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Exercise 2.1 Use(2.31)to compute®?¯ and °Q¯ for theprocessin (2.27).

Note: ±a²´³¶µ¸· ¹ ²»º%¼�³j½¿¾¶µ²´À�³j½W¾ÁµA²|¾zÂ�³j½W¾Áµ Ã
(2.27)

®'¯ · ¾¶ÄtÅ ±a²�Æ�Ç ¯ µ�ÅÉÈ °Q¯ ·�¼ËÊÌÄÁÇ ¯ (2.31)

where

Ç ¯ is definedby Í ±a²�Æ�Ç ¯ µ�· º!¾zÎ�Â�Ï .
Solution. Accordingto (2.27),thefollowing equationcanbeobtained:Í ±a²�Æ�Ç ¯ µ¸· {h���XÐÒÑ ²|º%¼¶Ç ¯ µQº {h���ÒÐÒÑ ²´ÀËÇ ¯ µGº {w���ÒÐXÑ ²»¾ÁÂËÇ ¯ µ�· º!¾zÎ�Â Ï
Hence, {h��� ²»¾ÁÎ�Â Ï ½ {h��� ÐÒÑ ²»º%¼ËÇ ¯ µ|µ�· {h��� ² {h��� ÐÒÑ ²´ÀËÇ ¯ µO½ {w��� ÐXÑ ²|¾zÂËÇ ¯ µ}µ
leadsto º%¼ËÇ ¯ ·

À¶Ç ¯ ½¿¾ÁÂËÇ ¯¾lº�À�ÂËÇ¸Ó¯
which givesthesolutionof Ç ¯ ·ÕÔ

¾ËÖ¾ÁÂ
and

® ¯ ·
¾Å ±a²�Æ�× Ñ|ØÑÚÙ µzÅ

· Û ²|¾6½Ü¼�ÀKÝ�¾ËÖ�ÄÞ¾ÁÂ�Â�µA²»¾�½W¾zÂ�ÂCÝß¾¶Ö�ÄÞ¾zÂ�Â�µà ²»¾¸½âáaÝ�¾ËÖ�Ä�¾zÂ�Â�µ ·�¼ Ã À
°Q¯ ·

¼ËÊÇ ¯
· ¼�Â�ÊÔ ¾ËÖ ·3¾¶À Ã ¼ ¹
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Exercise 2.3 Derive theapproximationfor ® ¯ ·÷¾¶ÄtÅ ±a²�Æ�Ç ¯ µ�Å givenin (5.73)for a
first-orderdelaysystem.

Note:A first-orderdelaysystemcanberepresentedby

±a²ø³Áµj·�ù�ú ÐÒûhü Ät²»¾ý½Eþ�³¶µ
, andÅ ±a²�Æ�Ç ¯ µ�Å�ÿ

¼Ê ù��þ
(5.73)

Solution. Assume

þ � �
. Then Í ²|¾E½.Æ�Ç ¯ þ�µ ÐÒÑ ÿ º � Ç ¯ ÿ ÊÌÄ�¼ . Hence,

Ç ¯ ÿ ² ÊÌÄ�¼�µhÄ � and ® ¯ ·
¾Å ±a²�Æ�Ç ¯ µzÅ

ÿ þÞÇ ¯ù ÿ ÊÒþ¼�ù �
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Exercise 3.1 Derivethecascadeandfeedback rules.

Solution.

Casecade rule As shown in Fig. 3.1(a), let the signal from

± Ñ to

± Ó
be � , then	 ·W± Ó � and � ·�± Ñ�
 , thus, 	 ·W± Ó ± Ñ�
 ·�± 
 , i.e.

± ·¿± Ñ ± Ó .
Feedback rule As shown in Fig.3.1(b),we have, 
 · 
 ½ 	 · 
 ½�± Ó�� · 
 ½± Ó ± Ñ 
 , or,

²��ýº8± Ó ± Ñ µ 
 · 
 . Let � ·W± Ó ± Ñ , wecanobtain,
 ·2²��ýº � µ ÐXÑ 
 .

Exercise 3.3 UsetheMIMO rule to showthat (2.18)correspondsto thenegativefeedback
systemin Figure 2.4.

Solution. In Fig. 2.4, from point

�
the loop transferfunction is ® ± andexiting the

loop gives the term

²��'½ ® ±Tµ ÐÒÑ . Therefore,the transferfunction from � to

�
is® ±a²��p½ ® ±Tµ ÐÒÑ ·£²��p½ ® ±Tµ ÐÒÑ ® ± , from � to

�
is

²��a½ ® ±Tµ ÐXÑ ±��
and from� to

�
is

ºT²��J½ ® ±Tµ ÐXÑ ® ± . So (2.18)representsthe negative feedbacksystemin
Fig. 2.4.

Exercise 3.5 Computethespectral radiusandthefivematrixnormsmentionedabovefor the
matricesin (3.27)and(3.30).

Solution.

Matrix (3.27): ± Ñ · � À á¹ ¼��� ²´± Ñ µ · Ö Ã ¼�ÖËá à� ± Ñ ��� · Ö Ã ¹ á�Î�À� ± Ñ ��� �"! · ¾�á� ± Ñ �"# Ñ · Î� ± Ñ ��#%$ · à� ± Ñ � # Ó · Ö Ã ¹ á ¹ á
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Matrix (3.30): ± · � Â ¾zÂ�ÂÂ Â'�� ²´±Tµ · Â� ± ��� · � ± ��� �(! · � ± ��# Ñ · � ± ��# Ó · � ± ��#%$ · ¾zÂ�Â
Exercise 3.7 Designa SVD-controller )+*-, � )/.0,21 for thedistillation processin (3.82),
i.e. select, � *43 and ,516*87:9 where 7 and 3 are givenin (3.46).Select)/. in theform) . *<;"= �?>A@ .AB �. CC = 1 >A@ .AB �.ED
andtry thefollowingvalues:

(a) = � * = 1 * CGF C(CIH ;
(b) = � * CGF C(CIH , = 16* CGF CIH ;
(c) = � * CGF J(KML�NOJ * CMF C(COP(Q , = 1 * CGF J(KMLOF P(N * CGF H"C & .

Simulatethe closed-loopreferenceresponsewith and without uncertainty. Designs(a) and
(b) shouldbe robust.Which hasthe bestperformance?Design(c) shouldgive the response
in Figure 3.12. In the simulations,includehigh-order plant dynamicsby replacing RTS�U�V by�WYX[Z X 1\.\B ��]_^ RTS�U"V . What is the conditionnumberof the controller in the threecases?Discuss
theresults.(Seealsotheconclusiononpage 244).

Solution. The simulationresultsof designs(a) and(b) areshown in the following
figures.
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(b) Design(b)

Design(b) is the bestif we want a fastsettlingtime. By increasing̀

Ó
we increase

theloop gainin theweakdirection.
The condition numberof the controller: Design (a), a ² ® µW· ¾ ; Design (b),a ² ® µ�·3¾zÂ andDesign(c), a ² ® µ�· ¾ à Ö�ÄÞ¾ Ã ¹ à ·3¾¶¼�Î Ã Ö�Ö�Ö .
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Exercise 3.9 Consideragain the distillation processRTS�U�V in (3.82). The responseusing
the inverse-basedcontroller )/b ced in (3.84) was found to be sensitiveto input gain errors.
We want to seeif the controller can be modifiedto yield a more robust systemby using
the Glover-McFarlane fhg loop-shapingprocedure. To this effect, let the shapedplant beR . *iRj) b ckd , i.e. , � *l) b ced , and designan fhg controller ) . for the shapedplant
(seepage 382andChapter9), such that theoverall controller becomes)m*n)/b ced()/. . (You
will find that oGprqtsu* LOF & L & which indicatesgoodrobustnesswith respectto coprimefactor
uncertainty, but theloop shapeis almostunchangedandthesystemremainssensitiveto input
uncertainty.)

Solution. ThefollowingMATLABscript couldbeusedto do thisexercise.

G0 = [87.8 -86.4; 108.2 -109.6];
dyn = nd2sys(1,[75 1]); Dyn = daug(dyn,dyn);
G = mmult(Dyn,G0);

% Inverse-based controller
dynk = nd2sys([75 1],[1 1.e-6],0.7);
Dynk = daug(dynk,dynk);
Kinv = mmult(Dynk,minv(G0));

% Try to robustify with respect to coprime uncerainty
Gs = mmult(G,Kinv);
[a,b,c,d]=unpck(Gs);
gamrel=1.1;
% gammin=1.4142:
[Ac,Bc,Cc,Dc,gammin]=coprim(a,b,c,d,gamrel);
% Change from positive to negative feedback:
Ks=pck(Ac,-Bc,Cc,-Dc);
K = mmult(Kinv,Ks);

% TIME simulation
% Nominal
GK = mmult(G,K); I2=eye(2); S = minv(madd(I2,GK));
T = msub(I2,S);
kr=nd2sys(1,[5 1]); Kr=daug(kr,kr); Tr = mmult(T,Kr);
y = trsp(Tr,[1;0],100,.1);
u = trsp(mmult(K,S,Kr),[1;0],100,.1);
% With 20% uncertainty
Unc = [1.2 0; 0 0.8]; GKu = mmult(G,Unc,K);
Su = minv(madd(I2,GKu)); Tu = msub(I2,Su);
Tru = mmult(Tu,Kr);
yu = trsp(Tru,[1;0],100,.1);
uu = trsp(mmult(K,Su,Kr),[1;0],100,.1);
subplot(211);vplot(y,yu,’--’);title(’OUTPUTS’)
subplot(212);vplot(u,uu,’--’);title(’INPUTS’);
xlabel(’TIME (min)’);
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Exercise 3.11 Cascade implementation. ConsiderfurtherExample3.16.Thelocal feedback
basedon vw1 is oftenimplementedin a cascademanner;seealsoFigure10.4.In this casethe
outputfrom ) � entersinto )�1 andit maybeviewedasa referencesignalfor vw1 . Derive the
generalizedcontroller ) andthegeneralizedplant x in this case.

Solution. Thecasecadestructure is shownasfollows.
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Since~ *�) 1 ) � )/� �M� ) 1 ) � v � � ) 1 v 1�� )�� � , weget )�*��\) 1 ) � )/� � ) 1 ) � � ) ã )���� .
Also,wecanget ����� v � �5��v �vw1�

� ���� * ����� R � �6� R � R 1C � CR � C R � R�1C C R�1� C C
� ���� �� � �~

�� F
Thus, x-* ����� R � �6� R � R�1C � CR � C R � R 1C C R�1� C C

� ���� F
Exercise 3.13 Mixed sensitivity. Usetheabove procedure(P. 107) to derive thegeneralized
plant x for thestacked � in (3.94).

Solution. In (3.94), ��* �� ,��M)u�, 9��,5��� ��
.
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1. Let )+* C in � , weget, x �Ú� *4�5S )+* C V�* �� CC, � � �� F
2. From � � x �Ú�

, weget, � *�� � x �Ú� * �� , � )u�, 9��,5��S�� �2� V �� * �� , � )�S � � Rj)uV¡  �, 9 Rj)�S � � Rj)uV   �� ,2��Rj)�S � � Rj¢uV   � �� F
Thecommonfactor is £4*�)�S � � Rj)uV   � . Thus,R 1A1 * � R .

3. Since

� *�x � 1 £jx 1 � , wehave, x � 1 * �� ,��, 9 R� , � R ��¥¤
and x 1 � * � .

Asconclusion,weget, x-* ���� C , �C , 9 R,2� �¦� ,5�§R� � R
� ���

Exercise 3.15 Considerthe performancespecification ¨k© � �6¨ g«ª L . Suggesta rational
transferfunction weight © � S�U"V and sketch it as a function of frequency for the following
two cases:

1. We desireno steady-stateoffset, a bandwidthbetter than L rad/sand a resonancepeak
(worstamplificationcausedby feedback)lower than LOF H .

2. We desirelessthan L % steady-stateoffset, lessthan L0C % errorup to frequency P rad/s,a
bandwidthbetterthan L0C rad/s,anda resonancepeaklower than

ã
. Hint: See(2.72)and

(2.73).

Solution. ©�� � * .\B � Z @� Z @ . , and ©�� 1 * �1­¬ W .AB ��® Z ��]_¯W .AB ��] ¯ F Comment:In thelattercasewerequirethat
themagnitudeshouldincreaseby a factor 10 whenthefrequencyincreasesby approximately
a factor L0C ��° 1 (from3 rad/sto 10 rad/s).

Exercise 3.17 What is the relationshipbetweenthe RGA-matrix and uncertaintyin the
individual elements?Illustratethis for perturbationsin the L ¤ L -elementof thematrix± * ; L�C²NN ³�D (3.114)

Solution.
ì�´�ë S ± V/*µ; � ³OC ³GL³GL � ³OC D . RGA-matrixhas1,1-elementof -80, so G becomes

singularif 1,1-elementis perturbedfrom10 to 10(1+1/80)=10.125.
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Exercise 3.19 Computë

± ¨ q � , ¶· S ± V�*n¨ ± ¨ q_1 , ¨ ± ¨ q g , ¨ ± ¨0¸ , ¨ ± ¨¡¹§º\» and ¨ ± ¨¡¼%½0¹ for the
following matricesandtabulateyour results:± � * �¿¾ ± 16*<; LÀCC²C D ¾ ±:Á *Â; L²LL²L D ¾ ± ® *<; L²LC²C D ¤ ± @ *<; LÃCLÃC D
Show usingtheabove matricesthatthefollowing boundsaretight (i.e.wemayhaveequality)
for
ãÅÄaã

matrices( ÆÇ* ã ): ¶· S ± VÉÈ8¨ ± ¨ ¸ ÈËÊ Æ�¶· S ± V¨ ± ¨[¹§º\»ÅÈÌ¶· S ± V�ÈÍÆ�¨ ± ¨¡¹§º\»¨ ± ¨¡q � K Ê Æ+ÈÌ¶· S ± V�È Ê Æ�¨ ± ¨[q �¨ ± ¨¡q g K Ê Æ+ÈÌ¶· S ± V�È Ê Æ�¨ ± ¨[q g¨ ± ¨[¸ÎÈ8¨ ± ¨[¼%½[¹
Solution. Theresulttableis asfollows:Ï � Ï ��# Ñ � Ï �"# Ó � Ï ��#%$ � Ï �"� � Ï ��!�Ð¡Ñ � Ï ��� �"!� ¾ ÂÂ ¾ �

1 1 1 1.4142 1 2� ¾ ÂÂ ÂÉ�
1 1 1 1 1 1� ¾ ¾¾ ¾Ò�
2 2 2 2 1 4� ¾ ¾Â Â �
1 1.4142 2 1.4142 1 2� ¾ Â¾ ÂÉ�
2 1.4142 1 1.4142 1 2

Fromthetable, theaboveboundscanbechecked(omitted).

Exercise 3.21 Do the extremesingularvaluesboundthe magnitudesof the elementsof a
matrix?That is, is ¶· S ± V greaterthanthelargestelement(in magnitude),andis · S ± V smaller
than the smallestelement?For a non-singularmatrix, how is · S ± V relatedto the largest
elementin

±   � ?
Solution. Theanswerfor thefirst questionis “yes”, becausë

± ¨ ¹§º\» È�¶· S ± V . But for the
secondquestion,theansweris “no”. For a non-singularmatrix, · S ± V is smallerthaninverse
of thelargestelementin

±   � , because· S ± V§* L�K ¶· S ±   � VÉÈ L�K ¨ ±   � ¨[¹§º\» .

Exercise 3.23 Find two matrices
±

and Ó suchthat Ô�S ± � ÓÅVÉÕÖÔ�S ± V � Ô�S ÓÅV whichproves
thatthespectralradiusdoesnotsatisfythetriangleinequalityandis thusnot a norm.

Solution. Let
± *×; LØLCÙL�D , and ÓÚ*×; LÀCL²L�D . Ô�S ± V�*�Ô�S ÓÅV�* L , but Ô�S ± � ÓÅVÛ* P ÕÔ�S ± V � Ô�S ÓTV§* ã .
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Exercise 3.25 Write ) as an LFT of � *mRj)�S � � Rj)uV   � , i.e. find Ü suchthat )Ã*ÝÒÞ S�Ü ¤ � V .
Solution. � *ßRj)�S � � Rj)uV   � gives � asan LFT of ) , but wewant the inverse. We get)�*-RÅ  � � S ��� � V¡  � , so Ü¥*<; C RÅ  �� � D F
Exercise 3.27 Show that the set of all stabilizing controllersin (4.91) can be written as)�* Ý Þ S�Ü ¤ � V andfind Ü .

Solution. In (4.91), )+*àS�3 � � � � Þ V   � S�7 � � �Åá Þ V .) * S�3¿� � � � Þ V   � S�7�� � �âá Þ V* 3   �� 7§� � S�3¿� � � � Þ V   � � S á Þ � � Þ 3   �� 7§��V* 3   �� 7 � � 3   �� S ��� � � Þ 3   �� V   � � S á Þ � � Þ 3   �� 7 � V* 3   �� 7 � � 3   �� � S ��� � Þ 3   �� � V   � S á Þ � � Þ 3   �� 7 � V
We get

J= ; 3   �� 7 � 3   ��á Þ � � Þ 3   �� 7��Ù� Þ 3   �� D
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Exercise 4.1 We want to find the normalizedcoprimefactorizationfor the scalarsystemin
(4.22).Let � and

á
be asgiven in (4.23),andsubstitutetheminto (4.24).Show that after

somealgebraandcomparingof termsoneobtains:ç/*4è CGF JML , ç � * HMF QIJ and çM16* ³GF Q .

Solution. Since

á8é S�U"Vê* á S � U�V , (4.24)canbewrittenas

á S � U�V á S�U�V � �5S � U"V\�5S�U"Vê*L . Thus: ç 1 S ã U ® � POC U 1 � L & ³ VU ® � S ç 1 � � ã ç 1 VAU 1 � ç 11 * LOF
By comparingthetermsof thedenominatorandnumerator, it canbeobtainedthat:ã ç 1 * L *ìë ç�*-è CGF JML ¤L & ³ ç 1 *�ç 11 *ìë ç 1 * ³MF Q(C ¤P(C ç 1 *�ç 1 � � ã çM1¦*ìë ç � * HwF QOJMF
Exercise 4.3 ConsideraSISOsystemRTS�U�V�*-íTS�U �6� ± V¡  � Ó �uî with justonestate,i.e.

±
is ascalar. Find thezeros.Does RTS�U�V have any zerosfor î * C ?

Solution. Zero at ïâ* ± � S�íjÓÅV K î . Whenîßð C thezero movesto infinity, i.e. nozero.

Exercise 4.5 Given v�S�U�V�*8RTS�U"V ~ S�U"V , with RTS�U�V�* �   .� Bì. , determinea state-spacerealization
of RTS�U�V andthenfind the zerosof RTS�U"V usingthe generalizedeigenvalueproblem.What is
thetransferfunctionfrom ~ S�U"V to ñÒS�U�V , thesinglestateof RTS�U�V , andwhatarethezerosof this
transferfunction?

Solution. A state-spacerealizationof RTS�U�V isòñ * � ñ � ã ~¤ vó* ñ � ~ ¤
and x�S�U�V�*Â; U � L � ãL � L�D F
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Thus,zero at UÛ* L . From ~ S�U�V to ñÒS�U�V , thepolynomialsystemmatrix is:x�S�U�V�* ; U � L � ãL CËD ¤
and the correspondingtransferfunction is RTS�U�V¥* .� Bì. . Thus,there are no zeros in this
transferfunction.

Exercise 4.7 For whatvaluesof = � doesthefollowing planthave RHP-zeros?± *'ôOõkö ööø÷�õGù ¤ ÓÌ* � ¤ í4*úô(õköiû �õköÙö�ù ¤ î *'ô�ö×ööüõ?ù (4.1)

Solution. x�S�U�V§* ���� U � L�C C � L CC U � L C � LL�C = � C CL�C C C L
� ���

If UÛ* = � � L , thesumof the2ndand4throwsof x�S�U�V is equalto the3rd row. Thusïý* = � � L .
Sotheplant hasRHP-zero if = � Õ L .
Exercise 4.9 Use(A.7) to show that

á S�U�V in (4.82)is identicalto theblock transferfunction
matrix impliedby (4.80)and(4.81).

Solution. Using(A.7)

á
canbederivedfrom(4.82)as:á * ; � )� R � D* ; � � )�þ   � S � R�V � )�þ   �� þ   � S � R�V þ   � D F

Sinceþÿ* � � Rj) andnoting S � � Rj)uV   � R-*4RTS � � )uR�V   � and �§� )uRTS � � )uR�V   � *S � � )uR�V¡  � , á * ; �â� )�S � � Rj)uV   � R � )�S � � Rj)uV   �S � � Rj)uV   � R S � � Rj)uV   � D* ; S � � )uR�V   � � )�S � � Rj)uV   �RTS � � )uR�V   � S � � Rj)uV   � D F
Thisis theblock transferfunctionmatrix impliedby (4.80)and(4.81).

Exercise 4.11 Giventhecomplementarysensitivity functions� � S�U�V�* ã U � LU 1 � CGF ³ U � L � 1 S�U"V§* � ã U � LU 1 � CMF ³ U � L
whatcanyou sayaboutpossibleRHP-polesor RHP-zerosin thecorrespondingloop transfer
functions,� � S�U"V and ��1OS�U�V ?
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Solution. Assumeinternal stability. Then � � has a RHP-poleand � 1 has a RHP-zero.
Compute� * L � � . � � is unstablewith pole at U�* LOF ã (closeto bandwidth)and ��1
hasRHP-zero at UÛ* CGF H (alsocloseto bandwidth).

Exercise 4.13 Show that the IMC-structurein Figure4.5 is internallyunstableif either

�
orR is unstable.

Solution. In Figure 4.5, it can bederivedthat ~ *ß)�S �Å� v?V where ) *+S �Å� � R�V¡  � � ,
i.e. equation(4.89).Thus,

� *8)�S � � Rj)uV   � . According to Lemma4.6 if either

�
or R is

unstablethentheIMC systemis internally unstable.

Exercise 4.15 Given a stablecontroller ) . What set of plants can be stabilizedby this
controller?(Hint: interchangetherolesof plantandcontroller.)

Solution. Thesetof theplantscanbeparameterizedas:R4*àS �ý� � )uV   � � * � S �j� ) � V   � ¤
where “par ameter”

�
is anystabletransferfunctionmatrix.
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Exercise 5.1 Kalman inequality The Kalmaninequality for optimal statefeedback,which
alsoappliesto unstableplants,saysthat � ���MÈ L�
�� , seeExample9.1.Explainwhy this does
notconflict with theabove sensitivity integrals.

Solution. 1. Optimal control with statefeedback yieldsa loop transferfunctionwith a pole-
zero excessof oneso(5.6)doesnotapply.

2. There are no RHP-zeroswhenall statesare measuredso(5.9)doesnot apply.

Exercise 5.3 Considertheweight ©��rS�U"V�* �� � S�����. V s whichrequires� ��� to haveaslopeof� at low frequenciesandrequiresits low-frequency asymptoteto cross L at a frequency �
é� .

Notethat � * L yieldstheweight(5.32)with
± * C . Deriveanupperboundon �

é� whenthe
planthasa RHP-zeroat ï . Show thattheboundbecomes�

é� È�� ï�� as � ð�� .

Solution. WhenïTÕ C is real, from � ©��6S ïIV�� ª L wehave:© é� ª ï S L � L�K á V ��° s F
Whenï is imaginary, weget:

�
é� ª���  � ï��"! L � �� ¯�# ��° s � * ã ç � L ¤ ç/* L ¤ ã ¤ F0F[F� ï���$ L � W   ��]&%�(' ��° s � * ã ç ¤ ç/* L ¤ ã ¤ F0F0F

In all thesecases,�
é� ª � ï�� as � ð�� .

Exercise 5.5 Considerthe caseof a plant with a RHP-zerowhere we want to limit the
sensitivity functionover somefrequency range.To thiseffect let© � S�U"V�* S L�C(COC U K�� é� � �� V[S�U K S á � é� V � L VS L0C U K�� é� � L V[S L�COC U K�� é� � L V (5.1)

Thisweightisequalto L�K á atlow andhighfrequencies,hasamaximumvalueof aboutL�COK á
at intermediatefrequencies,and the asymptotecrossesL at frequencies�

é� KML�C(COC and �
é� .
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Thuswe require“tight” control, � ��� ª L , in thefrequency rangebetween�

é�*) * �
é� KwL�C(COC

and �
é�*+ * � é� .

a) Make a sketchof L�K � © � � (whichprovidesanupperboundon � ��� ).
b) Show thattheRHP-zerocannotbein thefrequency rangewherewerequiretight control,

andthatwecanachieve tight controleitherat frequenciesbelow aboutï K ã (theusualcase)or
above about

ã ï . To seethisselect

á * ã andevaluate© � S ïwV for variousvaluesof �
é� *�çGï ,

e.g. ç�* FYL ¤ F H ¤ L ¤ L�C ¤ L�COC ¤ L�COC(C ¤ ã COCOC ¤ L�COC(COC . (You will find that © � S ïIVâ* CMF NOH ( , L ) forç/* CGF H (correspondingto therequirement�
é�*+ ª ï K ã ) andfor ç/* ã COCOC (correspondingto

therequirement�
é�-) Õ ã ï ))

Solution. a)TheasymptoticmagnitudeBode-plotis shownas follows: b) In the above plot

        wb/1000 wb/100  wb/10      wb           
10

−1

10
0

10
1

Frequency (rad/s)

1/
|W

p(
w

)|

M

Figurefor exercise5.5

betweem�
é� KML0COCOC and �

é� L�K ©���S � VTÈ L . Henceto satisfythe condition � ©��rS ïwV�� ª L , ï
cannotbein thefrequencyrange from �

é� KML�C(COC to �
é� where werequire tight control.

Thevaluesof © � S ïwV via çT* � é� K ï for

á * ã are shownin thefollowing table:ç © � S ïwV
0.1 0.59350
0.5 0.94788
1.0 1.3508

10.0 4.7966
100.0 4.7966

1000.0 1.3508
2000.0 0.94788

10000.0 0.59350



æ_èíäCèíçýëOçéèÚõ6ö.�Kõ6ö0/ÌïXìjðýõ6ì6äpëjölóéïñèøö1��è2��õ1�3����çGïÌä4� L�J
Exercise 5.7 Derive theboundin (5.47).

Solution. � © 9 S65­V��O*87 9 :"9 ¯� � ¯�<; � �� ¯; ª L ë �
é� 9 Õ 9 :=9 � ;Ê � ¯;   � * LOFYL�H & J � 5	� F

Exercise 5.9 (a)Theeffect of a concentrationdisturbancemustbereducedby a factorof L0COC
at the frequency CMF H rad/min.The disturbancesshouldbe dampenedby useof buffer tanks
andtheobjective is to minimizethetotal volume.How many tanksin seriesshouldonehave?
Whatis thetotal residencetime?

(b) Thefeedto adistillationcolumnhaslargevariationsin concentrationandtheuseof one
buffer tankis suggestedto dampenthese.Theeffectof thefeedconcentration

�
ontheproduct

compositionv is givenby (scaledvariables,time in minutes)R:�MS�U�V�*?>   . K"P U
Thatis,afterastepin

�
theoutput v will, afteraninitial delayof L min, increasein aramp-like

fashionandreachits maximumallowedvalue(which is L ) afteranotherP minutes.Feedback
controlshouldbeusedandthereisanadditionalmeasurementdelayof H minutes.Whatshould
betheresidencetime in thetank?

(c) Show thatin termsof minimizingthetotalvolumefor buffer tanksin series,it is optimal
to have buffer tanksof equalsize.

(d) Is thereany reasonto have buffer tanks in parallel (they must not be of equalsize
becausethenonemaysimply combinethem)?

(e) Whataboutparallelpipesin series(puredelay).Is thisa goodidea?

Solution.
(a) From(5.93)wemustrequire� @¿s�SBA � X V��I* LSDC2EsF� X V 1 � L * CGF CGL

Thisgives G sT* �� X	H L0COC 1 ° s � L
With � X * CGF H rad/minwefind � G sL ã COCã P(NGF ³OCP ã JMF ã C& ã & F COCH ã PGF C &Q ãzã F NOCJ ã PGFYL ãL�C ã & F H(N
andwefind that to minimize

G s weshouldhave6 tanksin serieswith a total residencetimeG s * ãÁã F N(C min. (In practice, we would prefer fewer tanksbecausethe numberof tanks
increasesthecost,andprobablyuseonly2 or at most3 tanks).

(b) Assumethetransferfunctionof thetankis@�S�U"V�* LGDI U � L
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. Thetotal delayin thefeedback loopis Jý* L � H * Q [min]. To makethesystemcontrollable,
weneed � R:�GSBA K JOV ¬ @�SBA K JOV��?È LOF
Thisleadsto

GDILK L�CGF P(N [min].
(c) Considerthecasewith two buffer tankswith total residencetime

GDI
. Let theresidence

timein oneof thetanksbe ñ . Then@ 1 S�U�V�* LS L � ñ­U"V[S L � S GDI � ñ­VAU"V * LL � GDI U � S GDI � ñ­V ñ�U 1
andthehigh-frequencyasymptotebecomes� @­1OSBA � V��", L�K �YS GDI � ñ�V ñ � 1 � which is minimized
by selectingñÎ* GDI K ã , that is, the tanksshouldbe of equalsizeto get thebestdisturbance
attentuationwith a given total volume. For � tanks in serieswe get the sameresult by
consideringthehigh-frequencyasymptote.

(d) It seemsno anysuch reasons.
(e) It certainlymaydampendisturbances,but probablytanksare better.

are alsousedin chemicalprocessesto dampen

Exercise 5.11 What information about a plant is important for controller design,and in
particular, in which frequency rangeis it importantto know themodelwell? To answerthis
problemyoumaythink aboutthefollowing sub-problems:

(a) Explainwhat informationabouttheplant is usedfor Ziegler-Nicholstuningof a SISO
PID-controller.

(b) Is the steady-stateplant gain RTS C V importantfor controller design?(As an example
considerthe plant RTS�U�V�* �.AB<M with � NO�ÉÈ L anddesigna P-controller )�S�U�V�*+)QP such
that � P * L0COC . How doesthecontrollerdesignandtheclosed-loopresponsedependon the
steady-stategain RTS C V�* L�K N ?)

Solution. (a) � � and � RTS � � V�� , that is, only informationat frequency© � is used.
(b) Asjustnotedthesteady-stateinformationis notneededfor Ziegler-Nicholstuning, and

it is generally not important for feedback design.This is illustrated by the examplewhere) P *úÊ � 1P � N 1 * Ê L�COC(COC � N 1 , L�COC for any valueof N�È L . Thusresponsehardly
effectedby N . Main effect is on steady-stateoffsetwhich is

�� BORTS ° M ,UN K )QP and mayvary
betweenC (for N�* C ) and CGF CGL (for NT* L ).
Exercise 5.13 A heatexchangeris usedto exchangeheatbetweentwo streams;acoolantwith
flowrate V ( L è L kg/s)is usedto coola hotstreamwith inlet temperature� X ( L�C(C è L�C"W C) to
theoutlet temperature� (which shouldbe QOC è L�C W C). Themeasurementdelayfor � is P s.
Themaindisturbanceis on � X . Thefollowing modelin termsof deviationvariablesis derived
from heatbalances� S�U�V�* ³S QOC U � L V[S L ã U � L V V?S�U�V � CGF Q S ã C U � L VS QOC U � L V[S L ã U � L V � X S�U�V (5.2)

where � and � X arein W C, V is in kg/s,andthe unit for time is seconds.Derive the scaled
model.Is theplantcontrollablewith feedbackcontrol?(Solution:Thedelayposesnoproblem
(performance),but the effect of the disturbanceis a bit too large at high frequencies(input
saturation),sotheplantis not controllable).
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Solution. Since � R:�GSBA � V�� ª L , especially � R:�?SBA �X V�� ª L , the delayposesno problem.But
inputconstraint does!Let vÅ* � KML0C , ~ *?V KML and

� * � X KwL�C , thenthescaledmodelis:vìS�U�V§* CGF ³S QOC U � L V[S L ã U � L V ~ S�U�V � CGF Q S ã C U � L VS Q(C U � L V[S L ã U � L V � S�U"V
So, � RQ� K � R:���Å* X[Z YX[Z Z Ê ® XAX � ¯ B � ª L , when � Õ Ê WYX[Z Y ° X[Z Z ] ¯   �1 X * CGF C &(& L , i.e. at high

frequenciesthe disturbanceis too large which will causeinput saturation. Thusthe plant
is not controllable.
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Exercise 6.1 To further illustratethe above arguments,determinethe sensitivity function d
for the plant (6.20) using a simple diagonalcontroller egfihj�k . Use the approximation>=l X jnmboqp J=r to show that at low frequenciesthe elementsof d�strDu are of magnitudevxw sty v�z|{ u . How largemust

v
beto haveacceptableperformance(lessthan10%offsetat low

frequencies)?What is thecorrespondingbandwidth?(Answer:Need
v4}�~=w�{

. Bandwidthis
equalto

v
.)

Solution. Using d�f1s�k z�� e|u�l*� and �=l�� j�m0o�p { r , it canbeobtainedthatd�f or z�v sty z�{"v u�� r z�v p vp v s o�p { rDu�r z�v��
Thusat low frequencies( r m?� ), theelementsof d all havethemagnitudeof

o w sty z4{"v u . (Notvxw sty v�zn{ u !) To maintain10%offsetat low frequencies,let
o w sty z�{"v u.� o w o�� . It leadstov�}n~=w�{

. Thebandwidthis obtainedby letting:� p v s o�p4� {�� u� ��z�v sty z�{"v u � f o"�
Thisgives

v���z�v���{=����� f ���xz�v�� sty z�{�v u � . Since
v�}n~=w�{

,
{"vq� y , i.e.

vx��{=� m sty z�{"v u � .
Thustheequationfor bandwidthcanbesimplifiedas

v � f � � , i.e. thebandwidthis equaltov
.

Exercise 6.3 Considertheplant � str�uTf ��� o�j�� � � � (6.25)

(a) Find thezeroandits outputdirection.
(b) Which valuesof � yield a RHP-zero,andwhich of thesevaluesis best/worst in termsof
achievableperformance?
(c) Suppose� f � �¡o . Which outputis themostdifficult to control?Illustrateyour conclusion
usingTheorem6.4.
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Solution. (a) ¸�f �¹�º p4o because«¥»�¼�½ � s¾¸3uTf o . Theoutputzero directionis obtainedfrom¿xÀÁ � s¾¸=u�f � . Thisgives¿ Á f1Â p � oÄÃÆÅ

.
(b) We havea RHP-zero for

� � � � o
. Bestfor � f �

with zero at infinity; if control at
steady-stateis requiredthenworst for � f o with zero at r­f � .
(c) Output y is mostdifficult sincethezero is mainlyin thatdirection;wegetstronginteraction
with ÇÈfÉy � in (6.24)if wewantto control ¿ � perfectly.

Exercise 6.5 Show that the disturbancecondition numbermay be interpretedas the ratio
betweentheactualinput for disturbancerejectionandthe input that would be neededif the
samedisturbancewasalignedwith the“best” plantdirection.

Solution. The actual input for disturbancerejection can be expressedas ÊËf p �²Ì�Í�ÎDÏ
.

If the samedisturbanceis aligned with the “best” plant direction, then
� Ì Í�Î fÑÐ©Ò�Ó"Ð ºÔ Õ¡Ö-×-Ø �

where Ø � is the singular vector correspondingto Ù�s � u . Thus the radio of input norm isÚ �²Ì�Í"Î Ú�Û Ù�s � u w Ú Í"Î Ú � which is equalto thedisturbanceconditionnumberin (6.31).

Exercise 6.7 Analyzeinput-outputcontrollability for� str�uTf or � z o��"� � �ÜÞÝ Ü � j�� � oj�� ÜÞÝ �j�� � o �
Computethezerosandpoles,plot theRGA asa functionof frequency, etc.

Solution. Thesystemhas6 poles: ß �xo�� , ß �xo�� , o and
o��"�

; 2 zeros:
p­à�� á�â=ã

and
à�� ä=â=ã

(RHP-
zero). Thediagonalelementsof theRGAare: å ��� fÉå ��� f1s o�p Ò�æ º Ò º æÒ�æ©æçÒ ºèº u�l*� andoff-diagonal
elementsof theRGAare: å � � fÉå � � f o�p å ��� . Theamplitudesof theseelementsare shown
asfunctionsof frequencyin Fig. 6.7(a).It is shownin thefigure that all elementsof theRGA
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Fig. 6.7(a)TheRGA of exercise6.7

havea peakabout6 at
� f o�� . Thesingularvaluesof thesystemare shownin Fig. 6.7(b).It

is shownthat thesvis lessthan1 at all frequencies.Thusit is difficult to control thisplant.
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Exercise 6.9 Letï f � p²o�� �� p²o �¬ðçñ fòk ðçó f � o��ôo"�¡oo�� � �¬ðçõ f � �ö��ôo �
(a) Performa controllabilityanalysisof

� strDu .
(b) Let ÷ø f ï ø z ñ Ê z�Ï andconsidera unit disturbance

Ï fUù©ú � ú ��û Å . Which direction
(valueof ¸ � w ¸ � ) givesa disturbancethat is mostdifficult to reject(considerbothRHP-zeros
andinputsaturation)?
(c) Discussdecentralizedcontrolof theplant.How would youpair thevariables?

Solution. (a) Thetransferfunctionmatrix is:� str�uTf � � Üj2� � Ü � Ý �j�� �� Üj2� � Ü o � �
Thesystemhastwo stablepoles:-10 and-1 andoneRHP-zero: ¸�f ���Bo . TheRGAmatrix is:«­ü.ªòf � � Ü Õ j�� � ×� Ü j l*� l*���� Ü j l*�l*���� Ü j l*� � Ü Õ j�� � ×� Ü j l*� � �
Thus,themagnitudesof theRGAelementsare large (about10) at low frequenciesandsmall
at high frequency(approximatingto a unit matrix).But theapproximationis at

�ý� o � ¸ ,
i.e. “outside” thebandwidthwhich is limited by theRHP-zero, ¸�f � �¡o .
(b) At steady-state,

� s � u|f � oio��¡oo o � and the mostdifficult output direction is Ê s � uÈfÂ p­��� þ ~ àg��� ã y áëÃ&Å . Let
Ï fÿÂ o v ÃÆÅ

. Then,
Í�Î s � u�f p ñ ï l*� Ï fÿÂ o z o"�¡o v oOÃ Å

. So,
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in themostdifficult direction,

Í�Î s � u w Ú Í�Î s � u Ú f8Ê s � u , i.e.
o z o"�¡o v f p­� � þ ~ à w ��� ã y á . This

gives
v f p²o"� ã"ã .

(c) At thesteadystate, «­ü.ª�s � u�f � p²o�� o"oo"o p²o�� � �
Thusthebestpairing for decentralizedcontrol is: ( ¿ � , Ê � ) and( ¿ � , Ê � ).
Exercise 6.11 Orderthefollowing threeplantsin termsof theirexpectedeaseof controllability� � strDuTf � o���� à"áo���� o���� �¬ð � � strDuTf � o��"� �=l j à"á �=l jo���� o��"� �¥ð � � str�uTf � o��"�ià"á �=l jo��"� o��"� �
Rememberto alsoconsiderthesensitivity to inputgainuncertainty.

Solution.
� � and

� � havethe sameRGAmatrix which is constantwith å ��� f å ��� f y �
and å � � f å � � f o�à

. Theselarge RGA valuesindicate both
� � and

� � are difficult to
be controlled. Additionally

� � has a delay in output 1 thus is worse than
� � . With the

approximationof � l j m o²p r the RGAof
� � can be expressedas: å ��� f å ��� f � Ü�Ü� ��� � j

and å ��� fÉå ��� f � � Õ j l-� ×� ��� � j . When
� m0o

thesystemis well-conditioned(theRGA
m k ). So

� �
is thebestone, then

� � and
� � is theworst.

Exercise 6.13 Analyzeinput-outputcontrollability for� str�uTf � o��"� o�� yo��"� o��"� � ð Í Î � str�uTf � � Üj2� �� Üj2� � ��� Í Î � f � �j2� �l*�j2� � �
Which disturbanceis theworst?

Solution. Thisis a ill-conditionedplant.TheRGA,å ��� f p¬á�� at all frequencies.DisturbanceÏ � is in thesamedirectionof Ê � , thusiseasytoberejected.Thedisturbanceconditionnumbers
for thetwo disturbancesare, � Î � f o�� ä y o�â and � Î � f�y � y � � o . Hence,

Ï � is more difficult to
berejectedthan

Ï � .
Exercise 6.15 Find thepolesandzerosandanalyzeinput-outputcontrollability for� strDu�f � � z s o w rDu o w ro w r � z s o w rDu �
(c is a constant;A misprintin thebookhasbeencorrected)

Remark. A similarmodelform is encounteredfor distillation columnscontrolledwith theõqñ -configuration.In which casethephysicalreasonfor themodelbeingsingularat steady-
stateis thatthesumof thetwo manipulatedinputsis fixedat steady-state,õ z ñ f
	 .

Solution. For thecomputationswe select� f o
. Theplant hastwo polesat rqf � andone

LHP-zero at r¬f � , e.g. considertherealization� str�uTf or � � � r z o oo � r z o �



¤-§2¢�§2¦ëª�¦�§�¶¥·.ì�§©·8¢�§2¢4¶íì3î�ì ¦�¯�¢4ì y á
Here

� strDu hasa zero at r f � sincethe matrix � � r z o oo � r z o � hasa zero for r�f � .
(alternatively, we mayhavea realizationwith only onepole at r�f � e.g.

ï f � (scalar),ñ f1Â o o-Ã ð�ó f � oo �¬ðçõ f?k )), but wethenhavenozero at r¬f � ). In anycase, theplant

is unstableandneedsto bestabilized.
Theplant is singularat steady-state(with infinite RGAandconditionnumber).This may

seemto indicatethat control is very difficult, but this is not the case. Thereasonis that the
singularity is causedby the largestsingularvaluebeinginfinite at steady-state, whereasthe
smallestsingularvalueis

� � � f o at r¥f � soit is non-zero (if thesmallestsingularvaluewas
zero at r¬f � thentight control at steady-statewouldbeimpossible).

In summary, acceptablecontrol for this plant is possibleprovided the bandwidth is
sufficientlyhigh (higherthanaboutfrequency

� � � ).
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Exercise 7.1 Supposethatthenominalmodelof a plantis� str�uTf or z o
andtheuncertaintyin themodelis parameterizedby multiplicativeuncertaintywith theweight��� strDu�f ���¡o y á r z ��� y ás ���Bo y á w ä u�r z o
Call theresultingset � . Now find theextremeparametervaluesin eachof theplants(a)-(g)
below sothateachplantbelongsto theset � . All parametersareassumedto bepositive.One
approachis to plot � � s � u�f � � l*� ��� pno � in (7.15)for each

���
(
��� ð �! , etc.)andadjustthe

parameterin questionuntil � � just touches
� � � s � � u � .

(a) Neglecteddelay:Find thelargest
{

for
��� f � �=l�� j (Answer:

� �¡o�â
).

(b) Neglectedlag: Find thelargest" for
�! f � �# j2� � (Answer:

���Bo�á
).

(c) Uncertainpole:Find therangeof $ for
��% f �j�� � (Answer:

� � ~
to
o"� â�â

).
(d) Uncertainpole(timeconstantform): Find therangeof & for

�¥Î f �Å j�� � (Answer:
� � ã

to
o"� á

).
(e)Neglectedresonance:Findtherangeof ' for

�!( f � �Õ j*),+ Ü × º � �*-ÞÕ j*),+ Ü × � � (Answer:
��� � y

to
� � ~

).

(f) Neglecteddynamics:Findthelargestinteger . for
�0/ f �21 �ÜÞÝ Ü � j�� �4365 (Answer:

o�â
).

(g) NeglectedRHP-zero:Find the largest " Á for
� Ò f � l #*7 j�� �# 7 j�� � (Answer:

� � �=ã
). These

resultsimply thata controlsystemwhichmeetsgivenstabilityandperformancerequirements
for all plantsin � , is alsoguaranteedto satisfythesamerequirementsfor theaboveplants

� �
,�! ð ����� ð � Ò .

(h) Repeattheabove with a new nominalplant
� f o w str pýo u (andwith everythingelse

thesameexcept
�¥Î f o w s8&¥r p�o u ). (Answer:Sameasabove).

Solution.
(a) � � s � uTf � o�p � l:9<; � � . When

{ f � �¡o�â � � s � u just touches
� ��� s � � u � .
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(b) � � s � uTf � 9,; #9<; # � � � . When"�f � �¡o�þ � � s � u just touches

� ��� s � � u � .
(c) � � s � u	f � ��l �9<; � � � . When

� � ~>= $ = o�� â�â � � s � u = � � � s � � u � .
(d) � � s � uTf � Õ ��l Å × 9<;9<; Å � � � . When

� � ã = & = o�� á � � s � u = � � � s � � u � .
(e) � � s � u f � Õ 9,; )?+ Ü × º � 9,; �*- )?+ ÜÕ 9<; ),+ Ü × º � 9<; �*- ),+ Ü � � � . When

� �¡o�ä = ' = á3� þ � � s � u = � ��� s � � u � . Note the

answergivenin thebookis not right. If
�0/ f � �Õ j@)?+ Ü × º � �*-ÞÕ j@) � Ü × � � , i.e. themiddleterm isy4'xstr w o�� u not y4'�str w ã�� u thantheanswergivenin thebookis right.

(f) � � s � uTf � 1 �9 ÜÞÝ Ü �A; � �B365 p�o � . When. = o�â � � s � u = � � � s � � u � .
(g) � � s � uTf � lC9 �@#*7 ;9 #*7 ; � � � . When" Á = ��� �=ã , � � s � u = � ��� s � � u � .
(h) If wechange

��% f �j l � then � � s � u ’s for all plants
� �

to
� Ò are thesameas(a) to (g).

Thustheansweris thesameasabove.

Exercise 7.3 Representthe gain uncertaintyin (7.43)asmultiplicative complex uncertainty
with nominalmodel

� f � Ü (ratherthan
� f2Dvx� Ü usedabove).

(a) Find � � andusetheRS-condition
Ú � � & ÚFE � o to find

vCGIH@JLK � . Notethatno iteration
is neededin thiscasesincethenominalmodelandthus &ýfM& Ü is independentof

v GIH@J
.

(b) Oneexpects
v GIH@J4K � to be even moreconservative than

v GIH@J4K � sincethis uncertainty
descriptionis not even tight when N is real. Show that this is indeedthe caseusing the
numericalvaluesfrom Example7.7.

Solution.
(a) Let

v4O=� f � s o�p ��� NQu , vLPRQ Â o ð v GIH@JBK � Ã and
� N � = o . Then

� o�p v GIH@JLK � � f Ú ��� N Ú E .
Thisleadsto

Ú ��� Ú E f v GIH@JLK � p�o , so
v GIH@JBK � f1s o w Ú & Ú E u z o .

(b) Numericallywe can get
Ú & Ü ÚFE f o�� ã�à

. So
vCGIH@JLK � f o"� á�þ

(no iteration neededin this
case).

Exercise 7.5 Also derive, from
� �TS d � z � ��� & � � o , thefollowing necessaryboundsfor RP

(whichmustbesatisfied)� U­� } � � S � pnoo�p � � � � ð s for
� �TS � } o and

� ��� � � o u� U­� � o�p � �TS �� � � � p�o ð s for
� � S � � o and

� � � � } o u
Hint: Use

� o z U¬� = o z � U¬�
.

Solution.
� � S d � z � � � & � � o!V � � S � z � � � U­� � � o z U­� = o z � U­�XW � � S � p o �� U¬� p � � � �"Ûx� U¬� f s o¬p � � � � u � U¬� . So,if

� � � � � o and
� � S � } o then

� U¬� }ZY []\^Y l*���l Y [X_`Y , andif� � O � � o and
� � � � } o then

� U­� � ��l Y [ \ YY [X_`Y l-� .

Exercise 7.7 Considera “true” plant� � strDuTf â �=l ÜÞÝ � jsty"r z o uÞs ���¡o r z o u �
(a) Derive andsketchtheadditive uncertaintyweightwhenthenominalmodelis

� str�u­fâ w sty"r z o u .
(b) Derive thecorrespondingrobuststabilitycondition.
(c) Apply thistestfor thecontroller e strDu�f vxw r andfind thevaluesof

v
thatyield stability.

Is thisconditiontight?
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Solution.
(a) Basedon a plot wefind that � l ÜÞÝ � j w s � �¡o r z o u � pýoQmí� � â r w s � �¡o r z o u and ��a strDu¥fÜÞÝ ��jÕB� j�� � ×tÕ ÜÞÝ � j�� � × .
(b) Using(7.12),theRScondition(7.34)canbederivedfrom(7.34):

� & � � � � � w � � a � .
(c)
U f � e f � hj ÕB� j2� � × and &Uf U w s o z U u²f � h� j º �Äj�� � h . So,

� & � � � � � w � ��a � leadsto� � h��Õ 9,; × º � 9<; � � h � � � 9 ÜÞÝ �A; � �9 ÜÞÝ � ; �
. Thisgives

vb= o
. Thisconditionis tight.

Exercise 7.9 Consideragainthe systemin Figure7.18.What kind of uncertaintymight ��c
and N c represent?

Solution. ��c may seemto representsomeadditive uncertainly, but actually it represents
inverse multiplicative (“pole”) uncertainty. (This may be seenby moving the point where
thesignalgoesto � c to just after theblock for � O ). (Also: By comparing� c in (7.68)with��de� in (7.89)it canbeseenthat f c mayrepresentrelativeerror on a timeconstantwhich is
nominally "Qf o .)
Exercise

Exercise 7.11 Parametric gain uncertainty. We showedin Example7.1 how to represent
scalarparametricgain uncertainty

�TO str�uTf v4O=� Ü strDu wherev GIg h =nv4O>=nv GIH@J
(7.1)

asmultiplicativeuncertainty
� O f � s o z � � N � u with nominalmodel

� str�u f Dvx� Ü str�u and
uncertaintyweight ��� fif h f�s v GIH@J p v GIg h u w s v GIH@J z v GIg h u . N � is here a real scalar,p²o = N � = o

. Alternatively, we can representgain uncertaintyas inversemultiplicative
uncertainty: � de�0j � O strDuTf � strDuÞs o z � dk� strDu*N de� u l*� � p²o = N dk� = o (7.2)

with ��dk� fMf h and
� strDu	f v d � wherev d fÉy vCGIg h�vCGIH@Jv GIH@J z�v GIg h (7.3)

(a) Derive(7.118)and(7.119).(Hint: Thegain variation in (7.117)canbewritten exactly
as
v4O f v d w s o�p f h NLu .)
(b) Showthat theform in (7.118)doesnotallow for

v4O f � .
(c) Discusswhy(b) maybea possibleadvantage.

Solution.
(a) Let

v O f v d s o z f h NLu�l*� . If õ �L�kl@$òf o
then

v O f vCGIg h
, and if õ �L�kl@$ýf p²o

thenv4O f v GIH@J . Solvingtheequations:v GIg h s o z f h uöf v d ðv GIH@J s o�p f h uöf v d ð
givesthat f h f vCGIH@J p vCGIg hvCGIH@J�z�vCGIg h ðv d f y v GIH@J v GIg hv GIH@J z�v GIg h �
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Inserting

v4O
into

�TO strDuTf v4O=� Ü strDu andletting ��� fMf h leadsto (7.118)and(7.119).
(b) Since

v dnmf � , v O f � implies
o z f h Nµfpo . But this is impossiblewhen

p²o = N = o .
Thus

v O f � is notallowed.
(c) Usually thegainCANNOT bezerophysically, sousinganuncertaintydescriptionwhere
this is not possiblemaybeanadvantage.However, notethattheinversegainform mayallow
for
v O

beinginfinite which is alsoimpossiblephysically.
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Exercise 8.1 Theuncertainplant in (8.7)mayberepresentedin theadditiveuncertaintyform� O f ��zz{ � N a { � where N a fM| is a singlescalarperturbation.Find

{ � and
{ � .

Solution. { � f � �p � �¥ð { � f8Â oöp²oÄÃ=�
Exercise 8.3 Obtain } in Figure 8.6for theuncertainplant in Figure 7.20(b).

Solution. } ��� f � � � � � �� � � ð } � � f � � � �� � �} � � f1Â2k � Ã ð } ��� f �
Exercise 8.5 Showin detailhow ~ in (8.29)is derived.

Solution. FromFigure8.7 it canbeobtainedthat:¿�� f { � Ê¸ f p { S ØØ f p � p � Ê p Ê �
So, �� ¿C�¸Ø

�� f �� � � { �{ S � { S { S �p � p k p � �� �� Ê �� Ê
�� �

Exercise 8.7 Derive � in (8.32)from ~ in (8.29)usingthelower LFT in (8.2).You will note
thatthealgebra is quitetedious,andthat it is much simplerto derive � directlyfromtheblock
diagramasdescribedabove.

Solution. � f ~ ��� z ~ � � e s�k p ~ ��� e|u l*� ~ � �



â y ¢�£¥¤x¦�§©¨	ª¬«­§2ª¬®�¤*¯�°	¯�¯�±²®�ª¬³�´µ³�¶¥·¥¦�«­¶.¤f � � �{ S � { S � z � { �{ S � � e s�k z�� e|u l*� Â p � p k Ãf � � �{ S � { S � z � p { � e|d � p { � ep { S � e|d � p { S � e|d �f � p { � e|d � p { � e|d{ S � s�k p e|d � u { S s�k p � e|dTu �
where d�f1s�k z�� e|u�l-� . Usingtheidentitiesk p � e|d�f?k p &?fÉdÈf8s�k z�� e|u�l*� , andk p e|d � f1s�k z e � u�l*� , it finally yieldsthedesiredmatrix � .

Exercise 8.9 Find ~ for theuncertainsystemin Figure 7.18.

Solution. ~0f �� p � c p � c p � c �� S � S � S �p k p k p � ��
Exercise 8.11 Find the interconnectionmatrix � for the uncertainsystemin Figure 7.18.
Whatis � ?

Solution. � f � p � c s�k z�� e|u�l*� p � c s�k z�� e|u�l*��TS s�k z�� e|u�l*� �TS s�k z�� e|u�l*� �
So, ��f
� ��� f p ��c s�k zn� e|u l-� .
Exercise 8.13 �pN -structure for combined input and output uncertainties. Considerthe
block diagram in Figure 8.8 where wehaveboth input andoutputmultiplicativeuncertainty
blocks.Thesetof possibleplantsis givenby� O f1s�k zz{ �*� N � { � � u � s�k zz{ � � N � { � � u (8.1)

where
Ú N � Ú�E = o

and
Ú N � ÚFE = o

. Collect theperturbationsinto N f����B»4���BN � ð N ���
andrearrange Figure 8.8 into the ��N -structure in Figure 8.3Showthat� f � { � � �� { � � � � p & � p e|dd � p & � � { � � �� { �*� � (8.2)

Solution. Since � f
~ ��� z ~ � � e s�k z�� e|u l*� ~ � � and ��f
� ��� , it yields:� f � � �{ � � { � � � z � { � �{ � � � � e s�k z�� e|u l*� Â p �0{ � � p { �*� Ãf � p { � � e s�k zn� e|u l-� �0{ � � p { � � e s�k zn� e|u l-� { � Ü{ � � � s�k z e � u l*� { � � p { � � � e s�k z�� e|u l*� { � Ü �f � { � � �� { � � � � p & � p e|dd � p & � � { � � �� { �*� �
Exercise 8.15 Considercombinedmultiplicative and inverse multiplicative uncertaintyat
the output,

�TO f s�k p N d � { d � u�l-�Ds�k z N � { � u � , where we chooseto norm-boundthe
combineduncertainty,

Ú Â,N d � N � Ã Ú E = o . Make a block diagramof theuncertainplant,
andderivea necessaryandsufficientconditionfor robuststability of theclosed-loopsystem.
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Fig. 8.15Combinedoutputuncertaintiesfor Exercise8.15

Solution. A block diagramof theuncertainplant is shown in Fig. 8.15.Fromthediagramit
canbeobtainedthat ��f � { d � d{ � & � �
Accordingto (8.64)theRSconditionis: Ú � Ú E � o��
Exercise 8.17 For � in (8.98)anda diagonal N showthat ¤�s¥� u�f � $ � z � ¦=� usingtheupper
bound¤�s¥��u =�§ �¡¼X¨ DÙ s õ � õ l*� u (which is exactin this casesince õ hastwo “blocks”).

Solution. Use õ f
���B»4��� Ï ð o � . Sinceõ � õ l*� is asingularmatrixwehavefrom (A.36) thatDÙ s õ � õ l*� uTf DÙ � $ Ï $�Î ¦ ¦ � fª© � $ � � z � Ï $ � � z � ¦ wDÏ � � z � ¦"� � (8.3)

which we want to minimize with respectto
Ï
. The solution is

Ï f © � $ � w � ¦=� which gives¤�s¥��u�f © � $ � � z y � $ ¦"� z � ¦"� � f � $ � z � ¦"� .
Exercise 8.19 Let $ ð ¦ ð � and

Ï
becomplex scalars.Showthat forN8f
���B»4���«| � ð | � � j ¤ � $ ¦ $ Ï¦ �¬� Ï � fM¤ � $ ¦ $ ¦� Ï � Ï � f � $ ¦=� z � � Ï � (8.4)

Doesthis holdwhen N is scalartimesidentity, or when N is full? (Answers: YesandNo).

Solution. Using(8.86),andletting ­Éf
���B»4���D�?9,® ð o � we canget� $ ¦ $ Ï¦ �¬� Ï�� ­Éf � $ ¦ �,9?®¬$ Ï¦ � �,9?® � Ï­�¬ð
which is singular. Thus¤ � $ ¦ $ Ï¦ �¯� Ï � f § »B°±w² s � $ ¦ $ Ï¦ �¬� Ï � ­.uf § »B°® � ³*´ s � $ ¦ � 9?® $ Ï¦ � � 9?® � Ï � u �f § »B°® � $ ¦ � 9?® z � Ï �f � $ ¦"� z � � Ï � �
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When N f
|�k , ­ÉfÉ�,9,®�k . Sotheabove resultis still right. But when N is full, ­ is ageneral

unitarymatrix. Hence � $ ¦ $ Ï¦ �¬� Ï � ­ maynot besingular. Sotheanswerfor the lastquestion

is NO.
Thesecondequalityhasbeenprovenin Example8.7.

Exercise 8.21 If (8.94) were true for any structure of N then it would imply ² s ï ñ u =DÙ�s ï u ² s ñ u . Showbya counterexamplethat this is not true.

Solution. Select

ï f � o �o�� o � , ñ f � oöo��� o � . Then ² s ï ñ u�f o�� y , DÙ�s ï uqf o��
, and² s ñ u	f o , so ² s ï ñ u } DÙ�s ï u ² s ñ u .

Exercise 8.23 Considertheplant
� str�u in (8.107)which is ill-conditionedwith �ës � u�f ã�� � ~

at all frequencies(but notethat the RGA-elementsof
�

are all about
� � á

). With an inverse-
basedcontroller e strDuLf ÜÞÝ +j � strDu l*� , compute¤ for RP with both diagonal and full-block
input uncertaintyusingtheweightsin (8.132).Thevalueof ¤ is much smallerin the former
case.

Solution. The ¤ curvesfor diagonalandfull-block input uncertaintyareshown in Fig. 8.23.
The valueof ¤ for diagonaluncertaintyis muchsmallerthan that of the casediscussedin
Section8.11.3.
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Fig. 8.23. µ curvesfor diagonalandfull uncertaintyin Exercise8.23

Exercise 8.25 Explainwhytheoptimal ¤ -valuewouldbethesameif in themodel(8.143)we
changedthetimeconstantof

ã�á
[min] to anothervalue. Notethat the ¤ -iteration itself would

beaffected.
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Solution. Theoptimal ¤ -curve asa functionof frequency is flat, i.e. theoptimal ¤ is almost
a constant( ¤ -value) over a wide rang of frequencies.In the model (8.143), the changeof
the time constantcanbe treatedasa frequency scalingchange,while theoptimal ¤ -valueis
independentof frequency. Thusit would bethesame.
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Exercise 9.1 Showthattheclosed-loopobjectives1 to 6 canbeapproximatedbytheopen-loop
objectives1 to 6 at thespecifiedfrequencyranges.

Solution.

1. When DÙTs � e|u � o
, d�f1s�k zÈ� e|u�l-� m s � e|u�l-� . Sotheclose-loopobjective1, makingDÙ stdTu small,canbeapproximatedby theopen-loopobjective 1, making DÙ s � e|u large.

2. When DÙTs � e|u�¹ o
, &òf � e s�k zQ� e|u l*� m � e . Sotheclosed-loopobjective2,makingDÙ s8&¥u small,canbeapproximatedby theopen-loopobjective 2, making DÙ�s � e|u small.

3. DÙ s � e|u � o W &?f � e s�k z�� e|u l*� m k . So DÙ s � e|u small
W DÙTs8&¥u m Ù s8&¥u m0o .

4. DÙ s � e|uº¹ o W e|d�f?e s�k z�� e|u�l-� m e . Thus, DÙ�s¾e|u small
W DÙTs¾e|dTu small.

5. See4.
6. DÙ s � e|uº¹ o W &?f � e s�k z�� e|u l*� m � e . Thus, DÙ s � e|u small

W DÙ�s8&¥u small.

Exercise 9.3 In Figure 9.5, a reference input f is introducedinto the LQG controller-
plant configuration and the controller is rearranged to illustrate its two degrees-of-freedom
structure. Showthat thetransferfunctionof thecontroller e strDu linking Â*f Å ¿ Å Ã Å to Ê ise strDuöf Â�e � strDu�e � strDu Ãf p e¼»"str�k p ï z ñ e¼» z e / ó u l*� Â ñ e / Ã z Â2k �ëÃ
If the LQG controller is stable, for which there is no guarantee, then e � strDu can be
implementedasa pre-filter and e � strDu asthefeedback controller. However, sincethedegrees
(numberofstates)of e � str�u ð e � strDu and e¾½�¿ Ö strDu arein general thesame, thereisanincrease
in complexity on implementinge � strDu and e � strDu separatelyandsothis is not recommended.

Solution. FromExercise9.2andFigure9.5,we have:÷Àø f ï Àø z ñ Ê z e / s ¿ p À¿ uÀ¿ f ó ÀøÀÊ f f p e » Àø
So, r Àø f ï Àø z ñ sÁf p e » u Àø p e / ó Àø z e / ¿ . This yieldsÀø f8str�k p ï z ñ e¼» z e / ó u l-� Â ñ e / Ã � f¿ � �
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Hence, Ê�f
f p e¼» Àø f?e � f¿ �¬ð
where e f p e » str�k p ï z ñ e » z e / ó u l-� Â ñ e / Ã z Âèk �TÃ"�
Exercise 9.5 For thecostfunction ÂÂÂÂÂÂ �� { � d{ � &{ � e|d

�� ÂÂÂÂÂÂ E (9.1)

formulate a standard problem, draw the correspondingcontrol configuration and give
expressionsfor thegeneralizedplant ~ .

Solution. Thecontrolconfigurationis shown in Fig.9.5.Fromthefigure,thegeneralizedplant
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Fig. 9.5Controlconfigurationfor Ó^ÔCÕ0Ô   Ó optimizationproblem~ canbederivedas: ~ ��� f �� { ��� �� ð ~ � � f �� p { � �{ � �{ � �� ð~ � � fòk ð ~ ��� f p � �
Exercise 9.7 Designan Ö E loop-shapingcontroller for the disturbanceprocessin (9.75)
usingtheweight

{ � in (9.76),i.e. generateplotscorrespondingto thosein Figure9.18.Next,
repeatthe designwith

{ � fËy�str z â u w r (which resultsin an initial
� j which would yield

closed-loopinstability with e % f o
). Computethe gain and phasemargins and compare
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thedisturbanceandreferenceresponses.In bothcasesfind

� %
anduse(2.37)to computethe

maximumdelaythat canbetoleratedin theplantbefore instabilityarises.

Solution. The loop shapes,disturbanceresponseandreferenceresponseof thesystemusing
the Ö E loop-shapingcontrollerdesignedwith

{ � f0y str z â u w r areshown in Fig. 9.7. It is
shown thattheinitial

� j would yield closed-loopinstability with e % f o (dashed-line).The
gainmargin of thisdesignis y � à=á , phasemargin is

ä�äx� y`× . �I% f o�á�� ~ rad/s.Thusthemaximum
delayis PM

w�� % f ��� ��ä=à s whichcanbetoleratedin theplantbeforeinstability.
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Fig. 9.7Loopshapingdesignfor Exercise9.7

Exercise 9.9 Showthat theHanusformof theweight
{ � in (9.109)simplifiesto (9.109)when

there is nosaturation i.e. whenÊ � fòÊ .

Solution. Let Ê�f � � Ê j zn� � Ê � , where� � sf �
ï [ p ñ [ õ l*�[ ó [ �ó [ õ [ � f õ [� � sf �
ï [ p ñ [ õ l*�[ ó [ ñ [ õ l*�[ó [ � �

If Ê � f?Ê , then Ê f8s�k p � � u�l*� � � Ê j . We have,k p � � sf �
ï [ p ñ [ õ l-�[ ó [ p ñ [ õ l-�[ó [ k �
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and(see(4.27)) s�k p � � u l-� sf �

ï [ p ñ [ õ l*�[p ó [ k �
Thus, s�k p � � u l-� � � sf �

ï [ p ñ [ õ l*�[ õ [p ó [ õ [ � f sf �
ï [ ñ [ó [ õ [ �
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Exercise 10.1 Conventional cascade control. With referenceto the special(but common)
caseof conventionalcascadecontrol shownin Figure 10.4,? concludethat theuseof extra
measurementsis usefulunderthefollowingcircumstances:

(a) Thedisturbance
Ï � is significantand

� � is non-minimumphase.
(b) The plant

� � has considerable uncertaintyassociatedwith it – e.g. a poorly known
nonlinearbehaviour– andtheinner loop servesto removetheuncertainty.

In termsof designthey recommendedthat e � is first designedto minimizethe effect of
Ï �

on ¿ � (with e � f � ) and then e � is designedto minimizethe effect of
Ï � on ¿ � . We want

to deriveconclusions(a) and (b) froman input-outputcontrollability analysis,andalso, (c)
explain whywemaychooseto usecascadecontrol if wewant to usesimplecontrollers (even
with

Ï � f � ).
Outline of solution: (a) Note that if

� � is minimum phase, then the input-output
controllability of

� � and
� � � � are in theory the same, and for rejecting

Ï � there is no
fundamentaladvantage in measuring¿ � rather than ¿ � . (b) The inner loop

U � f � � e �
removes the uncertaintyif it is sufficiently fast (high gain feedback) and yields a transfer
function s�k z U � u l*� U � closeto k at frequencieswhere e � is active. (c) In mostcases,such as
whenPID controllers are used,thepractical bandwidthis limitedby thefrequency��c where
thephaseof theplant is

p²o ~ � × (seesection5.12),soan inner cascadeloop mayyield faster
control (for rejecting

Ï � andtracking f � ) if thephaseof
� � is lessthanthatof

� � � � .
Solution. Seetheabove outlineof solution.

Exercise 10.3 Draw the block diagramsfor the two centralized (parallel) implementations
correspondingto Figure 10.3(in thebook).

Solution. SeeFigure10.3(in thissolutionmanual)

Exercise 10.5 Process control application. A practical caseof a control systemlike theone
in Figure 10.5 is in the useof a pre-heaterto keepthe reactor temperature ¿ � at a given
value f � . In thiscase¿ � maybetheoutlettemperature fromthepre-heater, Ê � thebypassflow
(which shouldbe resetto f � , say

o��
% of the total flow), and Ê � theflow of heatingmedium

(steam).Make a processflowsheetwith instrumentationlines (not a block diagram) for this
heater/reactorprocess.
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Fig. 10.3Centralizedimplementations

Solution. SeeFig. 10.5.
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Fig. 10.5.Flowsheetfor heater-reactorprocess.

Exercise 10.7 Assumethat the
äbß4ä

matrix in (A.82)representsthesteady-statemodelof a
plant.Showthat y � of the y ä possiblepairingscanbeeliminatedby requiringDIC.

Solution. Applying (10.57)to (A.82), wheretheRGA is:

à s ï � uTf �áá� þ��Bo�þ p­� � þ�à p¬ã�� à�ä â � ä ~p²o�� ã�ã � �¡o�� â �¡o�þ p­� � ä=àp­þ�� þ�� o"� ã�â ~ � á"á p y � þ"àâ�� y o p­� �¡oÞä p y � ã"ã � � ã��
� ââ�

it can be seenthat outputs1 and 4 can only be pairedwith inputs 1 and 4 in 2 possible
combinations,andthatoutput2 and3 canonly bepairedwith inputs2 and3 alsoin 2 possible
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combinations.Thusonly 4 pairingsgive positive RGA requiredby DIC andother20 pairings
canbeeliminated.
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Exercise 11.1 Thesteady-stategain of a full order balancedsystems ï ðçñqð�ó¥ðçõ u is õ pó ï l-� ñ . Show, by algebraic manipulation,that this is also equal to õ » p ó » ï l-�» ñ » , the
steady-stategainof thebalancedresidualizationgivenby (11.7)–(11.10).

Solution. Using(A.8) andnoting ä in (A.8) is equalto

ï » in (11.7),we haveõ p ó ï l-� ñf õ p Â ó � ó � Ã �
ï l-�» p ï l*�» ï � � ï l*����p ï l*���� ï � � ï l-�» ï l-���� z ï l-���� ï � � ï l*�» ï � � ï l-���� � � ñ �ñ � �f õ p Â ó » ï l*�» ó � ï l*���� p ó » ï l*�» ï � � ï l-���� Ã � ñ �ñ � �f õ p ó � ï l-���� ñ � p ó » ï l-�» s ñ � p ï � � ï l-���� ñ � uf õ » p ó » ï l*�» ñ »

Exercise 11.3 Is Theorem 11.3 true, if we replace balanced truncation by balanced
residualization?

Solution. Yes, it is still true. Balancedtruncationand balancedresidualizationare related
by the bilinear transformationrªå r"l-� . If sA��strDu ð �8str�u�u is a normalizedleft-coprime
factorizationof

� str�u then sA��str"l*�çu ð � str"l-��u is a normalizedleft-coprime factorization
of
� str"l*��u . Applying Theorem11.3 to sA��str"l*��u ð �8str"l*��u is equivalent to using balanced

residualizationwith sA��strDu ð �8strDu�u .
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Exercise 12.1 Repeatthe ¤ -optimaldesignbasedon õ e -iterationin Section8.12.4usingthe
model(12.19).

Solution. Apply theMATLAB programgivenin Table8.2 to
�

in (12.9).After 10 iterations,
the resultingcontrollerwith 25 states(denotede � Ü in the following) givesa peak-valueof� � ~�~ ä3ã

(seeFig. 12.1(a)).Thefinal -curvesfor RS,NPandRPwith controller e � Ü areshown
in Fig. 12.1(b).It is shown that all requirementsarewell satisfied.The time responseof ¿ �
and ¿ � to a filteredsetpointchangein ¿ � , f � f o w s á r z o u is shown in Fig. 12.1(c).bothfor
thenominalcase(solid line) andfor 20%input gainuncertainty(dashedline)
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Fig. 12.1(a).Changein during è   -iteration.
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Fig. 12.1(c).Setpointresponsefor -“optimal” controller   Æ*é . Solid line: nominal
plant.Dashedline: “worst-case”plant.


