]]

bode(L,w)

semilogyiw, phase(:)

logspace(-3,1,1000)

20%5+1)/5
figure(3), bode(L) % gives AR in dB

[mag phase);

s=tfi's")
L
w
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Electrical engineers (and Matlab) use decibel for gain

o =
|G| [dB] = 20 log,,|G]| .
s=tf('s')
g = 10*(100*s+1)/[(10*s+1)*(s+1)]
0.1 -20dB i .. BodeDiagam
*\";
1 0dB
=Pl
2 6 dB =10
10 20 dB =
45
100 40 dB § o
45
1000 60 dB W ¢ a0 18 10 18
Frequency (rad/s)

*To change magnitude from dB to abs: Right click + properties + units (absolute, log scale)

Other way: |G| = 10/61(d8)/20
GM-=2 is same as GM = 6dB



Bode stability condition

(Closed-loop stability condition from analyzing loop L(s) =G CG,,)

Proof
Starting point: Stability is a system property for linear systems, so if the
system is stable for one signal it’s stable for all signals.

— Consider a particular signal: Sinusoid with frequency wg, (frequency
where frequency shift around loop L(s) is -180° = -t rad). e(t) = sin(wqg, t

— With negative feedback, the total phase shift around the loop is -
3609, so this sinusoid comes «back in phase»

— If the gain around the loop is less than 1, the sinusoid will die out.

— Conclusion: The closed-loop system is stable if and only if |L(jo)|<1
at frequency wg,



|L(jw)| =ARgp,

AL(jo)= dgr
(deg)

Sigurd’s preferred notation in red ©

GM =1/| L(jwlso)l

W1gp = frequency where phase shift around
the loop is -180° = - mt rad.
A L(jw,g) =-180° = - rt rad

PM=A L(jo )+ 180°
=A L(jo )+ [rad]

W, = frequency where loop gain is 1.

ILwd| =1

g

-180

Figure 14.12 Gain and phase margins on a Bode plot

Time delay margin (DM), A= PM[rad]/w,

30

Question: For SIMC, is w_=1/t.? No, but it’s related. In many cases w_=1/(6+t,)



Summary: CLOSED-LOOP STABILITY IN FREQUENCY DOMAIN

L =gcg,, =loop transfer function with negative

feedback 0
) ege e 0 . . o
Bode’s stability condition: |L(jw,g,)|<1]| E
_ leltatlonS ‘EE:'D ............................................................................... f ........ E‘I’H
* Open-loop stable (L(s) stable) 'l "
* Phase of L crosses -180° only once N " We wiso "
. . —90
— Stability margins s |
© GM=1/|L(jwig)|,  where A L(jw,g)|=-180° - I PM T
« PM=A L(jw,) +180° , where |L(jw,)|=1 gl
*  How much delay will “eat up” the PM? "]_[}_: - : o

Answer: PM= W A6 [rad] = DM = AB= PM[rad]/w,

-
Frequency [rad/s]

Figure 2.12: Typical Bode plot of L(jw) with PM and GM indicated

GM = gain margin (>1 for stability; typicall want >3)
PM = phase margin (>0 for stability; typically want > 50°)

DM = delay margin (>0 for stability; typically want > 20) [
 Im
The same but more general: Nyquist stability | o5}
condition: L Lo 5
e =+ R
Locus of L(jo ) should encircle the - PML—T 05 '
(-1)-point P times in the anti-clockwise o L(jwe)
direction (where P = no. of unstable e
polesin L). 4
! Ljw)
Stable plant (P=0): Closed-loop|stable if L has no encirclements of -1

(=Bode’s stability condition)



 Example 1. P-control of delay process,
g(s)=ke™®s. For what K_is system stable?

 Example 2. I-control of delay process. For
what K, is system stable?

Solution. Stable if and only if

1.  P-control: kK. <1
2. l-control: kK, < rl
20



 Example 2, continued. I-control of delay
process

* whatis w_, w;g,, GM, PM and DM & give for
SIMC (analytical)

Solution

For any KI:

wc=k’ KI, w180=(pi/2)(1/theta).

GM = w180/k’Kl = (pi/2)/(k’KI theta),
PM=(pi/2)- k’KI*theta,

DM = PM/wc = (pi/2)/K’KI - theta

SIMC with T =0 gives k'K, = %, so
T

1
wc=—, wl80==—
¢ 20’ 80 20

GM =nt = 3.14.
PM = (pi-1)/2 = 1.07 rad = 61.5°
DM = (pi-1)*theta = 2.14 theta

1 e_es
0+T, s

General SIMC-PID for 2nd order delay process (with t=T1,) gives: L(s) =

-

oM =7 (%+1) DM = (GM-1)6



(20s+1)/[s(100s+1)(25+1)] . Write on the asymptotes

TASK 1: Bode-plot of L(s)

TASK 2: What is GM and PM?

TASK 2: How does the plot change if we add a delay of 2 time units | &™)

?

What is now GM and PM? How much extra time delay can we allow

TASK 3

SmmT O
Jy TT Ry

= HIH =+ = *II+W¢ =+ H 4 === H H
_mmrr”—TC ._.__J_.—\W.nﬂn— amTAaTTIC T mAar

5

Gain L

EXAMPLE 3

(amplitude) 10

20s+ 1

4 for

SIMC Pl-control with 1=

L(s)
8(s)

1/(100s+1)(2s+1)

Frequency [rad/s]

-t ———

I R

1 1 | 1 1 |
i e e e e B et

E-zzbozocbEoood----f---cFoood---cf---ck--fp =

| | | 1 | |
_————ee Ll

Phase L

A00f-->

[degrees]

A10f---
A20f---
A30f---
140} ---
A50fF---
A60}---

s=tfj's')

(20%5+1)/]5*(100*5+1)*(2%5+1]]

figure(3), bode(L) % gives AR in dB

L=

logspace(-3,1,1000)

w=

bode|L,w)
figure(1], loglog(w,magi:}), grid on, 2xis([0.001 10 0.001 1000]

fieura(2). semiloexiw phasa(']}

[mag phase}:

erid on




SOLUTION

Hio £

1
ML d 1 LI L
HHHA—I- — HIH+

HHHA—I- — R+
L A

OICCI
HHEIH= - —HHI4 -

FH-CHHFIA= F - HHE+ F -+ =
TA-"mMOC-C~AmTTC T~ ]
TA~"MAF~ F~TMTTC T~ ]

4+d-—HHKH=F —HHI+ + -+ =
I2-”200CO”ZCZImITCICZ
FOCCMHEHS F W R 3]
- —HHFA- =TT
4o —MHEH— F —HH R 4 - ]

{amplitude) 10

Gain L

20s+ 1
s(100s+ 1)(2s+ 1)

L(s) =

=4 for g(s) = 1/(100s+1)(2s+1)

L(s): SIMC Pl-control with 1,

Frequency [rad/s]

F-zzi----Fz-zd--z-f-z--F---d----F---=zE:-:-L:

_F———4+-—-—-F———-d-———d - - —— - - - - - -
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thase L
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S
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2

I
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019 —
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Vv m
[rad]

M
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elav

1
F

¢
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EXAMPLE3’: ADD 2 UNITS OF DELAY

L

20s5+1 63—25
s+1)(2s+1) ~

5(100:

Now phase crosses -180° so
GM is no longer infinity

10"

10°

10"
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Example 4. Pl-control of integrating process
with delay. Compare ZN and SIMC*

e g(s) =k’e /s
* ZN: Use P-control and increase K_ until instability.
* Find: P, =40 and K, = (x/2)/(K'0)

. . . chle—es . U . Kck'
* Derivation: L(s) = ,4L(jw) = —Z —wb[rad], |L(jw)| = =,
— S0 £L(jwig) = — 5 — Wigef = — = w1gg = 2o > P, = —— =40,
2 26 W1g0
. . R . _Kuk’_ _ Wigo _T 1
— and at limit to instability: |[L(jwgg)| = o 1=Ky == "=>15

* Pl-controller, c(s) = K. (1+1/(t;s))

__

Ziegler-Nichols 0.45K,=0.707/(k' 6) P,/1.2=3.330

SIMC (t,=0) 0.5/(K’ 0) 80

*Task: Compare Bode-plot (L=gc), robustness and simulations (use k’=1, 6=1).



-
9(8) T s !
Ziegler-Nichols PI

Bode Diagram
4 Gm =1.87 (at 1.35rad/s), Pm =24.9 deg (at 0.76 rad/s)
10 ‘ ‘

Magnitude (abs)

10° GM

10'2 I I IR R | I I IR IR
0

-180

-360- N

Phase (deg)

5401 ]

-720- N A ———
-2 1 0

10 10
SIMC is a lot more robust:

10 10’

Tr5+1
C 718

SIMC-PI

Bode Diagram

10"

Gm =2.96 (at 1.49 rad/s), Pm =46.9 deg (at 0.515 rad/s)

10

Magnitude (abs)

GM

102

0,

PM

-180

-360-

Phase (deg)

-5401-

-720E

10°

10" 10° 10’

Frequency (rad/s)

1.87
2.97

Ziegler-Nichols
SIMC (1.=0)

s=tf('s'")

g =exp(-s)/s

Kc=0.707, taui=3.33

¢ = Kc*(1+1/(taui*s))

L1 =g*c

figure(1), margin(L1) % Bode-plot with margins
% To change magnitude from dB to abs: Right click + properties + units
Kc=0.5, taui=8

¢ = Kc*(1+1/(taui*s))

L2 =g*c

figure(2), margin(L2)

24.9°
46.9°

0.57 s

1.88 s
AB=PM[rad]/o

ZN: AO = 24.9%(3.14/180)/0.76 = 0.572s
SIMC: A = 46.9%(3.14/180)/0.515 = 1.882s
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Delay



Closed-loop response: Pl-control of g(s) =

OUTPUT, y

INPUT, u

0 5 10 15 20 25

t=0: setpoint change, t=20: input disturbance

30

35

40

— 8
e

Simulink file: tunepid4
s=tf('s')

g =exp(-s)/s

Kc=0.707, taui=3.33, taud=0 % ZN
sim("tunepid4')
plot(Tid,y,'red',Tid,u,'red")
Kc=0.5, taui=8, taud=0 % SIMC
sim("tunepid4')

hold
plot(Tid,y,'blue',Tid,u,'blue')
hold off

Conclusion: Ziegler-Nichols (ZN) responds faster to the input disturbance,
but is much less robust.

* ZN goes unstable if we increase delay from 1s to 1.57s.

e SIMC goes unstable if we increase delay from 1s to 2.88s.



—1.5s

INCREASE DELAY: g(s) = =

- L L L L L L L
0 5 10 15 20 25 30 35 40
t=0: setpoint change, t=20: input disturbance

ZN is almost unstable when the delay is increased from 1s to 1.5s.
SIMC does not change very much



Bode stability condition.

Why may D-action help in some cases?

 Some unstable processes, for example a double integrating process, may
need D-action for stabilization. The reason is to add positive phase and
therefore stabilize the system. Why does this help?

Recall the Bode stability condition. It says that the loop gain should be less
than 1 at the frequency where the phase shift around the loop -180 degrees.

Another statement is that phase shift should be less than -180° at the
frequency where the loop gain is 1.

So for stability and robustness we want as little phase shift as possible (to
improve the phase margin). The things that add negative phase shift are time
delay (the worst), poles and RHP-zeros.

LHP-zeros (D-action, (Td*s +1)) have the opposite (positive) effect on the
phase, and this is why they may be added for stabilization in difficult cases, for
example, an unstable process. Of course, zeros will also affect the loop gain,
but at frequencies up to the break frequency, 1/Td, the positive effect on the
phase is most important.

So why don’t we always add D-action? One reason is that it increases the
controller gain and therefore the input usage. However, the main reason is
probably that it does not help very much in most cases and it makes the
controller design more complicated (and easier to do mistakes).



Closed-loop frequency response

d No control (¢ =0): enr =y — ¥ = ys — gad
l With control: e =y, —y = Sys — Sgad = Seor
Jd S = H—;L - sensitivity function = effect of control
L = gc - loop transfer function
us 4 € - u P + Yy
_ i o + '
Low w where |S| < 1: Control reduces error
Intermediate w where |S| > 1: Control increases error
High w where S =1 (L — 0): Control has no effect
10' -
SIMC: M=1.70 ]
ZN: M,=2.93 1

S| 1 R\ ]

M = peak of |S
Typical requirement: M, < 2
At stability limit: My — o0

w = logspace(-2,1,1000);
[mag1l,phase]=bode(1/(1+L1),w);

-3
10 -2 | T ‘-1 | - | 0 ! ‘ ‘ 1 [mag2,phase]=bode(1/(1+L2),w);
10 10 >< 10 > < 10 figure(1), loglog(w,magl(:),'red',w,mag2(:),'blue',w,1,'-.")
Control: GOOD BAD NO EFFECT axis([0.01,10,0.001,10])
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