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CLASSICAL FEEDBACK
CONTROL

Exercise 2.1 Use(2.31)to computek,, and P, for theprocessn (2.27).

Note:

3(—2s+1)

(5s+ 1)(10s + 1) | (2.27)

G(s) =

Ky =1/|G(jwy)|, Pu=2m/w, (2.31)
wherew,, is definedby ZG(jw,) = —180°.
Solution. Accordingto (2.27),thefollowing equationcanbe obtained:
LG (jwy) = tan™' (—2w,) — tan™* (5w,,) — tan™*(10w,) = —180°
Hence,
tan(180° + tan~ ' (—2w,,)) = tan(tan' (5w,) + tan' (10w,))

leadsto
5wy + 10wy,

—2w, =
R T %
which givesthe solutionof

V17

“Yu =0
and

X _ [(1 425 x 17/100)(1 + 100 x 17/100)
“T GGy 9(1 + 4 x 17/100)

=15.23

=25
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Exercise 2.3 Derive the approximationfor K,, = 1/|G(jw,)| givenin (5.73)for a
first-order delaysystem.

Note:A first-orderdelaysystemcanberepresentetly G(s) = ke=%%/(1+7s), and

. 2.6
Gjwa)| ~ =k (5.73)

T

Solution. Assumer > 6. Then £(1 + jw,7)™! ~ —6w, =~ =/2. Hence,
wy & (7/2)/6 and
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INTRODUCTION TO
MULTIVARIABLE CONTROL

Exercise 3.1 Derivethe cascadeandfeedbak rules.
Solution.

Casecaderule As shavn in Fig. 3.1(a),let the signalfrom G to G» be z, then
z = Gz andz = G1u, thus,z = G2G1u = Gu, i.e.G = G1Gs.

Feedback rule As shown in Fig.3.1(b),wehave,v = u+ 2 = u+ Gay = u +
G2G1v, o1, (I-G2G1)v = u. Let L = G2G1, wecanobtainy = (I—- L) u.

Exercise 3.3 Usethe MIMO rule to showthat (2.18) correspondso the negative feedbak
systenin Figure 2.4.

Solution. In Fig. 2.4,from pointy theloop transferfunctionis K G andexiting the
loop givesthe term (I + KG)~!. Therefore the transferfunction from r to y is
KG(I+ KG)™ = (I + KG)™'KG, fromdtoyis (I + KG)~'G4 andfrom
ntoyis —(I + KG)"'KG. So(2.18)representshe negative feedbacksystemin
Fig. 2.4.

Exer cise 3.5 Computehe spectal radiusandthefivematrixnormsmentionedbovefor the
matricesin (3.27)and(3.30).

Solution.
Matrix (3.27):
G = [g ;1]

p(G1) = 7.2749
IGills = 7.3485
IGillsum = 14
IGilla = 8
IGilliw = 9

IGalliz = 7.3434
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Matrix (3.30):

0 100
¢ = o %]
p(G) = 0
IGIlFr = [Gllsum = IGllia = [|Glli2 = ||Gllico = 100

Exer cise 3.7 Designa SVD-contoller K = W1 KW for thedistillation processn (3.82),
i.e.selectiv; = V andW, = U” whee U andV are givenin (3.46).Selectk, in theform

K. — c 75i+1 0
s 0 Ca 75‘1+1
andtry thefollowing values:

(a) c1 = ¢z = 0.005;
(b) ¢1 =0.005, c2 = 0.05;
(¢) e1 =0.7/197 = 0.0036, c2 = 0.7/1.39 = 0.504.

Simulatethe closed-looprefeenceresponseavith and without uncertainty Designs(a) and
(b) shouldbe robust. Whidch hasthe bestperformanceDesign(c) shouldgive the response
in Figure 3.12.1n the simulations,include high-omer plant dynamicsby replacingG(s) by

o 028 003715 G(s). Whatis the conditionnumberof the contoller in the three casesDiscuss
i1e results (Seealsothe conclusionon page 244).

Solution. The simulationresultsof designs(a) and (b) areshown in the following
figures.

25 4 250

o 10 20 30 40 50 60 70 80 90 100 o 10 20 30 40 50 60 70 80 90 100
TIME (min) TIME (min)

(a) Design(a) (b) Design(b)

Design(b) is the bestif we wanta fastsettlingtime. By increasinge, we increase
theloop gainin theweakdirection.

The condition numberof the controller: Design (a), v(K) = 1; Design (b),
~v(K) = 10 andDesign(c), y(K) = 197/1.39 = 128.777.
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Exercise 3.9 Consideragain the distillation processG(s) in (3.82). The responsaising
the inverse-basedccontoller K, in (3.84) wasfoundto be sensitiveto input gain errors.
We want to seeif the contoller can be modifiedto yield a more robust systemby using
the Glover-McFarlane 1, loop-shapingprocedue. To this effect, let the shapedplant be
Gs = GKiny, i.e. W1 = Kiny, and designan H contoller K, for the shapedplant
(seepage 382 and Chapter9), sud that the overall contoller becomeK = Kin, K. (You
will find that vy,,:» = 1.414 which indicatesgoodrobustnesswith respecto coprimefactor
uncertainty but theloop shapeis almostunchanged andthe systenremainssensitiveto input
uncertainty)

Solution. Thefollowing MATLAB script couldbe usedto do this exercise
G0 = [87.8 -86.4; 108.2 -109.6];

dyn = nd2sys(1,[75 1]); Dyn = daug(dyn, dyn);

G = mmul t (Dyn, Q0);

% | nver se-based controller

dynk = nd2sys([75 1],[1 1.e-6],0.7);
Dynk = daug(dynk, dynk);
Ki nv = mmul t (Dynk, mi nv(Q0));

% Try to robustify with respect to coprine uncerainty
G = mult(G Kinv);

[a, b, c, d] =unpck(Gs);

ganrel =1. 1;

% gamm n=1. 4142:

[ Ac, Bc, Cc, Dc, ganmi n] =coprim(a, b, c,d, ganrel);

% Change from positive to negative feedback:
Ks=pck( Ac, - Bc, Cc, - Dc) ;

K = mmul t (Ki nv, Ks);

% TI ME simulation

% Nomi nal

K =mult(GK); I2=eye(2); S = mnv(mdd(l2, &K));
T = msub(12,9);

kr=nd2sys(1,[5 1]); Kr=daug(kr,kr); Tr = mult(T,Kr);
y = trsp(Tr,[1;0],100,.1);

u =trsp(mult(K S Kr),[1;0],100,.1);

% Wth 20% uncertainty

Unc =[1.20; 00.8]; GKu = mult(G Unc, K);

Su = minv(madd(l2, GKu)); Tu = msub(l2, Su);

Tru = mmul t (Tu, Kr);

yu = trsp(Tru,[1;0], 100,.1);

uu = trsp(mul t (K, Su, Kr),[1;0], 100, .1);

subpl ot (211); vplot(y,yu,’ --");title(’ QUTPUTS )
subpl ot (212) ; vpl ot (u,uu,’--");title(’ I NPUTS );

x|l abel (" TIME (mn)');
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Exercise 3.11 Cascade implementation. ConsiderfurtherExample3.16.Thelocal feedback
basedon y. is oftenimplementedn a cascadenanner;seealsoFigure10.4.In this casethe
outputfrom K; entersinto K» andit may be viewed asareferencesignalfor y». Derive the
generalizedontroller K andthe generalizeglant P in this case.

Solution. Thecasecadstructue is shownasfollows.

d
y
Ky
+
+ + Y2yt
USSR -0 K Ky LU R »o— G LIS

Sinceu = K2K1Krr—K2K1y1—K2yg+Kdd,WegetK = [KQKlKT —KyKi —-K2 Kd].

Also,wecanget

Thus,

-
T
Al
Y2
d

P =

G
0
G
0
I

G
0
Gi1
0
I

—I

I
0
0
0

G1G,
0
G1G2
G2
0

—I G1G2

I

0
0
0

0

G1G»

G2
0

Exercise 3.13 Mixed sensitivity. Usethe above procedurgP. 107)to derive the generalized
plant P for thestacled NV in (3.94).

Solution. In (3.94),

N =

W.KS

WrT
WpS
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1. LetK =0in N, weget,

Wpel
2. From
N — Py
, weget,
W.KS W.K(I + GK)™!
Q=N-P = WrT = | WrGK(I +GK)™!
Wp(S —1I) —-WpGK(I+ GH)™!

Thecommorfactoris R = K(I + GK) '. Thus,G22 = —G.
3. SinceQ = P12 RP»1, wehave

Wy
Py = wWrG |,
—WpG
anszl =1.
Asconclusionweget,
0 W
p= 0 WrG
T | Wpl —WpG
I -G

Exercise 3.15 Considerthe performancespecification||wp S|« < 1. Suggesta rational
transferfunction weight wp (s) and sketchit asa function of frequeng for the following
two cases:

1. We desireno steady-stateffset, a bandwidthbetterthan 1 rad/sand a resonancepeak
(worstamplificationcausedy feedback)owerthan1.5.

2. We desirelessthan 1% steady-stateffset, lessthan10% error up to frequeny 3 rad/s,a
bandwidthbetterthan 10 rad/s,anda resonancgeaklower than2. Hint: See(2.72)and
(2.73).

Solution. wp; = £t55, andwpy = %(st_ﬁéﬁ Commentin thelatter casewerequire that

the magnitudeshouldincreaseby a factor 10 whenthe frequencyincreasesy approximately

afactor10'/2 (from3rad/sto 10rad/s).

Exercise 3.17 What is the relationshipbetweenthe RGA-matrix and uncertaintyin the
individual elements®lustratethis for perturbationsn the 1, 1-elementof the matrix

10 9
A= [ 0 8] (3.114)

. —80 81 .
Solution. RGA(A) = 81 —s0l RGA-matrixhas 1,1-elemenbf -80, so G becomes

singularif 1,1-elemenis perturbedfrom10to 10(1+1/80)=10.125.
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Exercise 3.19 Compute||A||s1, 5(A) = || Alls2, || Allico, |4l 7, || A|max @and||A]|sum for the
following matricesandtalulateyour results:

10 11 11 10
Adv=1 A2_[0 0]’A3_[1 1]’A4_[0 0]"45_[1 0]

Shaw usingtheabore matricesthatthefollowing boundsaretight (i.e. we may have equality)
for 2 x 2 matricem = 2):

a(A) < ||Allr < vma(A)
[Allmax < &(A) < m||Allmax
Alli/vm < 3(A) < Vm||Allix
[ Allico /v/m < 6(A) < v/m||Allice
1Al < [|Allsum

Solution. Theresulttableis asfollows:

A Al [[Allie [ Allicc [1Alle [[Allmax ([ Allsum
10

01 1 1 1 14142 1 2
10

0 0 1 1 1 1 1 1
11

I 2 2 2 1 4
1 1]

0 0 1 14142 2 14142 1 2
} 8 2 14142 1 14142 1 2

Fromthetable theabove boundscanbe cheded (omitted).

Exercise 3.21 Do the extreme singularvaluesboundthe magnitudesf the elementsof a
matrix?Thatis, is (A) greaterthanthelargestelement(in magnitude)andis o(A) smaller
than the smallestelement?For a non-singularmatrix, how is o(A) relatedto the largest
elementn A~1?

Solution. Theanswerfor the first questionis “yes”, becausd|A||max < a(A). Butfor the
secondjuestiontheansweris “no”. For a non-singulamatrix,a(A) is smallerthaninverse
of thelargestelemenin A=*, becauser(A) = 1/5(A™") < 1/||A7 || max-

Exercise 3.23 Find two matricesA andB suchthatp(A + B) > p(A) + p(B) which proves
thatthe spectrakadiusdoesnot satisfythetriangleinequalityandis thusnotanorm.

Solution. Let A = [1 1],andB = [

0 1
p(A) +p(B) = 2.

10

1 1].p(A) =p(B)=1,butp(A+ B) =3 >
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Exercise 3.25 Write K asanLFT of T = GK(I + GK)™!,i.e.find J suchthat K =
F(J,T).

Solution. T = GK (I + GK)™! givesT asan LFT of K, but wewantthe inverse e get
K=G'T(I-T)"",so
g [0 G_l]

I 1

Exercise 3.27 Shav that the set of all stabilizing controllersin (4.91) can be written as
K = Fi(J,Q) andfind J.

Solution. In (4.91),K = (V;» — QNy) Y (U, + QM;).

K = (V, —QN) "(Ur + QM)
= VWU + (Vs —QN)T'Q(M, + NV;TUL)
= V., 'U+ Vi (= QNVHTIQM + NVTHUR)
VU + VU - NVTIQ)TH (M + NV,

e get

-1 -1
3 V. Ur V;

T| M+ NVU, NV
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ELEMENTS OF LINEAR
SYSTEM THEORY

Exercise 4.1 We wantto find the normalizedcoprimefactorizationfor the scalarsystemin
(4.22).Let N and M beasgivenin (4.23),andsubstitutetheminto (4.24). Shav that after
somealgebraandcomparingof termsoneobtains:k = +0.71, k1 = 5.67 andk. = 8.6.

Solution. SinceM ™ (s) = M(—s), (4.24)canbewrittenas M (—s)M (s) + N(—s)N(s) =
1. Thus:
k%(2s* — 30s% + 148)
st — (k2 — 2ko)s2 + k2
By comparingthe termsof the denominatoiand numeator, it canbe obtainedthat:

=1

2%* =1 = k=401,
148k = ks = ky = 8.60,
30k =k —2ks = ki =5.67.

Exercise 4.3 Considera SISOsystemG(s) = C(sI — A)~! B 4 D with justonestatej.e. A
is ascalar Find thezeros.DoesG(s) have ary zerosfor D = 0?

Solution. Zematz = A — (CB)/D. WhenD — 0 thezeio movesto infinity, i.e. nozeo.

Exercise 4.5 Giveny(s) = G(s)u(s), with G(s) = }:Lz, determinea state-spaceealization
of G(s) andthenfind the zerosof G(s) usingthe generalizectigervalue problem.Whatis
thetransferfunctionfrom u(s) to z(s), thesinglestateof G(s), andwhatarethe zerosof this

transferfunction?

Solution. A state-spaceealizationof G(s) is

T = —xr+4+2u
» Y = T —u,
and

re=["1" 1]
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Thus,zeo at s = 1. Fromu(s) to z(s), thepolynomialsystenmatrix is:

_|s+1 =2
P(S) - [ 1 0 :| )
and the correspondingtransferfunctionis G(s) = ¢f5. Thus,there are no zewos in this

transferfunction.

Exercise 4.7 For whatvaluesof ¢; doesthefollowing planthave RHP-zeros?

[0 o _ _ 10 ¢ _[o o
A‘[o —1}’ B=1, C_[lo 0}’ D‘[o 1} (4.1)
Solution.
s—10 0 -1 0

0 s+1 0 -1
10 c1 0 0
10 0 0 1

If s = ¢1 —1, thesumof the2ndand4throwsof P(s) is equalto the3rd row Thusz = ¢; — 1.
SotheplanthasRHP-zeoif ¢ > 1.

P(s) =

Exercise 4.9 Use(A.7) to shav that M (s) in (4.82)is identicalto the block transferfunction
matriximplied by (4.80)and(4.81).

Solution. Using(A.7) M canbederivedfrom(4.82)as:

M= [—IG II(]
_ [I+EKEX7'(-G) -KXx7!
G

SinceX = I+ GK andnoting(I+GK)™'G = GI+KG) 'andI-KG(I+KG)™! =
(I+KG)™,

M = [I—K(I+GK)*1G _K(IJFGK),I]

(I+GK)'G (I+GK)™!

B (I+KG)™' —K(I+GK)™!
- [G(I+KG)*1 (I+GK)™! ]

Thisis theblodk transferfunctionmatrix impliedby (4.80)and(4.81).

Exercise 4.11 Giventhecomplementargensitvity functions

2s+1
s24+0.8s+1

—2s5+1

T, (s) = _—2s+1
1(5) 52+ 085+ 1

TQ(S) =

whatcanyou sayaboutpossibleRHP-polesor RHP-zerosn the correspondindoop transfer
functions,L; (s) andL2(s)?
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Solution. Assumeinternal stability. Then L; has a RHP-poleand L, has a RHP-zeo.
ComputeS = 1 — T. L; is unstablewith poleat s = 1.2 (closeto bandwidth)and L2
hasRHP-zeo at s = 0.5 (alsocloseto bandwidth).

Exercise 4.13 Shav thatthe IMC-structurein Figure4.5is internally unstableif either@ or
G is unstable.

Solution. In Figure 4.5, it canbe derivedthatu = K(r — y) whee K = (I — QG)™'Q,
i.e. equation(4.89).Thus,Q = K(I + GK)~'. Accodingto Lemma4.6if either@ or G is
unstablethenthe IMC systenis internally unstable

Exercise 4.15 Given a stable controller K. What set of plantscan be stabilized by this
controller?(Hint: interchangéherolesof plantandcontroller)

Solution. Thesetof the plantscanbe parameterizeds:

G=(I-QK)'Q=Q(I-KQ),

wheee “parameter” Q) is anystabletransferfunctionmatrix.
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LIMITATIONS ON
PERFORMANCE IN SISO
SYSTEMS

Exercise 5.1 Kalman inequality The Kalmaninequalityfor optimal statefeedbackwhich
alsoappliesto unstableplants,saysthat|S| < 1 Vw, seeExample9.1. Explainwhy this does
not conflictwith the above sensitvity integrals.

Solution. 1. Optimal contiol with statefeedbak yieldsa loop transferfunctionwith a pole-
zeo excesf oneso(5.6) doesnotapply
2. Thee are no RHP-zeoswhenall statesare measued so(5.9) doesnot apply:

Exercise 5.3 Considetheweightwp (s) = 4 + (%)n whichrequires S| to have aslopeof
n atlow frequenciesindrequiresits low-frequeng asymptoteo crossl atafrequeny wp.
Notethatn = 1 yieldstheweight(5.32)with A = 0. Derive anupperboundonwy whenthe
planthasa RHP-zeraat z. Shav thattheboundbecomesvy < |z| asn — oco.

Solution. Whenz > 0 is real, from|wp(z)| < 1 wehave:
wh < 2(1—1/M)M™,
Whenz is imaginary, weget:
. 2| (1- 2=)""  n=2%k-1,k=1,2,...
e { 121 (1 - %)1/" n=2%k=1,2,...
In all thesecaseswy < |2| asn — 0.

Exercise 5.5 Considerthe caseof a plant with a RHP-zerowhere we want to limit the
sensitvity functionover somefrequeng range.To this effect let

(1000s/wp + ) (s/(Mwy) + 1)

(10s/w} +1)(100s/wyp + 1) (5-1)

wp(s) =

Thisweightis equalto 1/M atlow andhighfrequencieshasamaximumvalueof aboutl0/M
at intermediatefrequenciesand the asymptotecrossesl at frequenciesv: /1000 andwp.
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Thuswe require“tight” control,|S| < 1, in thefrequeng rangebetweerwy;, = wx /1000
andwpy = wp.

a) Make a sketchof 1/|wp| (which providesanupperboundon |S|).

b) Shav thatthe RHP-zerccannotbein thefrequeng rangewherewe requiretight control,
andthatwe canachieve tight controleitherat frequenciedbelor aboutz/2 (theusualcase)or
above about2z. To seethisselectM = 2 andevaluatewp (z) for variousvaluesof wp = kz,
e.g.k = .1,.5,1, 10,100, 1000, 2000, 10000. (You will find thatwp(z) = 0.95 (= 1) for
k = 0.5 (correspondingo therequirementvz ; < z/2) andfor k& = 2000 (correspondingo
therequirementwp;, > 22))

Solution. a)Theasymptoticmagnitude Bode-plotis shownas follows: b) In the above plot

10

LwWp(w)]
P
o

1

|

|

|

|

|

|

|

|

|

|

|

|

|

1 1
whb/1000 wb/100 wb/10 wb
Frequency (rad/s)

10"

Figurefor exercise5.5

betweemvy /1000 andwp 1/wp(w) < 1. Henceto satisfythe condition|wp (z)| < 1, z
cannotbein thefrequencyange fromw3 /1000 to wp whee werequire tight control.
Thevaluesof wp(z) viak = wg /z for M = 2 are shownin thefollowing table:

k  wp(z)
0.1 0.59350
0.5 0.94788
1.0 1.3508

10.0 4.7966
100.0 4.7966

1000.0 1.3508
2000.0 0.94788
10000.0 0.59350
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Exercise 5.7 Derive theboundin (5.47).

i — [l1n2 1 * lp|Mp _ _

Exercise 5.9 (a) The effect of a concentratiordisturbancenustbe reducedy afactorof 100
at the frequeng 0.5 rad/min. The disturbanceshouldbe dampenedy useof buffer tanks
andthe objective is to minimize thetotal volume.How mary tanksin seriesshouldonehave?
Whatis thetotal residencdéime?

(b) Thefeedto adistillation columnhaslargevariationsin concentratiorandtheuseof one
buffer tankis suggestetb damperthese Theeffect of thefeedconcentratiorl ontheproduct
compositiony is givenby (scaledvariablestime in minutes)

Ga(s)=¢"°/3s

Thatis, afterastepin d theoutputy will, afteraninitial delayof 1 min, increasén aramp-like
fashionandreachits maximumallowedvalue(whichis 1) afteranother3 minutes.Feedback
controlshouldbeusedandthereis anadditionalmeasuremertelayof 5 minutes Whatshould
betheresidencéime in thetank?

(c) Shaw thatin termsof minimizing thetotal volumefor buffer tanksin seriesijt is optimal
to have buffer tanksof equalsize.

(d) Is thereary reasonto have buffer tanksin parallel (they must not be of equalsize
becaus¢henonemaysimply combinethem)?

(e) Whataboutparallelpipesin serieg(puredelay).ls thisagoodidea?

Solution.
(a) From(5.93)wemustrequire
. 1
|hn (jwo)| = i 0.01
Thisgives
o= /1007 1
(0]
With wo = 0.5 rad/minwefind
n Tn
1 200
2 39.80
3 27.20
4  24.00
5 23.04
6 2290
7 2312
10 24.59

and we find that to minimizer,, we shouldhave®6 tanksin serieswith a total residencdime
™ = 22.90 min. (In practice we would prefer fewer tanks becausethe numberof tanks
increaseghecost,and probablyuseonly 2 or at most3 tanks).

(b) Assumehetransferfunctionof thetankis

1
h(s) = s+ 1
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. Thetotal delayin thefeedbak loopis § = 1+5 = 6 [min]. To male thesystentontwollable,
weneed

|Ga(3/6) - h(3/6)| < 1.
Thisleadsto 7, > 10.39 [min].
(c) Considerthe casewith two buffer tankswith total residenceime 7. Lettheresidence
timein oneof thetanksbez. Then
1 B 1
A +zs)(1 4 (rh —x)s) 14 Ths+ (th — x)xs2

hg(s) =

andthe high-frequencyasymptotéoecomesha (jw)| = 1/[(1, — &)zw?] which is minimized
by selectingz = 7,/2, thatis, the tanksshouldbe of equalsizeto get the bestdisturbance
attentuationwith a given total volume For n tanksin serieswe get the sameresult by
consideringthe high-frequencyasymptote

(d) It seemso anysud reasons.

(e) It certainlymaydampendisturbancesbut probablytanksare better

are alsousedin chemicalprocesse$o dampen

Exercise 5.11 What information abouta plant is importantfor controller design,and in
particular in which frequeng rangeis it importantto know the modelwell? To answerthis
problemyou maythink aboutthe following sub-problems:

(a) Explainwhatinformationaboutthe plantis usedfor ZieglerNicholstuning of a SISO
PID-controller

(b) Is the steady-statelant gain G(0) importantfor controllerdesign?(As an example
considerthe plant G(s) = S%a with |a| < 1 anddesigna P-controllerK(s) = K. such
thatw. = 100. How doesthe controllerdesignandthe closed-loopresponselependon the
steady-statgainG(0) = 1/a?)

Solution. (a) w., and|G(w. )|, thatis, only informationat frequencyw,, is used.

(b) Asjustnotedthe steady-staténformationis not neededor Ziegler-Nicholstuning and
it is generlly not importantfor feedbak design.This is illustrated by the examplewhee
K:. = Vw?+a? = /10000 + a2 ~ 100 for anyvalueof a < 1. Thusresponséhardly
effectedby a. Main effectis on steady-stateffsetwhich is =~ a/K. and mayvary
betweerd (for a = 0) and0.01 (for a = 1).

1
1+K:./a

Exercise 5.13 A heatexchangeiis usedto exchangeheatbetweertwo streamsa coolantwith
flowrateq (1 £ 1 kg/s)is usedto cool a hot streamwith inlet temperaturd} (100 & 10°C) to
the outlettemperaturd” (which shouldbe 60 + 10°C). The measuremerdelayfor 7' is 3s.
Themaindisturbances onT,. Thefollowing modelin termsof deviation variabless derived
from heatbalances

8 0.6(20s + 1)

T(s) = (60s + 1)(12s + 1)q(s) T 60+ )(2s + 1

)TO(S) (5.2

whereT andTp arein °C, g is in kg/s, andthe unit for time is secondsDerive the scaled
model.ls theplantcontrollablewith feedbackcontrol?(Solution: The delayposeso problem
(performance)but the effect of the disturbancas a bit too large at high frequencieginput
saturation)sothe plantis not controllable).
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Solution. Since|Ga(jw)| < 1, especially|Ga(jF)| < 1, the delayposesno problem.But
inputconstaint does!Lety = T'/10, u = ¢/1 andd = Ty /10, thenthe scaledmodelis:

B 0.8 0.6(20s +1)
¥ = Gos T nazs + 1Y T @0s + Dazs + 10
So,|G|/|Gal = 0_6\/#—2“ < 1, whenw > 7"(0'8/200'6)2_1 = 0.0441, i.e. at high

frequencieghe disturbanceis too large which will causeinput satumation. Thusthe plant
is not contollable.
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6

LIMITATIONS ON
PERFORMANCE IN MIMO
SYSTEMS

Exercise 6.1 To furtherillustrate the above aguments determinethe sensitvity function S
for the plant (6.20) using a simple diagonalcontroller K = §I. Use the approximation
e % ~ 1 — s to shaw that at low frequenciesthe elementsof S(s) are of magnitude
k/(2k+ 6). How largemustk beto have acceptabl@erformancédlessthan10%offsetatlow
frequencies)®hatis the correspondingpandwidth{Answer:Needk > 8/6. Bandwidthis
equalto k.)

Solution. UsingS = (T + GK)~! ande™% ~ 1 — 85, it canbeobtainedthat

3 1 s+k —k
TS5tk +0k) | —k(1—6s) s+Fk

Thusat low frequenciegs =~ 0), theelement®f S all havethe magnitudeof 1/(2 + 6k). (Not
k/(2k + 6)!) To maintain10% offsetat low frequencieslet 1/(2 + 8k) < 1/10. It leadsto
k > 8/6. Thebandwidthis obtainedby letting:

| —k(1 — j6w) =1

jw + k(2 + 6k) '
Thisgivesk? + k%0%w? = w? 4+ k*(2+0k)>. Sincek > 8/6, 0k > 2,i.e. k%02 ~ (2+6k)>.
Thusthe equationfor bandwidthcan be simplifiedask? = w?, i.e. thebandwidthis equalto
k.

Exercise 6.3 Considerthe plant

G(s) = [ a 1 ] (6.25)
s+1 a

(a) Findthe zeroandits outputdirection.

(b) Which valuesof « yield a RHP-zeroandwhich of thesevaluesis best/vorstin termsof

achievableperformance?

(c) Supposex = 0.1. Which outputis the mostdifficult to control?lllustrateyour conclusion

usingTheorem6.4.
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Solution. (a) z = 315 —1 becaus®ankG(z) = 1. Theoutputzeo directionis obtainedfrom
y2G(z) = 0. Thisgivesy, = [—a 1]7.

(b) We havea RHP-zeo for |a| < 1. Bestfor « = 0 with zeo at infinity; if contol at
steady-statés required thenworstfor « = 1 with zeo at s = 0.

(c) Output2 is mostdifficult sincethezeo is mainlyin thatdirection;weget stronginteraction
with 8 = 20 in (6.24)if wewantto contmol y» perfectly

Exercise 6.5 Shav that the disturbancecondition numbermay be interpretedas the ratio
betweenthe actualinput for disturbanceejectionandthe input that would be neededf the
samedisturbancevasalignedwith the “best” plantdirection.

Solution. The actual input for disturbancerejection can be expressedas v = —G1gqd.
If the samedisturbanceis aligned with the “best” plant direction,thenGtgy = %vl
whee v; is the singular vector correspondingto &(G). Thusthe radio of input normis
1G94l - @(G)/|lgall> Which is equalto the disturbanceconditionnumberin (6.31).

Exercise 6.7 Analyzeinput-outputcontrollability for

1 e 1
G(s) = 0.01s+1
®)= 50 [ e 1]

Computethe zerosandpoles plot the RGA asafunctionof frequeng, etc.

Solution. Thesystenhas6 poles:+;10, +510, 1 and100; 2 zeos: —9.537 and9.437 (RHP-
zep). Thediagonalelement®ftheRGAare: A1 = A2z = (1 — f’%’f—;)*l and off-diagonal
elementoftheRGAare: A2 = A21 = 1 — A11. Theamplitudesof tﬁeseelementare shown
asfunctionsof frequencyin Fig. 6.7(a). It is shownin the figure thatall element®of the RGA

10"

—— 11, A22
— - 12,221

10

10~ I I I
-2 -1 0 1 2

10 10 10 10 10

Fig. 6.7(a)The RGA of exercise6.7

havea peakabout6 atw = 10. Thesingularvaluesof the systermare shownin Fig. 6.7(b).1t
is shownthatthesvis lessthan1 at all frequenciesThusit is difficult to contmol this plant.
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-5 I I I
2 1 0 1 2

10 10 10 10 10
Fig. 6.7(b)The SV of exercise6.7

10

Exercise 6.9 Let

-10 0 10 1.1 0 0
A‘[ 0 —1]’3_1’0_[10 0]’D_[0 1]

(a) Performa controllability analysisof G(s).

(b) Letz = Az + Bu + d andconsidera unit disturbancel = [z1 22 ]T. Which direction
(valueof z1 /z2) givesa disturbancehatis mostdifficult to reject(consideoth RHP-zeros
andinput saturation)?

(c) Discussdecentralizeaontrol of the plant. How would you pair thevariables?

Solution. (a) Thetransferfunctionmatrixis:

10 1.1
6= |5 .
o L
Thesystenmhastwo stablepoles:-10 and-1 andoneRHP-zeo: z = 0.1. TheRGAmatrixis:

10(s+1) —11

_ | TTos—1 10s—1
noa= B p ],

T0s—1 T0s—1

Thus,the magnitudesof the RGAelementsare large (about10) at low frequenciesand small
at high frequencyapproximatingto a unit matrix). Butthe approximationis atw > 1 > z,
i.e. “outside” thebandwidthwhich is limited by the RHP-zeo, z = 0.1.

(b) At steady-stateG(0) = [} 1i1
[—0.689 0.725]". Letd = [1 k]”. Then,ga(0) = —BA™'d = [1+ 1.1k 1]". So,

] and the mostdifficult outputdirectionis u(0) =
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in the mostdifficult direction, g4(0)/||g2(0)|| = u(0), i.e.1 + 1.1k = —0.689/0.725. This
givesk = —1.77.
(c) Atthe steadystate

RGA(0) = [_10 1 ]

1 -10
Thusthebestpairing for decentalizedcontmol is: (y1, u2) and(yz, u1).

Exer cise 6.11 Orderthefollowing threeplantsin termsof their expectedeaseof controllability

100 95 100e~° 95e~*
Gi(s) = [100 100] , Ga(s) = [

Remembeto alsoconsiderthe sensitvity to inputgainuncertainty

100 95¢™*
100 100 ]’G3(s)_ [100 100 ]

Solution. G and G2 havethe sameRGA matrix which is constantwith A11 = A22 = 20
and A\12 = X21 = 19. Theselarge RGAvaluesindicate both G; and G, are difficult to
be contwolled. Additionally G» has a delay in output 1 thusis worse than G1. Wth the

approximationof e™* & 1 — s the RGAof G5 canbe expressedas: Ai1 = X2 = g5
andi; = Az = 28=Y Whenw = 1 thesystenis well-conditionedthe RGAx I). S0Gs

¢ 5+95s ’
is thebestone thenG; andGs is theworst.

Exercise 6.13 Analyzeinput-outputcontrollability for

_[100 102 -2k [+
G(S) - [100 100:| ’ gdl(s) - |:81-'E)1 ’ gd2 = s;ll

Which disturbanceés the worst?

Solution. Thisis aill-conditionedplant. TheRGA,\11 = —50 atall frequenciesDisturbance
d: isin thesamedirectionof u , thusis easyto berejected Thedisturbanceconditionnumbes
for thetwo disturbancesre, 741 = 1.4213 and~42 = 202.01. Hence d- is more difficult to
berejectedthand; .

Exercise 6.15 Find the polesandzerosandanalyzeinput-outputcontrollability for

_le+(@/s) 1/s
GO =1""1/s  ct+(1/s)
(cis aconstantA misprintin thebookhasbeencorrected)

Remark. A similar modelform is encounteredor distillation columnscontrolledwith the
D B-configurationIn which casethe physicalreasorfor the modelbeingsingularat steady-
stateis thatthe sumof thetwo manipulatednputsis fixed at steady-state) + B = F.

Solution. For the computationsve selectc = 1. Theplant hastwo polesat s = 0 and one
LHP-zep at s = 0, e.g. considertherealization

1 Jes+1 1
G(s)——[ 1 cs+1]

g2
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cs+1 1
1 cs+1
(alternatively we may havea realizationwith only onepoleat s = 0 eg. A = 0 (scalar),

Here G(s) hasa zeo at s = 0 sincethe matrix ] hasa zeo for s = 0.

B=[1 1],C= [}] , D = I)), butwethenhaveno zeo at s = 0). In anycase theplant

is unstableand needgo be stabilized.

Theplantis singular at steady-statéwith infinite RGAand conditionnumber).This may
seemto indicatethat contmol is very difficult, but this is not the case Thereasonis that the
singularity is causedby the largestsingular value beinginfinite at steady-statewhereasthe
smallestsingularvalueis |c| = 1 ats = 0 soit is non-zeo (if thesmallestingularvaluewas
zeo at s = 0 thentight control at steady-statevouldbeimpossible).

In summary acceptablecontrol for this plant is possible provided the bandwidthis
suficiently high (higherthanaboutfrequencyc|).
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7

UNCERTAINTY AND
ROBUSTNESS FOR SISO
SYSTEMS

Exercise 7.1 Supposehatthe nominalmodelof a plantis

1
s+1

G(s) =
andtheuncertaintyin themodelis parameterizetly multiplicative uncertaintywith theweight

0.125s + 0.25

wi(8) = O125/)s + 1

Call theresultingsetII. Now find the extremeparameteraluesin eachof the plants(a)-(g)
belav sothateachplantbelongsto the setTl. All parameterareassumedo be positive. One
approachis to plotI; (w) = |GG’ — 1] in (7.15)for eachG’ (G., Gs, etc.)andadjustthe
parametemn questionuntil I; justtoucheqwr (jw)].

(a) Neglecteddelay:Find thelargestd for G, = Ge™%* (Answer:0.13).

(b) Neglectedlag: Find thelargestr for Gy = Gfsl+1 (Answer:0.15).

(c) Uncertainpole: Find therangeof a for G. = -1 (Answer:0.8 to 1.33).

(d) Uncertainpole (time constanform): Find therangeof T for G4 = ﬁ (Answer:0.7
to 1.5).

(e) NeglectedresonanceFindtherangeof ¢ for G, = Gm (Answer:0.02
t0 0.8).

(f) NeglecteddynamicsFindthelargestintegerm for Gy = G (0011—s+1) (Answer:13).

(9) NeglectedRHP-zero:Find the largestr, for G, = G%ﬁﬁl (Answer:0.07). These
resultsimply thata controlsystemwhich meetsgiven stability andperformanceequirements
for all plantsin I, is alsoguaranteetb satisfythe samerequirementsor theabove plantsG,,
Gp,...,Gy.

(h) Repeathe above with anew nominalplantG = 1/(s — 1) (andwith everythingelse
thesameexceptGy = 1/(Ts — 1)). (Answer:Sameasabove).

Solution. ‘
@ 1r(w) = |1 — e 7*?|. Whend = 0.13 I;(w) justtoudhes|wr (jw)|.



28 MULTIVARIABLE FEEDBACK CONTROL

(b) I (w) = |]—u%| Whenr = 0.16 I (w) justtouches|wr (jw)|.

©1r(w) = |555%]- When0.8 < a < 1.33 11 (w) < |wr(jw)|.
(d) I (w) = |S=222 | When0.7 < T < 1.5 11 (w) < |wr (jw)]-

JwT+1
w 2 w .
(€ Li(w) = |t deX /00| When0.14 < ¢ < 5 6 Ir(w) < |wr(jw)|. Notethe
answergivenin the bookis notright. If Gy = G i.e. themiddletermis

! - T (s/70) +.2§(.s/10)+1’
2¢(s/10) not2¢(s/70) thantheanswergivenin thebookis right.

O (@) = (ro577) " = 11 Whenm < 13 1(w) < |wr (jw)!.
@l(w) = | ]2”‘“| Wherrrz <0.07, l7(w) < |wr(jw)|.

(h) If we change Ge = ;= (w)'sfor all plantsG, to G4 are the sameas (a) to (g).
Thusthe answeris the sameasabove

Exercise 7.3 Representhe gain uncertaintyin (7.43) as multiplicative complex uncertainty
with nominalmodelG = G, (ratherthanG = kGo usedabove).

(a) Find w; andusethe RS-condition||wrT'||ec < 1 to find kmax,3. Notethatno iteration
is neededn this casesincethe nominalmodelandthusT = T is independentdf kmax.

(b) One expectskmax,3 t0 be even more conserative than kmax,2 Sincethis uncertainty
descriptionis not even tight when A is real. Shawv that this is indeedthe caseusing the
numericalvaluesfrom Example7.7.

Solution.

(a)Letk,G = G(1 —wiA), kp € [1, kmax,3] and|A| < 1. Then|l — kmax,3| = ||lwiA||co-
Thisleadsto ||wr]lco = kmax,3 — 1, SOKmax,3 = (1/||T||oc) + 1.

(b) Numericallywe canget | To||ooc = 1.79. SOkmax,3 = 1.56 (no iteration neededn this
case).

Exercise 7.5 Also derive, from jwp S| + |w:T| < 1, thefollowing necessarpoundsfor RP
(which mustbe satisfied)

IwPI
wal’
— |we|
I =1’
Hint: Use|1 + L| < 1+ |L].

|L| > (for |lwp| > 1 and|w;| < 1)

|L| < (for |lwp| < 1 and|w;| > 1)

solution. [wp S| + |wiT| < 1< |jwp| + |wiL| < 1+ L| < 1+ |L| = |wp| —1 <
|L| — |wz| - |L| = (1 — |wr])|L|. So,if |wr| < 1 and|wp| > 1 then|L| > 2L andif

1-|wy]”’
1—
|wp| < 1and|wr| > 1then|L| < |w1|1‘“f1‘.

Exercise 7.7 Considera“true” plant
3670.15

(25 + 1)(0.1s + 1)?

(a) Derive andsketchthe additive uncertaintyweightwhenthe nominalmodelis G(s) =
3/(2s+1).

(b) Derive the correspondingobuststability condition.

(c) Apply thistestfor thecontrollerK (s) = k/s andfind thevaluesof £ thatyield stability.
Is this conditiontight?

G'(s) =
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Solution.

(a) Basedon a plot wefind thate -3¢ /(0.1s + 1) — 1 =~ 0.35/(0.1s + 1) andwa(s) =
0.9s

(25+1)(0.1s+1) *

(b) Using (7.12),the RScondition(7.34)canbe derivedfrom (7.34): |T| < |G|/|wa].

(©L=GK = 5y andT = L/(1 + L) = 577 So,|T| < |G|/|wa] leadsto

|sGarisarar| < |%5a% |- Thisgivesk < 1. Thisconditionis tight.

Exercise 7.9 Consideragainthe systemin Figure 7.18. Whatkind of uncertaintymight wy,
andA,, represent?

Solution. w,, may seemto representsomeadditive uncertainly but actually it represents
inverse multiplicative (“pole™) uncertainty (This may be seenby moving the point whee
the signal goesto w,, to just after the block for w,). (Also: By comparingw,, in (7.68)with
w;r in (7.89)it canbe seenthat r,, mayrepresentrelativeerror on a time constantwhich is
nominallyr = 1.)

Exercise

Exercise 7.11 Parametric gain uncertainty. We showedin Example7.1 how to represent
scalarparametricgain uncertaintyG, (s) = k,Go(s) whee

kmin S kp S kmax (71)

asmultiplicativeuncertaintyG, = G(1 + wrAr) with nominalmodelG(s) = kGo(s) and
uncertaintyweightw; = r¢y = (kmax — kmin)/(kmax + kmin). A7 IS here a real scalar
—1 < A; < 1. Alternatively we can representgain uncertaintyas inversemultiplicative
uncertainty

IL;7 : G,,(s) = G(S)(l +wn(s)A¢1)71; —1 < AU < 1 (72)
withw;r = r,, andG(s) = k;G whee
kminkmax
k kmax + kmin (7 3)

(a) Derive(7.118)and(7.119).(Hint: Thegainvariationin (7.117)canbewritten exactly
askp = kz/(l — rkA))

(b) Showthattheformin (7.118)doesnotallow for k, = 0.

(c) Discusswhy (b) maybea possibleadvantae.

Solution.
(@) Letk, = ki(1 + rxA)" . If Delta = 1thenk, = kmin, andif Delta = —1 then
kp = kmax. Solvingthe equations:

kmin(1+75) = ki,

kmax(l - T'k) ki,

givesthat

kmax - kmin
kmax + kmin '
kmakain
ki 22—
‘ kmax + kmin

Tk
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Insertingk, into G(s) = kp,Go(s) andlettingw; = ry leadsto (7.118)and(7.119).

(b) Sincek; # 0, k, = 0 implies1 + rx A = co. But thisis impossiblewhen—1 < A < 1.
Thusk, = 0 is notallowed.

(c) Usuallythe gain CANNOT be zerophysically so usingan uncertaintydescriptionwhere
thisis not possiblemay be anadwantage However, notethattheinversegainform mayallow
for k, beinginfinite which is alsoimpossiblephysically
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ROBUST STABILITY AND
PERFORMANCE ANALYSIS

Exercise 8.1 Theuncertainplantin (8.7) mayberepresentedn theadditiveuncertaintyform
Gp = G+ W2 A,W; whee A4 =4 is asinglescalarperturbation.Find W, and W.

Solution.
w

wa= |
—w

], wi=[1 -1].

Exercise 8.3 Obtain H in Figure 8.6 for theuncertainplantin Figure 7.20(b).

Solution.
Hyy = w1 wiG  Hi = w1G
0 0 w2
Hyn =[I G], Hy» =G

Exercise 8.5 Showin detailhow P in (8.29)is derived.

Solution. FromFigure8.7it canbeobtainedthat:

yan = Wru
z = —Wpv
v = —w—Gu—ua
So,
YA 0 0 Wr UA
z | = |WpG Wp WpG w |-
v -G -1 -G u

Exercise 8.7 Derive N in (8.32)from P in (8.29)usingthelower LFT in (8.2). You will note
thatthealgebra is quitetedious,andthatit is mud simplerto derive NV directlyfromtheblock
diagramasdescribecabove

Solution.

N = P11+P12K(I—P22K)_1P21
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| o 0 Wi 1 A
= |wee Wp]+[WpG]K(I+GK) -G —I]
[ o 0 -WiKSG —-WiK

| WpG Wp ~-WpGKSG —-WpGKS
_ [ -wiKSG -WiKS

| WpG(I — KSG) Wp(I — GKS)

whereS = (I + GK)™'. UsingtheidentitesI —-GKS =I1-T =S = (I+GK)™',and
I-KSG = (I +KG)™!, itfinally yieldsthedesirednatrix V.

Exercise 8.9 Find P for theuncertainsystenin Figure 7.18.

—Wy —Wy —Wy,G
P=| wp wp wpG

Solution.

—I —I -G

Exercise 8.11 Find the interconnectionmatrix IV for the uncertainsystemin Figure 7.18.
Whatis M?

Solution.
N = —w,(I +GK)™'  —w,(I+GK)™"
T | wp(I+GK)™'  wp(I+GK)™!

So,M = N;; = —’U)u(I+ GK)il.
Exercise 8.13 M A-structure for combined input and output uncertainties. Considerthe

block diagramin Figure 8.8 where we haveboth input and outputmultiplicativeuncertainty
blocks. Thesetof possibleplantsis givenby

Gp = (I + WaoAoWi0)G(I + War A1Wir) (8.1)

whee ||Ar]leo < 1 and||Aoll < 1. Collectthe perturbationsinto A = diag{A;, Ao}
andrearrange Figure 8.8into the M A-structue in Figure 8.3 Showthat

8.2)

-l FIT

0 Wio SG -T 0 Wao

Solution. SinceN = Pi1 + P12 K(I + GK)™' Py andM = Ny, it yields:
0 0 ] n Wiar

| Wio Woar | WioG

[ Wi K(I+GK) '\GWar —Wu K +GK) Wy

| Wi0G(I +KG)™'War  —WioGK(I + GK) ™' Wao

(Wi 0 1[-Tr —KS][War 0
- 10 Wwol|SG -T 0 Wi

M = ]K(HGK)*I[—GWQI “Wao)

Exercise 8.15 Considercombinedmultiplicative and inverse multiplicative uncertainty at
the output, G, = (I — AioWio) *(I + AoWo)G, whee we chooseto norm-bouncthe
combineduncertainty || [ Aio Ao ]|l < 1. Make a blodk diagram of the uncertainplant,
andderivea necessarandsuficientconditionfor robuststability of the closed-loopsystem.
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’—v Wol—» AO Aio 4/—|
+ +
K - ﬁ_u Wi

Y

Fig. 8.15Combinedoutputuncertaintiesor Exercise8.15

Solution. A block diagramof the uncertainplantis shavn in Fig. 8.15. From the diagramit
canbe obtainedthat

_ | WioS
=[]
Accordingto (8.64)the RS conditionis:
[M]loo < 1.

Exercise 8.17 For M in (8.98)anda diagonal A showthat u(M) = |a| + |b| usingtheupper
boundu(M) < minp (DM D) (which is exactin this casesince D hastwo “blocks”).

Solution. UseD = diag{d, 1}. SinceDM D" is asingularmatrix we have from (A.36) that

a

F(DMD )=z [lb db“] = /]aP® + |dal® + b/d]* + |b]? (8.3)
d

which we want to minimize with respectto d. The solutionis d = +/|a|/|b| which gives
w(M) = +/la|* + 2|ab| + [b]* = |a| + [b].
Exercise 8.19 Leta, b, c andd becomple scalais. Showthat for

ab ad| _ |ab ab
be cd| " Hled cd

Doesthis holdwhenA is scalartimesidentity, or whenA is full? (Answes: YesandNo).

A = diag{01,02}: p [ ] = |ab| + |cd| (8.4)

Solution. Using(8.86),andletting U = diag{e’?, 1} we canget

ab ad _ abej:d’ ad
be cod T | bee?® cd |’

whichis singular Thus
ab ad ab ad
® [bc cd] o m(?Xp([bc cd] U)

abeJ"q> ad N
bee’®  cd

= max labe’® + cd)

= max|tr
|

= |ab| + |cd|.
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WhenA = 61, U = ¢’?1. Sotheabove resultis still right. ButwhenA is full, U is ageneral
unitarymatrix.Hence[ab ad

bec cd
is NO.

Thesecondequalityhasbeenprovenin Example8.7.

] U may not be singular Sothe answerfor the lastquestion

Exercise 8.21 If (8.94) were true for any structue of A thenit would imply p(AB) <
& (A)p(B). Showby a counteexamplethatthisis nottrue.

Solution. SelectA = 110 (1]] B = [(1] 110].Thenp(AB) = 102, a(A) = 10, and

p(B) = 1,50p(AB) > 6(A)p(B).

Exercise 8.23 Considerthe plant G(s) in (8.107)which is ill-conditionedwith v(G) = 70.8
at all frequenciegbut notethatthe RGA-elementsf G are all about0.5). With an inverse-
basedcontoller K(s) = %2G(s)~", computey for RP with both diagonal and full-block
input uncertaintyusingthe weightsin (8.132).Thevalueof x is mud smallerin the former
case

Solution. The i curvesfor diagonalandfull-block input uncertaintyareshavn in Fig. 8.23.
The value of u for diagonaluncertaintyis much smallerthanthat of the casediscussedn
Section8.11.3.

45
4+ / \ B
35F . B
3r / \ b
25F Full / \ B
!

>
n !

%]
2+ ; \ -
1.5F / \ N
i - Ny

Diag
0.5F 4

0 I I I I

Frequency

Fig. 8.23.u curvesfor diagonalandfull uncertaintyin Exercise8.23

Exercise 8.25 Explainwhythe optimal u-valuewould be the sameif in the model(8.143)we
changdthetimeconstantof 75 [min] to anothervalue Notethat the u-iteration itself would
beaffected.
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Solution. The optimal u-curve asa function of frequeny is flat, i.e. the optimal i is almost
a constant(u-value) over a wide rang of frequenciesin the model (8.143),the changeof
the time constantcanbe treatedasa frequeng scalingchangewhile the optimal u-valueis
independentf frequeng. Thusit would bethesame.
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9

CONTROLLER DESIGN

Exercise 9.1 Showthattheclosed-loombjectivesl to 6 canbeappioximatedoy theopen-loop
objectivesl to 6 at the specifiedrequencyanges.

Solution.

1. Whena(GK) > 1,58 = (I+GK) ' = (GK)*. Sotheclose-loopobjective 1, making
a(S) small,canbeapproximatedy the open-loopobjectie 1, makinga (GK) large.

. Whena(GK) < 1,T = GK(I+GK)~! =~ GK. Sotheclosed-loombjective 2, making
&(T) small,canbe approximatedy the open-loopobjective 2, makings (GK) small.

.G(GK)>»1=>T=GK(I+GK) ! = 1.S506(GK) small=&(T) ~ ¢(T) = 1.

.7(GK) 1= KS=K(I+GK)™! = K.Thus,a(K) small= (K S) small.

Seed.

.6(GK) < 1=>T=GK(I+GK) ' ~ GK.Thus,6(GK) small= &(T) small.

N

o U AW

Exercise 9.3 In Figure 9.5, a refeenceinput r is introducedinto the LQG contmwller-
plant configuation and the contmwller is rearranged to illustrate its two degrees-of-feedom
structue. Showthat thetransferfunctionof the contoller K (s) linking [r” 4" 1" tou is

K(s) [Ki(s) Ka(s)]

= —K,(sI-A+BK,+K;C)""'[B Kf]+[I 0]
If the LQG contmwller is stable for which there is no guarantee then Ki(s) can be
implementeds a pre-filter and K»(s) asthefeedbak contoller. However, sincethe degrees

(numbemnfstates)of K (s), K2(s) andKqc(s) arein geneal thesamethereis anincrease
in compleity onimplementingX (s) and K»(s) sepaatelyandsothisis notrecommended.

Solution. FromExercise9.2 andFigure9.5,we have:

I = AZ+Bu+K;(y—79)
7 = Cz
1 = r—K,Z

So,s% = A% + B(r — K, )& — K;C% + K;y. Thisyields

Z=(sI—A+BK, +K;C)"'[B K] [;] .
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Hence,

u:r—Kﬁc‘:K[r],
Y

where
K=-K,(s —A+BK, + K;0)""[B K;]+[I 0].

W1iS
[ WoT ] (9.1)

W3KS

Exercise 9.5 For the costfunction

formulate a standad problem, draw the correspondingcontol configuation and give
expressiondor thegeneanlizedplant P.

Solution. Thecontrolconfiguratioris shavn in Fig. 9.5.Fromthefigure,thegeneralizegblant

L al
: P :
1 1
' — W, —— 71
: :
1 1
: :
1 1
: - Wy ——— 72 5 2
w=r., 1
: '
1 1
1 1
: > W3 —— 7%
: :
1 1
1 1
1 1
1 1
1 1
! & !
T - G >0 T
1 - 1
1 1
u| ! K
1 1
L e e e e e e e e e e e e e e e e e e, e, e, e e, e ——— = - - 4
K |«

Fig. 9.5 Control configurationfor S/T'/ K S optimizationproblem

Wi -WiG
P11 = 0 s P12 = WZG )

P canbederivedas:

0 W3
P =1, Py = -G

Exercise 9.7 Desighan H., loop-shapingcontmoller for the disturbanceprocessin (9.75)
usingtheweightW; in (9.76),i.e. geneate plotscorrespondingo thosein Figure 9.18.Next,
repeatthe designwith W1 = 2(s + 3)/s (which resultsin an initial Gs which would yield
closed-loopinstability with K. = 1). Computethe gain and phasemargins and compae
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the disturbanceand refelenceresponsedn bothcasedind w. anduse(2.37)to computethe
maximundelaythat canbetoleratedin the plantbefoe instability arises.

Solution. Theloop shapesdisturbanceesponsandreferencaesponsef the systemusing
the H o loop-shapingontrollerdesignedvith W1 = 2(s + 3)/s areshawvn in Fig. 9.7.1t is
shawvn thattheinitial G wouldyield closed-loopinstability with K. = 1 (dashed-line)The
gainmaigin of thisdesignis 2.95, phasemaginis 44.2°. w. = 15.8 rad/s.Thusthemaximum
delayis PM/w, = 0.049 swhich canbetoleratedn the plantbeforeinstability.

Loop shapes

10
3
210°
=
[=2]
s
10°

1072_2 ‘_1 ‘0 ‘1 2

10 10 10 10 10

Frequency
Disturbance response Reference response

2 L T 2 T T A

H\‘H\‘\'\ ‘v‘\‘\‘\‘\l

15 “‘\4,\\\‘\‘\ 15 "\‘n‘\‘\‘\

ﬁH‘\\‘Hv‘\‘\ ‘\‘1‘\“‘\‘

1 /«HH\‘H\II‘\ 1 b

(\\“:.\‘\I\‘\‘\ N

0,5)1(5»1“\\‘1\\‘\“ 05 I

0\} ‘H\H'H‘\‘\' 0 :I:\‘[\:\:\‘

\J“MH'M‘H\:\:\ 4:\:\11"\:\

~05 \/\’H"H‘M\'\‘\ -05 Pt

N N A R [ I I

y ! o P by

-1 T O N -1 I N N B

0 1 2 3 2 3

Time Time

Fig. 9.7 Loop shapingdesignfor Exercise9.7

Exercise 9.9 Showthat the Hanusform of theweight; in (9.109)simplifiesto (9.109)when
thereis nosatumtioni.e. whenu, = u.

Solution. Letu = G1us + Gauq, Where

s Ay, —BuwD,'Cy | 0 ] _
6 & [AeBepiiCal 0] _p
G § Aw - BwDEICw Bu)D;JI
2 Cw 0
If ug = u, thenu = (I — G2) ' G1us. We have,
§ Aw - Bqulew | _BU)D;JI
I-G:= [ Cw [ T
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and(see(4.27))

(I—Go) ' S [ Aw | ~BuDy’ ]

—Cy | I
Thus,

_ —1
(I—Gz)_1G1§[ A | =BuDy' Dy _é[

_Cw | Dy

Q&
o W
£ |8
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CONTROL STRUCTURE
DESIGN

Exercise 10.1 Conventional cascade control. With refelenceto the special (but common)
caseof corventionalcascadecontwol shownin Figure 10.4,? concludethat the useof extra
measuementss usefulunderthefollowing circumstances:

(a) Thedisturbancei: is significantand G is non-minimunphase
(b) Theplant G2 has consideable uncertaintyassociatedwith it — e.g. a poorly known
nonlinearbehaviour— andtheinnerloop servesgo remae the uncertainty

In termsof designthey recommendethat K is first designedo minimizethe effect of d»
ony: (with K; = 0) andthen K is designedo minimizethe effectof d; on y;. We want
to derive conclusionga) and (b) from an input-outputcontmollability analysis,andalso, (c)
explain why we maychooseto usecascadecontrol if wewantto usesimplecontmollers (even
with ds = 0)

Outline of solution: (a) Note that if G:1 is minimum phase then the input-output
contollability of G2 and G1G> are in theory the same and for rejectingds ther is no
fundamentaladvant@e in measuringy: rather than y.. (b) Theinnerloop L, = G2 K>
remaesthe uncertaintyif it is suficiently fast (high gain feedbak) and yields a transfer
function(I + L)™' L closeto I atfrequenciesvhere K is active (c) In mostcasessud as
whenPID contwllers are used the practical bandwidthis limited by the frequencyw,, whee
the phaseof the plantis —180° (seesection5.12),soan inner cascaddoop mayyield faster
contmol (for rejectingd; andtracingr;) if the phaseof G is lessthanthatof G1 G-.

Solution. Seetheabove outline of solution.

Exercise 10.3 Draw the block diagramsfor the two centalized (parallel) implementations
correspondingo Figure 10.3(in thebook).

Solution. SeeFigure10.3(in this solutionmanual)

Exercise 10.5 Process control application. A practical caseof a contol systemnlike theone
in Figure 10.5is in the useof a pre-heaterto keepthe reactortempeature y; at a given
valuer;. In this casey, maybetheoutlettempeature fromthe pre-heaterus thebypassiow
(which shouldberesetto r3, say10% of the total flow), and u3 the flow of heatingmedium
(steam) Make a processflowsheetwith instrumentatiorines (not a blodk diagram) for this
heater/eactorprocess.
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r o+ I Y
't ’ L Plant

Y

T2 |+

=

(c) Extrameasurementg,

U
r K1 >
y
Plant >
U
K, >
(d) Extrainputsus
Fig. 10.3Centralizedmplementations
Solution. SeeFig. 10.5.
Pre-heater
. 4
- )\ > Reactor "
usg
N
T3
ug T2

(-
Fig. 10.5.Flowsheeffor heatefreactomprocess.

Exercise 10.7 Assumehatthe 4 x 4 matrixin (A.82)representshe steady-statenodelof a
plant. Showthat 20 of the 24 possiblepairings canbe eliminatedby requiring DIC.

Solution. Applying (10.57)to (A.82), wheretheRGA is:

6.16 —0.69 —-7.94 348
=177 0.10 3.16 —0.49
—6.60 1.73 8.55 —2.69
3.21 —-0.14 =277 0.70

A(A2) =

it can be seenthat outputs1 and 4 canonly be pairedwith inputs 1 and4 in 2 possible
combinationsandthatoutput2 and3 canonly be pairedwith inputs2 and3 alsoin 2 possible
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combinationsThusonly 4 pairingsgive positve RGA requiredby DIC andother20 pairings
canbeeliminated.
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MODEL REDUCTION

Exercise 11.1 The steady-stategain of a full order balancedsystem(A, B, C, D) is D —
CA~!'B. Show by algebraic manipulation,that this is also equalto D, — C, A, 'B,, the
steady-statgain of the balancedresidualizatiorgivenby (11.7)—(11.10).

Solution. Using(A.8) andnotingY” in (A.8) is equalto A, in (11.7),we have

D-CA™'B
Al —A; A AY) By
= D-[C C] —Ap At ATV Ay + Ay An AT A AL | | Be
= D-— [CTA;l C2A2_21 - CTA;IAHA;;] I:gl]
2
D — CoAy Bs — Cr Ay (Br — A1n Az By)
Dr - CTA;IB‘I"

Exercise 11.3 Is Theoem 11.3 true, if we replace balanced truncation by balanced
residualization?

Solution. Yes, it is still true. Balancedtruncationand balancedresidualizationare related
by the bilinear transformations — s~*. If (N(s), M(s)) is a normalizedleft-coprime
factorizationof G(s) then (N(s™'), M(s™') is a normalizedleft-coprime factorization
of G(s™1). Applying Theorem11.3to (N(s™ '), M(s™') is equivalentto using balanced
residualizatiorwith (N (s), M(s)).
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CASE STUDIES

Exercise 12.1 Repeathe u-optimaldesignbasedon D K -iterationin Sectior8.12.4usingthe
model(12.19).

Solution. Apply the MATLAB programgivenin Table8.2to G in (12.9).After 10iterations,
the resultingcontrollerwith 25 stateg(denotedK, in the following) givesa peak-value of

0.8847 (seeFig. 12.1(a)). Thefinal -curvesfor RS,NP andRPwith controller K areshavn

in Fig. 12.1(b).It is shawn thatall requirementsre well satisfied.The time responsef y1

andys, to afilteredsetpointchangen y1, 71 = 1/(5s + 1) is shavn in Fig. 12.1(c).bothfor

thenominalcase(solid line) andfor 20%input gainuncertainty(dashedine)

11
— lter. 1
1r -~ lter. 2
—--lter.3
Iter. 10
05 L L L L T .ol
10°° 107 10" 10° 10" 10° 10°

Fregency

Fig.12.1(a).Changen during D K -iteration.
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Fig. 12.1(b).-plotswith -“optimal” controller K.

yl

y2

0 10 20 30 40 50 60 70 80 90 100
Time
Fig. 12.1(c). Setpointresponsdor -“optimal” controller K1¢. Solid line: nominal
plant.Dashedine: “worst-case’plant.



