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1 Introduction

Always keep in mind
e Power of control is limited.

e Control quality depends controller AND on

plant /process.

Ziegler-Nichols (1943):

‘“In the application of automatic controllers, it is
important to realize that controller and process form
a unit; credit or discredit for results obtained are
attributable to one as much as the other. A poor
controller is often able to perform acceptably on a
process which is easily controlled. The finest
controller made, when applied to a miserably designed
process, may not deliver the desired performance.
True, on badly designed processes, advanced
controllers are able to eke out better results than
older models, but on these processes, there is a
definite end point which can be approached by

instrumentation and it falls short of perfection.’’

= Much of the course will be spent on input-output
“controllability analysis” of the plant/process.



1.1 The control problem [1.2]

y = Gu+ Gyd (1.1)
Y output/controlled variable
U input /manipulated variable
d disturbance
r : reference/setpoint
Regulator problem : counteract d
Servo problem . let y follow r

Goal of control: make control error e =y — r

“small”.



Major difficulties:

Model (G, Gq) inaccurate
= RealPlant: G, =G + E ;

E = “uncertainty” or “perturbation” (unknown)

e Nominal stability (INS) : system is stable with

no model uncertainty.

e Nominal Performance (NP) : system satisfies
performance specifications with no model

uncertainty.

e Robust stability (RS) : system stable for “all”
perturbed plants

e Robust performance (RP) : system satisfies
performance specifications for all perturbed

plants



1.2 Transfer functions [1.3]

Bu.s™ + -+ Bis + o

G(s) = (1.2)

s+ ap_18" 4+ ays + ag
For multivariable systems, G(s) is a matrix of

transfer functions.

n = order of denominator (or pole polynomial) or

order of the system
n, = order of numerator (or zero polynomial)

n — n, = pole excess or relative order.

Definition

e A system G(s) is strictly proper if G(s) — 0 as

S — OQ.

e A system G(s) is semi-proper or bi-proper if
G(s) — D # 0 as s — o0.

e A system (G(s) which is strictly proper or

semi-proper is proper.

e A system G(s) is improper if G(s) — 0o as

S — OQ.



1.3 Scaling [1.4]

Proper scaling simplifies controller design and

performance analysis.

SISO :
unscaled:

J=Gu+Gud;, €=9-7 (1.3)
scaled:

d=d/dmax, U=1T/Tmax (1.4)
where:

AN

e d..x — largest expected change in disturbance
® Unax — largest allowed input change

Scale y, € and 7 by:
® cmax — largest allowed control error, or

® Tmax — largest expected change in reference

value

Usually:

Yy = /y\/é\meuu r = ?//e\meuu € — /e\/é\max (15)

1-



MIMO :

d=D7'd, uw=D;'u, y=D '3y (1.6)

u (&

e=D.'e, r=D,'7 (1.7)

e (&

where D., D,,, Dg and D, are diagonal scaling

matrices

Substituting (1.6) and (1.7) into (1.3):
D.y = GDyu+ GyDyd; Dee = Doy — D.r
and introducing the scaled transfer functions

G =D 'GD,, Gq=D:'GyDys  (1.8)

Model in terms of scaled variables:

y=Gu+Ggd; e=y—r (1.9)
Often also:
T =T7/Pmax = DT (1.10)
so that:

r=RF where RZ2 DD, = Fiax/Cmax (1.11)



—>G

Figure 1: Model in terms of scaled variables

Objective:

for |[d(t)] <1 and |r(t)| < 1,
manipulate u with |u(t)| <1

such that |e(t)| = |y(t) — r(t)| < 1.



1.4 Notation [1.6]

Ym

r

—

o

(b) Two degrees-of-freedom control configuration

w

L

u

—>

P

Z

_>.

K

<~

(%

(c¢) General control configuration

Figure 2: Control configurations



Table 1: Nomenclature

K

controller, in whatever configuration.
Sometimes broken down into parts. For
example, in Figure 2(b), K = [K, K]
where K, is a prefilter and K, is the feed-

back controller.

Conventional configurations (Fig 2(a), 2(b)):

G
Gy

Ym

plant model

disturbance model

reference inputs (commands, setpoints)
disturbances (process noise)
measurement noise

plant outputs. ( include the variables to be
controlled (“primary” outputs with refer-
ence values ) and possibly additional “sec-

ondary” measurements to improve control)
measured ¥y

control signals (manipulated plant inputs)



General configuration (Fig 2(c)):

P

generalized plant model. Includes G and Gy
and the interconnection structure between the
plant and the controller.

May also include weighting functions.

exogenous inputs: commands, disturbances

and noise

exogenous outputs; “error” signals to be min-
imized, e.g. y —r

controller inputs for the general configuration,
e.g. commands, measured plant outputs, mea-
sured disturbances, etc. For the special case
of a one degree-of-freedom controller with per-

fect measurements we have v =r — y.

control signals




2 Classical feedback control [2]

2.1 Feedback control [2.2]

>(2>K—>G >

Ym

n

Figure 3: Block diagram of one degree-of-freedom
feedback control system



y=GK(r—y—n)+ Guqd

or

(I +GK)y =GKr +Gqd — GKn (2.1)

Closed-loop response:

y = (I+GK) 'GKr (2.2)
\ ~ y
+(IT+GK) ' Gyd (2.3)
—
~(I+GK)"'GEn (2.4)
T

Control error:

e=y—r=—-5Sr+SGqd —Tn (2.5)

Plant input:

u=KSr— KSGyd— KSn (2.6)



Note that:

L=GK (2.7)
S=I+GK)'=U+L)""! (2.8)
T=I+GK)"'GK=(I+L)"'L (2.9)
S+T =1 (2.10)

Notation :

L = GK loop transfer function
S =T+ L)™' sensitivity function

T =+ L) 'L complementary sensitivity function

2-3
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Figure 4: Bode magnitude and phase plots of
L =GK, S and T when

3(—2s+1
G(s) = (5&51)(10811), and K (s) = 1.136(1 + ﬁ)
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2.2 Closed-loop performance [2.4]

Frequency domain performance

Gain and phase margins

= See RS 1
A Im
7 N
// \\
/ 051 \
/ \
/ \
' 1 L(jwiso) | R
GM _ . Re
’/:/—\ w —|—oo: -,
—1‘\ PM 05 11
/
\< L(ij) //
\ /
\ -0.51 /
\ /
N\ /
\\\ . //
/L(jw) e

Figure 5: Typical Nyquist plot of L(jw) for stable
plant with PM and GM indicated. Closed-loop insta-

bility occurs if L(jw) encircles the critical point —1



Maximum peak criteria

Maximum peaks of sensitivity and complementary

sensitivity functions:

Mg 2 max |[S(jw)|;  Mr 2 max|T(jw)|  (2.11)

Typically :
Mg <2 (6dB) (2.12)
Mr < 1.25 (2dB) (2.13)
Note :
Mg
GM > 2.14
= - (2.14)
PM > 2 i ! > ! [rad] (2.15)
mi\|\ —— — T .
> 2arcs oM< ) = M a

For example, for Mg = 2 we are guaranteed

GM > 2 and PM > 29.0°.

2-6



Bandwidth and crossover frequency

Bandwidth is defined as the frequency range [w1, wo]
over which control is “effective”. Usually w; = 0, and
then wy = wpg 1s the bandwidth.

Definition The (closed-loop) bandwidth, wp, is the

frequency where |S(jw)| first crosses
1/4/2 = 0.707(~ —3 dB) from below.

The bandwidth in terms of T, wpr, is the highest

frequency at which |T'(jw)| crosses
1/v/2 = 0.707(~ —3 dB) from above. (Usually a poor
indicator of performance).

The gain crossover frequency, w., is the frequency

where |L(jw,.)| first crosses 1 from above.For systems
with PM < 90° we have

wp < We < WBT (2.16)



2.3 Controller design [2.5]

Three main approaches:

1. Shaping of transfer functions.

(a) Loop shaping. Classical approach in which
the magnitude of the open-loop transfer
function, L(jw), is shaped.

(b) Shaping of closed-loop transfer
functions, such as S, T' and KS
= H optimal control

2. The signal-based approach. One considers a
particular disturbance or reference change and

tries to optimize the closed-loop response

= Linear Quadratic Gaussian (LQG) control.
3. Numerical optimization. Multi-objective

optimization to optimize directly the true

objectives, such as rise times, stability margins,

etc. Computationally difficult.

2-8



2.4 Loop shaping [2.6]

Shaping of open loop transfer function L(jw):

e=—I+L)'r+I+L) " 'Gyd—(I+L)"'Ln

\ 7 \ 7

s s T
(2.17)
Fundamental trade-ofts:
1. Good disturbance rejection: L large.
2. Good command following: L large.

3. Mitigation of measurement noise on plant

outputs: L small.

4. Small magnitude of input signals: K small and L

small.

2-9



Fundamentals of loop-shaping design

Specifications for desired loop transfer function:

—

1. Gain crossover frequency, w., where |L(jw.)| =

2. The shape of L(jw), e.g. slope of |L(jw)| in
certain frequency ranges:

dinw
Typically, a slope N = —1 (—20 dB/decade)
around crossover, and a larger roll-off at higher
frequencies. The desired slope at lower
frequencies depends on the nature of the

disturbance or reference signal.

3. The system type, defined as the number of pure

integrators in L(s).

Note:

1. for offset for tracking L(s) must contain at least

one integrator for each integrator in r(s).
2. slope and phase are dependent. For example:

1 _ _ 7
[ < 5 =-—nqg

2-10



2.4.1 Inverse-based controller [2.6.3]

Note: L(s) must contain all RHP-zeros of G(s).
Idea for minimum phase plant:

L(s) = £¢ (2.18)

K(s) = =G 1(s) (2.19)

i.e. controller inverts plant and adds integrator (1/s).

BUT:

this is not generally desirable, unless references and
disturbances affect the outputs as steps.

2-11



Example: Disturbance process.

200 1 100
)= Tos 10085 712 91T s+ 1
(2.20)

Objectives are:

1. Command tracking: rise time (to reach 90% of the

final value) less than 0.3 s and overshoot less than

5%.

2. Disturbance rejection: response to unit step
disturbance should stay within the range [—1,1] at
all times, and should return to 0 as quickly as
possible (|y(t)| should at least be less than 0.1 after 3

s).

3. Input constraints: u(t) should remain within [—1, 1]

at all times.

Analysis. |G4(jw)| remains larger than 1 up to
wa ~ 10 rad/s = w. ~ 10 rad/s.

2-12



Inverse-based controller design.

we 10s + 1
Ko(s) = T (0.05s + 1)*

we 10s +1 0.1s 4+ 1
s 200 0.01s+1’

We 0.1s+1

Q

Lo(s) = , we =10 (2.21
o(s) = (0.05s 4+ 1)2(0.01s + 1) (2:21)
1.5 ‘ 1.5
1 1
\50.5 \50.5
0 | | 0
° r%’ime [secﬁ ° ° r%’ime [secﬁ °
(a) Tracking response (b) Disturbance response

Figure 6: Responses with “inverse-based” controller
Ky(s) for the disturbance process. Note poor distur-

bance responce

2-13



2.4.2 Loop shaping for disturbance rejection
[2.6.4]

e=1y = SGyd, (2.22)

to achieve |e(w)| <1 for |d(w)| = 1 (the worst-case

disturbance) we require |SG4(jw)| < 1,Vw, or
1+ L| > |Gq] Yw (2.23)

or approximately:

L| > |Gq| Yw (2.24)
Initial guess:
| Lmin| =~ |Gy4] (2.25)
Or:
| Kin| ~ |G7'G4| (2.26)

Controller contains the model of the disturbance.

To improve low-frequency performance

S+ wy
S

K| = | |GGl (2.27)

2-14



Summary:

e Controller contains the dynamics (G4) of the
disturbance and inverts the dynamics (G) of the

inputs.

e For disturbance at plant output, G4 = 1, we get
[ Komin| = |GTH.

e For disturbances at plant input we have G4 = G
and we get | K| = 1.

Loop-shape L(s) may be modified as follows:

1. Around crossover make slope N of |L| to be
about —1 for transient behaviour with
acceptable gain and phase margins.

2. Increase the loop gain at low frequencies to
improve the settling time and reduce the

steady-state offset — add an integrator

3. Let L(s) roll off faster at higher frequencies
(beyond the bandwidth) in order to reduce the
use of manipulated inputs, to make the controller

realizable and to reduce the effects of noise.

2-15



Example: Loop-shaping design for the

disturbance process.

+ U 1 _i"‘ 200
> K(s)— ™ T0s+1 »/

_ (0.055+1)2[ ¥

Figure 7: Block diagram representation of the distur-

bance process in (2.20)

15
1
e AN
=
=
50 0.5
CS .
= y2 | N3
10 : Of ‘ ‘
10° 10° 10° 0 1 i 3
Frequency [rad/s] Time [sec
(a) Loop gains (b) Disturbance responses

Figure 8: Loop shapes and disturbance responses for

controllers K7, K5 and K3 for the disturbance process

2-16



Step 1. Initial design.
K(s) =G tG4y =0.5(0.05s + 1)2.

Make proper:

— offset!

Step 2. More gain at low frequency. To get
integral action multiply the controller by the term

2L For wy = 0.2w, the phase contribution from

STUI §s arctan(1/0.2) — 90° = —11° at w,. For

we =~ 10 rad/s, select the following controller

S+ 2

KQ(S) = 0.5 S

(2.29)

—> response exceeds 1, oscillatory, small phase

margin

Step 3. High-frequency correction. Supplement
with “derivative action” by multiplying K>(s) by a
lead-lag term effective over one decade starting at
20 rad/s:

s+2 0.05s+1

2.30
s 0.000s +1 ( )

K3(s) = 0.5

— poor reference tracking (simulation)
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2.4.3 *Two degrees of freedom design [2.6.5]

In order to meet both regulator and tracking

performance use K, (= “prefilter”):

;
:&r

— K, ~ - K, > G > Y
Y
+
T,
n
Figure 9: Two degrees-of-freedom controller
Idea:
e Design K,
e T'=L(I+ L) ! with L =GK,
e Desired y = Tcsr
— K, =T 'Tres (2.31)

-18



Remark:
Practical choice of prefilter is the lead-lag network

K, (s) = Tead5 + 1 (2.32)
Tlags T 1

Tlead > Tlag 0 speed up the response, and Ticad < Tiag

to slow down the response.
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Example Two degrees-of-freedom design for

the disturbance process.

K, = K3. Approximate response by inpection of ys:

~ 1_5 . 0.5 o (O.7S+1)
T(S) ~ 0.1s+1 0.55+1 — (0.1s+1)(0.55+1)

which yields:

K.(s) = 52221

By closed-loop simulations:

0.5s +1 1
K,a(s) = -
308) = 0655 £ 1 0.03s 1

where 1/(0.03s 4+ 1) included to avoid initial peaking
of input signal u(t) above 1.

(2.33)

| y3(t)

y3(t)(two degrees-of-freedom)

0 05 1 15 2 25 3
Time [sec]

Figure 10: Tracking responses with the one degree-

of-freedom controller (K3) and the two degrees-of-

freedom controller (K3, K,3) for the disturbance pro-

Cess



Example: Loop shaping for a flexible

structure.
B B 2.5s(s* + 1)
G(S) = Gd(S) = (82 I 0.52)(82 I 22) (2.34)
[ Kmin(jw)| = [GT G4l = 1 =
K(s)=1 (2.35)

) G =Gy
o
z
.E 100
&0
&
=
10° -2 0 2 -2 : — ‘
10 10 10 0 5 10 15 20
Frequency [rad/s] Time [sec]
(a) Magnitude plot of |G| = (b) Open-loop and
1G4 closed-loop disturbance

responses with K =1

Figure 11: Flexible structure in (2.34)



2.5 Closed-loop shaping [2.7]

Why ?

We are interested in S and T':
Ljw)|>1 = S~L% T=1
Ljw)|<1l = S=I; T~ L

but in the crossover region where |L(jw)]| is close to

1, one cannot infer anything about S and 7' from
L(jw)l.
Alternative:

Directly shape the magnitudes of closed-loop S(s)
and T'(s).



The term H.

The H., norm of a stable scalar transfer function
f(s) is simply the peak value of |f(jw)| as a function
of frequency, that is,

1£(5)lle = max | f(jw) (2.36)

The symbol co comes from:

00 1/p
max ()] = tim ([ IfGa )

— OO0

The symbol ‘H stands for “Hardy space”, and H is
the set of transfer functions with bounded oo-norm,
which is simply the set of stable and proper transfer

functions.



2.5.1 Weighted sensitivity [2.7.2]

Typical specifications in terms of S

1. Minimum bandwidth frequency w¥.
2. Maximum tracking error at selected frequencies.

3. System type, or alternatively the maximum
steady-state tracking error, A.

4. Shape of S over selected frequency ranges.

5. Maximum peak magnitude of .S, [|S(jw)||eco < M.

Specifications may be captured by an upper bound,

L/lwp(s)], on ||S]-



Magnitude

10 —2 | Illlllll—l | IIIII”IO | l

10 10 10 10
Frequency [rad/s]
(a) Sensitivity S and performance weight wp
3 | |

Magnitude

0—2 -1 0 1

10 10 10 10
Frequency [rad/s]

(b) Weighted sensitivity wpS

Figure 12: Case where |S| exceeds its bound 1/|wp|,

resulting in ||lwpS|le > 1



|S(w)] < 1/lwp(jw)l], Yw (2.37)

o |wpS| <1, Vo o ||wpS|le <1] (2.38)

Typical performance weight:

wp(s) = v (2.39)

Magnitude

10 10 10 10 10
Frequency [rad/s]

Figure 13: Inverse of performance weight. Exact and

asymptotic plot of 1/|wp(jw)| in (2.39)



To get a steeper slope for L (and S) below the
bandwidth:

(/M 4 )
(s +wpAl/2)2

wp(s) = (2.40)

2.5.2 *Mixed sensitivity [2.7.3]

In order to enforce specifications on other transfer

functions:
- wpS -
|N|loo =maxo(N(jw)) <1l; N=| wrT
LW, KOS
(2.41)

N is a vector and the maximun singular value (V)

is the usual Euclidean vector norm:

G(N) =+/|wpS|2 + |wrT|? + Jw,KS|? (2.42)
The H,, optimal controller is obtained from

min |V (K) (2.43)



Example: H.. mixed sensitivity design for the

disturbance process.

Consider the plant in (2.20), and an Hs mixed
sensitivity S/K S design in which

N | wrd (2.44)
wy K S

Selected w, = 1 and

_ s/M+wp

M=15 wh =10, A=10"1
S—I—WEA, y Wp 3

wp1(s)
(2.45)

—> poor disturbance response

To get higher gains at low frequencies:

(s/M2 + wp)?

* —4
o M= 15wh =10.4=10

wpa(s) =

(2.46)



Magnitude

10 10 10° 10" 10°

Frequency [rad/s]

Figure 14: Inverse of performance weight (dashed line)
and resulting sensitivity function (solid line) for two

Hoo designs (1 and 2) for the disturbance process

1.5
y2(t)
y1(t)
0.5;
O J
0 1 2 3 0 1 2 3
Time [sec] Time [sec]
(a) Tracking response (b) Disturbance response

Figure 15: Closed-loop step responses for two alterna-

tive Hoo designs (1 and 2) for the disturbance process



3 PERFORMANCE
LIMITATIONS IN SISO
SYSTEMS [5]

3.1 Input-Output Controllability [5.1]

“Control” is not only controller design and stability

analysis. Three important questions:
I. How well can the plant be controlled?

II. What control structure should be used?
(What variables should we measure, which variables
should we manipulate, and how are these variables

best paired together?)

ITI. How might the process be changed to

improve control?
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Definition 1 (Input-output) controllability is
the ability to achieve acceptable control performance;
that is, to keep the outputs (y) within specified
bounds from their references (r), in spite of unknown
but bounded variations, such as disturbances (d) and
plant changes, using available inputs (u) and

available measurements (Yp, or dp, ).

Note: controllability is independent of the
controller, and is a property of the plant (or process)

alone.

It can only be affected by:
e changing the apparatus itself, e.g. type, size, etc.
e relocating sensors and actuators
e adding new equipment to dampen disturbances
e adding extra sensors

e adding extra actuators



3.1.1 Scaling and performance [5.1.2]

We assume that the variables and models have been

scaled so that for acceptable performance:

e Output y(t) between r — 1 and r + 1 for any
disturbance d(t) between —1 and 1 and any
reference 7(t) between —R and R, using an input
u(t) within —1 to 1.

or frequency-by-frequency.

e le(w)| <1, for any disturbance |d(w)| < 1 and
any reference |r(w)| < R(w), using an input
u(w)] < 1.

Usually for simplicity:

Rw)=R w < w,
(@) - (3.1)
R(w) =0 w > wy
Because:
e=y—r=Gu+Gqd— Rr (3.2)

we can apply results for disturbances also to
references by replacing G4 by —R.



3.2 Perfect control & plant inversion
5.2]

y = Gu+ Gud (3.3)

For “perfect control”, i.e. y = r (not realizable) we
have feedforward controller:

w=G tr—G 'Gyd (3.4)

With feedback control ©u = K(r — y) we have:

uw=KSr— KSG,d

or since T' = GKS,

w=G 'Tr -G 'TG4d (3.5)

Where feedback is effective (T = I') feedback input in
(3.5) is the same as perfect control input in (3.4) =
High gain feedback generates an inverse of GG even

though K may be very simple.



As consequence perfect control cannot be achieved if

e (G contains RHP-zeros (since then G~1 is

unstable)

e G contains time delay (since then G~! contains a

prediction)

e G has more poles than zeros (since then G~ is
unrealizable)

For feedforward control perfect control cannot be

achieved if

e (G is uncertain (since then G~! cannot be

obtained exactly)

Because of input constraints perfect control cannot
be achieved if

o |GGy is large
e |G7'R| is large



3.3 Constraints on S and T [5.3]

3.3.1 S plus T is one [5.3.1]

S+T =1 (3.6)

— at any frequency |S(jw)| > 0.5 or |T'(jw)| > 0.5

3.3.2 The waterbed effects (sensitivity
integrals) [5.3.2]

Magnitude

[

=
© |

Frequency [rad/s]
Figure 16: Plot of typical sensitivity, |S|, with upper

bound 1/|wp]

Note: |S| has peak greater than 1; we will show that

this is unavoidable in practice.



Pole excess of two: First waterbed formula

Idea:

When L(s) = has a relative degree of two or more,
then for some w the distance between L and —1 is

less than one.

A Im
21
2
L(S) s(s+1)
_-—-——=_ 1
// \\
/ \
/ \
l \
} f >
\
\ -1 / 1 2 Re
N Y
\\\ . _1
21
L(jw)

Figure 17: |S| > 1 whenever the Nyquist plot of L is

inside the circle
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Theorem 1 Bode Sensitivity Integral.
Suppose that the open-loop transfer function L(s) is

rational and has at least two more poles than zeros

(relative degree of two or more).

Suppose also that L(s) has N, RHP-poles at

locations p;.
Then for closed-loop stability the sensitivity function
must satisfy

N

/OO In [S(jw)|dw = 7Y Re(p;) (3.7)

0 i=1

where Re(p;) denotes the real part of p;.



RHP-zeros: Second waterbed formula

A Im
//
/
/
/
/
[
: >
\ Re
\
\
\
AN
1
Ly (s) = ] -15
— 1 —=s+1 541
L(s) = 755 2.0

Figure 18: Additional phase lag contributed by RHP-zero
causes |S| > 1

=
(@]
T

=

Magnitude |S|

=
oI

-2 101

[EEN
o

Frequency
Figure 19: Effect of increased controller gain on |S| for

system with RHP-zero at z = 2, L(s) = k2—s

s 2+s



Theorem 2 Weighted sensitivity integral.
Suppose that L(s) has a single real RHP-zero z and

has N, RHP-poles, p;. Then for closed-loop stability
the sensitivity function must satisfy

N
00 . p Di + 2
In|S(jw)| w(z,w)dw =7 - In 3.8
| misGe) - wiz.w) =] @
where:
2 2 1
w(z,w) = = (3.9)

24w 214 (w/z)?
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A Magnitude
(log)

N RN )

Figure 20: Plot of weight w(z,w) for case with real

zero at s = 2

Weight w(z,w) “cuts off” contribution of In|S| at
frequencies w > z. Thus, for a stable plant:

/ In|S(jw)ldw =0 (for|S|~1atw>z2) (3.10)
0

The waterbed is finite, and a large peak for |S] is
unavoidable when we reduce |S| at low frequencies
(Figure 19).

Dit+=z
pPi—=Z

Note also that when p, — z then — 00.
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3.3.3 Interpolation constraints from internal

stability [5.3.3]

If p is a RHP-pole of L(s) then

3.3.4 Sensitivity peaks [5.3.4]

(3.11)

(3.12)

Maximum modulus principle. Suppose f(s) is
stable (i.e. f(s) is analytic in the compler RHP).

Then the maximum value of |f(s)| for s in the

right-half plane is attained on the region’s boundary,

1.e. somewhere along the jw-axis. Hence, we have

for a stable f(s)

| f(jw)]leo = mwaX |f(Gw)| > |f(s0)] Vsg€ RHP

(3.13)
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The results below follow from (3.13) with

f(s) = wp(s)S5(s)

f(s) = wr(s)T(s)

for weighted sensitivity and weighted complementary
sensitivity.

Theorem 3 Weighted sensitivity peak.
Suppose that G(s) has a RHP-zero z and let wp(s)

be any stable weight function.

Then for closed-loop stability the weighted sensitivity

function must satisfy

lwpSlleo = |wp(2)] (3.14)

Theorem 4 Weighted complementary

sensitivity peak.

Suppose that G(s) has a RHP-pole p and let wr(s) be

any stable weight function.

Then for closed-loop stability the weighted

complementary sensitivity function must satisfy

lwrT oo > |wr(p)] (3.15)
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Theorem 5 Combined RHP-poles and
RHP-zeros.

Suppose that G(s) has N, RHP-zeros z;, and N,
RHP-poles p;.

Then for closed-loop stability the weighted sensitivity

Junction must satisfy for each RHP-zero z;

Z: +
lwpSle > e1jlwp(z) H 2 p’b
|Z.7 'L

(3.16)
and the weighted complementary sensitivity function

must satisfy for each RHP-pole p;

‘ZJ “|‘pz
HwTTHoo > CZz‘wT pz H ‘ZJ z
(3.17)
For wp — wWr = 1:
15|00 > mjaxclj, 1T |00 > max C; (3.18)

— Large peaks for S and T are unavoidable if a
RHP-zero and a RHP-pole are close to each other.
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3.3.5 Bandwidth limitation IT [5.6.4]

Performance requirement:

|SGw)| <1/lwp(jw)| Vo & JlupS|e <1

(3.19)
However, from (3.14) we have that
lwpSlloe = lwp(2)],
so the weight must satisty
lwp(2)] <1 (3.20)
For performance weight
s/M + wp
= 3.21
we(s) = 25 (3:21)
and a real zero at z we get:
- A)y<z(1-2 (3.22)
— 2|11 —— :
wWx Wi

eg. A=0,M = 2:

wp < =
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3.4 Limitations imposed by

RHP-poles [5.8]

Specification:

T(jw) < 1/jwr(jw)] Yo
However, from (3.15) we have that:

lwrT oo = |wr(p)]

so the weight must satisfy

lwr(p)| <1
For:
(s) S n 1
wrl\sS) = "
wBT MT
we get:
\ My
>
WBT pMT 1
e.g. Mr =2:

|wrT||eo < 1

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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3.5 Combined RHP-poles and
RHP-zeros [5.9]

RHP-zero:

we < 2/2
RHP-pole:

We > 2p
RHP-pole and RHP-zero:

z > 4p for acceptable performance and robustness.

Sensitivity peaks.

From Theorem 5 for a plant with a single real
RHP-pole p and a single real RHP-zero z, we always

have:

I5llce = ¢ [[Tlloo 2 ¢, =

(3.28)
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Example 1 Balancing a rod. The objective is to keep
the rod upright by movement of the cart, based on
observing the rod either at its far end (output yi) or the
cart position (output ys ).

% | g

7 |

Z Y1 | m l

Z | [ [m] = length of rod

/ 3

%# m [kg] = mass of rod
. ‘

Z I M [kg] = mass of hand
Z ‘ g ~ 10 m/s*> = acceleration due
Z force f M to gravity.

| T e

Z 777777777777777777

The linearized transfer functions for the two cases are

_ —9g .
Gi(s) = s2 (Mls? — (M +m)g)’

B s> — g
Gals) = s2 (Mls? — (M 4+ m)g)

Poles: p=0,0,%4/ %. For output y1(G1(s))

stabilization requires minimum bandwidth (3.27). For

output y2(G2(s)) zero at z = /4

e For light rod m << M, pole =~ zero — “tmpossible”

to stabilize

e For heavy rod (m large) difficult to stabilize because

p >z
Ezample: m/M = 0.1 = ||S]|cc > 42 ; [|[T]|cc > 42 =

poor control
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3.6 * Ideal Integral Square Error
(ISE) optimal control [5.4]

ISE :/OOO ly(t) — r(t)|*dt (3.29)

the “ideal” response y = T'r when r(t) is a unit step

1S:

— 8 %_,Z' _0s
T(s) = H " ij e ? (3.30)

where Z; is the complex conjugate of z;.

Optimal ISE for three simple stable plants are:

1. with a delay 6:
ISE =460

2. with a RHP-zero z:
ISE =2/2

3. with complex RHP-zeros z = x + jy:
ISE = 4z/(x* + y?)
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3.6.1 * Limitations imposed by time delays
[5.5]

Ideal for plant with delay:

S=1-T=1-—¢"% (3.31)

=
o

Magnitude |S|
I
=

N

w=1/0

-2 -1 0 1 2

10 10 10 10
Frequency x Delay

=
© |

=
o

Figure 21: “Ideal” sensitivity function (3.31) for a
plant with delay

. . . TT 1 _
|S(jw)| in Figure 21 crosses 1 at 5 = 1.05/6.

Because here |S| = 1/|L|, we have:

we < 1/6 (3.32)



3.6.2 * Limitations imposed by RHP-zeros
[5.6]

RHP-zeros typically appear when we have competing
effects of slow and fast dynamics:

1 2 —s+8

G = T T sv 10 (s + 1)(s + 10)

(a) Inverse response [5.6.1]

For a stable plant with n, RHP-zeros, it may be
proven that the output in response to a step change
in the input will cross zero (its original value) n,

times, that is, we have inverse response behaviour.



(b) Bandwidth limitation I [5.6.3]

2100; //,
o) i d
!U L
S i
ﬁ L
S a7l
ap10 |
S
z/2
10_2—2 | ““H“—l | “HH“O | “H‘H‘l | 2
10 10 10 10 10

Frequency X 1/z

(a) Real RHP-zero

T

y/z=0.1  y/z=10y/z=50
iloo,—
o |
'U L
g |
2 |
510 ¢
<
=
—2
10
102 10° 10° 10 10°

Frequency X 1/x

(b) Complex pair of RHP-zeros, z = = £ jy

Figure 22: “Ideal” sensitivity functions for plants with
RHP-zeros



For a single real RHP-zero the “ideal”, i.e. ISE

optimal, sensitivity function is

2
S=1-T=—"
S+ z
From Figure 22(a):
2

2

(3.33)

(3.34)



3.7 * Non-causal controllers [5.7]

Perfect control can be achieved for a plant with a
time delay or RHP-zero if we use a non-causal
controller, i.e. a controller which uses information
about the future. (relevant for servo problems, e.g.

in robotics and for batch processing.)

G(s) = ;S:ZZ; 2> 0 (3.35)
0 t<0
r(t) =
1 ¢>0

Stable non-causal controller generates the input

2e*t t <0
1 t >0

u(t) =

(See (Figure 23))



Input: unstable controller
0 .

_5.

-10 .
-5 0 5

Input: non-causal controller
2. ]

0 ) |
-5 0 5
Input: practical controller
2. T ]

1 L

O ]
-5 0 5
Time [sec]

Output: unstable controller
1.

0

-1 .
-5 0 5

Output: non-causal controller
1.

0

-1 .
-5 0 5

Output: practical controller
1f .

-5 0 5
Time [sec]

Figure 23: Feedforward control of plant with RHP-

Z€ro



3.8 Limitations imposed by input
constraints [5.11]
The input required to achieve perfect control (e = 0)
1S
w=G 'r— G 'Gyd (3.36)

Disturbance rejection. r =0, |d(w)| = 1;

lu(w)| < 1 implies

G (jw)Ge(jw)| <1 Vw (3.37)

Command tracking. d =0, |r(w)| = RVw < w,
lu(w)| < 1 implies:
G jw)R| <1 VYw < w, (3.38)

For acceptable control (namely |e(jw)| < 1)

requirements change to:

|G| > |Ggq| — 1| at frequencies where |Gg4| > 1
(3.39)
G| >|Rl—1<1| Yw<uw, (3.40)




3.9 Summary: Controllability analysis
with feedback control [5.14]

Gm<

Figure 24: Feedback control system

y=G(s)u+Ga(s)d; ym=GCn(s)y  (3.41)
G (0) = 1 (perfect steady-state measurement);
d, u, y and r are assumed to be scaled;

we = gain crossover frequency (frequency where

|L(jw)| crosses 1 from above);

wq = frequency where |G4(jwy)| first crosses 1 from
above.



The following rules apply:

Rule 1. Speed of response to reject

disturbances. We require w. > wqy. More
specifically, |S(jw)| < [1/G4(jw)| Vw.

Rule 2. Speed of response to track reference
changes. We require |S(jw)| < 1/R up to the

frequency w, where tracking is required.

Rule 3. Input constraints arising from
disturbances. For acceptable control (le| < 1)
we require |G(jw)| > |Ga(jw)| — 1 at frequencies
where |Gg4(jw)| > 1.

Rule 4. Input constraints arising from
setpoints. We require |G(jw)| > R — 1 up to
the frequency w, where tracking is required. (See

(3.40)).



Rule 5. Time delay 6 in G(s)G,,(s). We
approximately require w. < 1/60. (See (3.32)).

Rule 6. Tight control at low frequencies with
a RHP-zero z in G(s)G,,(s). For a real
RHP-zero we require w. < z/2. (See (3.34)).

Rule 7. Phase lag constraint. We require in
most practical cases (e.g. with PID control):

We < wy. Here the ultimate frequency w,, is
where /GG, (jw,) = —180°.

Rule 8. Real open-loop unstable pole in G(s)
at s =p. We need high feedback gains to

stabilize the system and require w. > 2p.

In addition, for unstable plants we need

|G| > |Gy4| up to the frequency p (which may be

larger than wq where |G4| = 1|). Otherwise, the

input may saturate when there are disturbances,

and the plant cannot be stabilized.



3.10 Applications of controllability
analysis [5.16]

3.10.1 First-order delay process [5.16.1]

Problem statement.

6—05 6_0d8

= kj . — k:
G(s) 14+ 78’ Ga(s) 15 T4S

;o |kal > 1
(3.42)

Also: measurement delays 0,,,, 0,14

Specification: |e| <1 for |u| < 1,|d| < 1.

i) feedback control only

ii) feedforward control only

Give quantitative relationships between the
parameters which should be satisfied to achieve

controllability.
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Solution. For |u| < 1 we must from Rule 3 require
|G(jw)| > |Ga(jw)| Yw < wq. For both feedback and

feedforward

k> kq; k/7'>]€d/7'd (343)

(i) Feedback control. From Rule 1 for |e| < 1 with
disturbances
Wy ~ k’d/Td < We (3.44)

On the other hand, from Rule 5 we require for

stability and performance
We < 1/(975015 (345)

where 0;,; = 0 + 0,,, is the total delay around the

loop. (3.44) and (3.45) yield the following
requirement for controllability

Feedback: 0+ 0,, < 14/kqg (3.46)

(ii) Feedforward control. For |e| < 1 we need

Feedforward: 0 + 0,,0 — 0q < 74/kq4 (3.47)
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3.10.2 Application: Room heating [5.16.2]

To K]
\\
a[WI/K]
T[K]
G, /K]
QW]

Figure 25: Room heating process

1. Physical model. Heat input (), room
temperature T (within +1K), outdoor

temperature 1.

Energy balance:

%(CVT) —Q+alT,—T) (3.48)

2. Operating point. Heat input QQ* is 2000V,
difference between indoor and outdoor
temperatures T — T is 20 K. The steady-state
energy balance yields o* = 2000/20 = 100W/K.
We assume Cy = 100kJ/ K.
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3. Linear model in deviation variables.

or(t) = T(t)—1T7;
0Q() = Q) — Q%
ST,() = To(t) T
yields
CV%(ST(t) =0Q(t) + a(dT,(t) —oT(t)) (3.49)

On taking Laplace transforms in (3.49), assuming
0T (t) =0 at t = 0 and rearranging we get

1

0T(s) = —— (éc?@(s) +5TO(S)) =

Cv
8%
(3.50)

The time constant for this example is
7 =100 -10°%/100 = 1000s ~ 17min
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4. Linear model in scaled variables.

Introduce the following scaled variables

o) = o (3.51)
u(s) = ;g:l (3.52)
d(s) = % (3.53)

Acceptable variations in room temperature 1" are
+1K, ie. 0100 = 0€mar = 1K. The heat input can
vary between 0W and 60001, since its nominal
value is 2000W we have Q0. = 2000/ .

Expected variation in temperature are =10/, i.e.
0T maz = 10K.

The model becomes

G(s) — g 3.54
(5) 7s+10T.. a  1000s + 1 (3.54)

— 3.55
7s+1 01,0x 1000s + 1 ( )

Measurement delay for temperature (y) be
0,,, = 100s.
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Problem statement.

1. Is the plant controllable with respect to
disturbances?

2. Is the plant controllable with respect to setpoint
changes of magnitude R = 3 (+3 K) when the
desired response time for setpoint changes is
7, = 1000 s (17 min) ?

Solution.

Magnitude

10 10 10° 10 10
Frequency [rad/s]

Figure 26: Frequency responses for room heating ex-

ample
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1. Disturbances. From Rule 1 feedback control is
necessary up to the frequency wy = 10/1000 = 0.01
rad /s, where |Gy4| crosses 1 in magnitude (w. > wg).
This is exactly the same frequency as the upper
bound given by the delay, 1/6 = 0.01 rad/s

(we < 1/6). Therefore the system is barely
controllable for this disturbance. From Rule 3 no
problems with input constraints since |G| > |G4| at
all frequencies. These conclusions are supported by
the closed-loop simulation in Figure 27(a) using a
PID-controller with K. = 0.4 (scaled variables),

71 = 200 s and ™p = 60 s.

2. Setpoints. The plant is controllable with respect

to the desired setpoint changes.

1. The delay (100 s) is much smaller than the

desired response time of 1000 s

2. |G(jw)| > R = 3 up to about wy; = 0.007 [rad/s]
which is seven times higher than the required
wy = 1/7,. = 0.001 [rad/s|. This means that input
constraints pose no problem. In fact, we achieve
response times of about 1/w; = 150 s without
reaching the input constraints. See Figure 27(b)
for a desired setpoint change 3/(150s + 1) using
the same PID controller as above.
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1- 3_ - - - - - - - ==
r(t)
0-5 [y
t
. y(?)
u(t) !

-0.5 u(t)

0 50 1000 50 1000

Time (fsec] Time [sec]
(a) Step disturbance in out- (b) Setpoint change
door temperature 3/(150s + 1)

Figure 27: PID feedback control of room heating ex-
ample
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3.10.3 * Application: Neutralization process

[5. 16.3]
ACID BASE
dA {><} dB
CA CB
4 >
q
C

Figure 28: Neutralization process with one mixing
tank

Problem statement. Consider process in
Figure 28, where a strong acid with pH= —1 is
neutralized by a strong base (pH=15) in a mixing
tank with volume V= 10m?3.

Feedback control to keep the pH in the product
stream (output y) in the range 7 £ 1 (“salt water”)
by manipulating the amount of base, qg (input u) in
spite of variations in the flow of acid, ¢4 (disturbance
d). The delay in the pH-measurement is 6,, = 10 s.
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. Controlled output is the excess of acid, ¢ [mol/l],

defined as c = cy+ — copg-.

. Objective is to keep |c| < cmax = 107°% mol/l,
and the plant is

d

ﬁ(Vc) = qACA +qBCB — (C (3.56)

¢ = ¢ = 0.005 [ m?/s] resulting in ¢* = 0.01
[m3/s]= 10 [1/s].

. Scaled variables:

C 4B da
= ; =—:; d= 3.57
YT108 YT g 0.5¢", (3:57)
. Scaled linear model:
G = G = ks =2.5-10
(3.58)

where 7, = V/q = 1000 s is the residence time
for the liquid in the tank.
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Magnitude

10

! 1 L 1 L I L I
-4 -2 0 2 4

10 10 10

10
Frequency [rad/s]

Figure 29: Frequency responses for the neutralization

process with one mixing tank

Controllability analysis.

Figure 29: From Rule 2, input constraints do not
pose a problem since |G| = 2|G4| at all frequencies.
From Rule 1 we find the frequency up to which
feedback is needed

wa = kq/T = 2500 rad/s (3.59)

This requires a response time of 1/2500 = 0.4
milliseconds which is clearly impossible in a process
control application (also: delay of 10 s).
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S Q- - - - - ,
ACID y; BASE :

Figure 30: Neutralization process with two tanks and

one controller

Design change: Multiple tanks.

To improve controllability modify the process =
Perform the neutralization in several steps as

illustrated in Figure 30 for the case of two tanks.

With n equal mixing tanks in series

Gals) = kaha(s): ha(s) = zarse (360

h.,(s) is transfer function of the mixing tanks, and 7,

is total residence time, V. /q.
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Magnitude

10

10 -1 | | IIII IIIO | | T Illll

10 10 10 10
Frequency X 7

Figure 31: Frequency responses for n tanks in se-

ries with the same total residence time 73; h,(s) =
1/(hs+1)", n=1,2,3,4

From Rules 1 and 5, we must require

Ga(jwe)| < 1] we =1/6 (3.61)

where 6 is the delay in the feedback loop. Purpose of
mixing tanks h,(s) is to reduce the effect of the
disturbance by a factor kq(= 2.5 - 10°) at the frequency
we(= 0.1 [rad/s]), i.e. |hn(jws)| < 1/kq. Minimum value

for the total volume for n equal tanks in series

Viot = qOn/ (ka)2/™ — 1 (3.62)

where ¢ = 0.01 m?/s.
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With 6 = 10 s we then find that the following designs

have the same controllability

No. of Total Volume
tanks volume | each tank
n | Vit [m”] [m?]

1 250000 250000
2 316 158
3 40.7 13.6
4 15.9 3.98
5 9.51 1.90
6 6.96 1.16
7 5.70 0.81

n = 1 = Supertanker.

Minimum total volume is 3.662 m?> with 18 tanks of
about 203 liters each

Practical compromise: 3 or 4 tanks.
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Control system design. We have |S| < 1/|G4] at
the crossover frequency wp ~ w. = wy. However,
from Rule 1 we also require that |S| < 1/|Gy4|, or
approximately |L| > |G4|, at frequencies lower than
we, (difficult since G4(s) = kqh(s) is of high order).
This requires |L| to drop steeply with frequency,
which results in a large negative phase for L

Thus, system in Figure 30 with a single feedback
controller will not work. = install local feedback

control system on each tank (Figure 32.).

BASE

---------------- BASE

oo b

________________

Figure 32: Neutralization process with two tanks and

ACID

two controllers.
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= plant design change

With n controllers for n tanks the overall closed-loop
response from a disturbance into the first tank to the

pH in the last tank becomes

y=Ga ] : )d & —d L= HL (3.63)

where G4 = [[,_, G; and L; = G, K, and the
approximation applies at low frequencies where

feedback is effective.

Design each loop L;(s) with a slope of —1 and
bandwidth w. =~ wy, such that the overall loop
transfer function L has slope —n and achieves

|L| > |G4| at all frequencies lower than w, (the size of
the tanks are selected as before such that wg ~ wy).
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4 UNCERTAINTY AND
ROBUSTNESS FOR SISO
SYSTEMS [7]

4.1 Introduction [7.1]

A control system is robust if it is insensitive to
differences between the actual system and the model
of the system which was used to design the
controller. These differences are referred to as

model /plant mismatch or simply model uncertainty.



Our approach is:

1. Determine the uncertainty set: find a
mathematical representation of the model
uncertainty (“clarify what we know about what

we don’t know” ).

2. Check Robust stability (RS): determine whether
the system remains stable for all plants in the

uncertainty set.

3. Check Robust performance (RP): if RS is
satisfied, determine whether the performance
specifications are met for all plants in the

uncertainty set.

Notation:
II — a set of possible perturbed plant models

(“uncertainty set”).

G(s) € II — nominal plant model (with no
uncertainty).

Gp(s) € Il and G'(s) € II — particular perturbed
plant models.



4.2 Classes of uncertainty |[7.2]

1. Parametric uncertainty. Here the structure of
the model (including the order) is known, but

some of the parameters are uncertain.

2. Neglected and unmodelled dynamics
uncertainty. Here the model is in error because
of missing dynamics, usually at high frequencies,
either through deliberate neglect or because of a
lack of understanding of the physical process.
Any model of a real system will contain this

source of uncertainty.

3. Lumped uncertainty. Here the uncertainty
description represents one or several sources of
parametric and /or unmodelled dynamics
uncertainty combined into a single lumped

perturbation of a chosen structure.

Figure 33: Plant with multiplicative uncertainty



Multiplicative uncertainty of the form
7 Go(s) = G(s)(1 +wr(s)Ar(s));

where
Ar(jw)| <1 Vw (4.1)

~

[Arllee <1

Here Aj(s) is any stable transfer function which at
each frequency is less than or equal to one in

magnitude. Some allowable Aj(s)’s

§—z 1 1 0.1
s+z 1s+1  (5s+1)3 s24+0.1s+1

Inverse multiplicative uncertainty

L : Gp(s) = G(s)(1 4+ wir(s)Air(s)) ™
A r(jw)| <1 Vw  (4.2)



4.3 Representing uncertainty in the
frequency domain [7.4]

4.3.1 Uncertainty regions [7.4.1]

Example:

Gp(s) = e ", 2<k,0,7<3 (4.3)

Figure 34: Uncertainty regions of the Nyquist plot at
given frequencies. Data from (4.3)



Figure 35: Disc approximation (solid line) of the origi-
nal uncertainty region (dashed line). Plot corresponds

to w = 0.2 in Figure 34



4.3.2 Approximation by complex
perturbations [7.4.2]

ATm

Figure 36: Disc-shaped uncertainty regions generated

by complex additive uncertainty, G, = G + waA
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We use disc-shaped regions to represent uncertainty
regions (Figures 35 and 36) generated by

Ta: Gp(s) = G(s)twa(s)Aals); [Aa(jw) < 1Vw
(4.4)
where A 4(s) is any stable transfer function which at

each frequency is no larger than one in magnitude.

AIm

L / GG (centre)
4
1

.
lwa| —4
— ,
|
\ ,,I \ >

Re

Figure 37: The set of possible plants includes the ori-
gin at frequencies where |wa (jw)| > |G(jw)|, or equiv-

alently |wy(jw)| > 1



Alternative: multiplicative uncertainty description as
in (4.1),

;2 Gp(s) = G(s)(14+wi(s)Ar(s));  |Ar(Jjw)| <1, Vw

(4.5)
(4.4) and (4.5) are equivalent if at each frequency
wr(jw)| = lwa(jw)|/|G(Gw)] (4.6)

4.3.3 Obtaining the weight for complex
uncertainty [7.4.3]

1. Select a nominal model G(s).

2. Additive uncertainty. At each frequency find the
smallest radius [4(w) which includes all the

possible plants II:

wa(jw)| 2 la(w) = max [Gy(jw) — G(jw)]
(4.7)

3. Multiplicative (relative) uncertainty. (preferred

uncertainty form)

. > _
’wf(]w” - ll(w) g;%}l% G(]W)



Example 1 Multiplicative weight for parametric
uncertainty. Constder again the set of plants with

parametric uncertainty given in (4.3)

k 6—98
s+ 1 ’

II: Gp(s) = 2<k,0,7<3 (4.9)

We want to represent this set using multiplicative
uncertainty with a rational weight wr(s). We select a

delay-free nominal model

k 2.5
— - - 4.1
G<S> 7s + 1 2.0s+1 ( O)

Magnitude

10 - ‘ R H ‘ {_ ‘ ‘ e {O Lot o .
10 10 10 10
Frequency

Figure 38: Relative errors for 27 combinations of &k, 7
and 6 with delay-free nominal plant (dotted lines).
Solid line: First-order weight |wyqi| in (4.11). Dashed
line: Third-order weight |w;| in (4.12)
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Ts+ 0.2
p— jh p— 4; Z1.1]_
wr(s) (T/2.5)s + 1’ (4.11)

s2+1.6s+1
s2+1.4s+1

wr(s) = wri(s) (4.12)

4-11



4.4 SISO Robust stability [7.5]

4.4.1 RS with multiplicative uncertainty

T_'K

Figure 39: Feedback system with multiplicative un-

certainty

Graphical derivation of RS-condition.

In Figure 40 | — 1 — L| = |1 + L] is the distance from
the point —1 to the centre of the disc representing
L,, |lwrL| is the radius of the disc. Encirclements are
avoided if none of the discs cover —1, and we get
from Figure 40

RS & |wiL|<|1+L|, Yw (4.13)
w]L
1,V T < 1,Vu(4.14
adl g < 1,Vw < |w;T| < 1,Vu(4.14)
def
S |wrT|leo < 1 (4.15)
RS < |T| < 1/|wy|, Yw (4.16)
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—1
I |
0 Re
11+ L(jw)|
L LGw)
A
jwr L

Figure 40: Nyquist plot of L,, for robust stability
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Example 2 Consider the following nominal plant and
PI-controller

3(—2s+1)
(5s 4+ 1)(10s + 1)
K. = K. = 1.13 (Ziegler-Nichols). One “extreme”
uncertain plant is G'(s) = 4(—3s + 1)/(4s + 1)*. For this
plant the relative error |(G' — G) /G| is 0.33 at low
frequencies; it is 1 at about 0.1 rad/s, and it is 5.25 at

12.7s + 1
12.7s

G(s) = K(s) = K.

high frequencies = uncertainty weight

wy(s) = 105+ 033
T (10/5.25)s + 1

which closely matches this relative error.

yyw;  Ti(not RS)

Magnitude

10k

T> (RS)

| L L R |

10 10

Ff%quency

Figure 41: Checking robust stability with multiplica-

tive uncertainty
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By trial and error we find that reducing the gain to

K. = 0.31 just achieves RS as seen from 75 in
Fig. 41.

Remark:

The procedure is conservative. For K., the system
with the “extreme” plant is not at the limit of
instability; we can increase the gain to k.o = 0.58

before we get instability.

-15



UA Yyn

» M

Figure 42: M A-structure

M A-structure derivation of RS-condition. The
stability of the system in Figure 39 is equivalent to
stability of the system in Figure 42, where A = A;

and
M=wK(1+GK) 'G=w,T (4.17)

The Nyquist stability condition then determines RS
if and only if the “loop transfer function” M A does
not encircle —1 for all A. Thus,

RS & |[1+MA|>0, Yw,V|A[<1 (4.18)

RS =3 1 - |M(jw)| >0, Vw (4.19)
=3 IM(jw)| <1, Vw (4.20)
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4.4.2 RS with inverse multiplicative

uncertainty [7.5.3]

T—>K > >

Figure 43: Feedback system with inverse multiplica-

tive uncertainty

RS & |S|<1/|wi], Yw (4.21)
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4.5 SISO Robust performance [7.6]

4.5.1 Nominal performance in the Nyquist

plot

NP < |wpS|<l Yw <& |wp|<|1+L| Vw
(4.22)

See Figure:

Figure 44: Nyquist plot illustration of nominal perfor-
mance condition |wp| < |1+ L]
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4.5.2 Robust performance [7.6.2]

i

Figure 45: Diagram for robust performance with mul-

d

|—V W o AI
1-'- > G—Ji-> wpl

tiplicative uncertainty

For robust performance we require the performance
condition (4.22) to be satisfied for all possible plants,

that is, including the worst-case uncertainty.

RP & (wpS,| <1 VS, Vw  (4.23)

& |wp| < |1+ L,| VL, Vw  (4.24)
This corresponds to requiring |y/d| < 1 VA in
Figure 45, where we consider multiplicative

uncertainty, and the set of possible loop transfer

functions is

Lp = GpK = L(l + w]A]) — L +wr LAy (425)
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Graphical derivation of RP-condition.
(Figure 46)

RP < |wp|+ |wiL| <|1+L|, Yw (4.26)
& |wp(14+ L) M+ |wiL(1 + L)Y < 1,Vw(4.27)

RP < max, (JlwpS|+ |wiT]) <1 (4.28)

lwr L

Figure 46: Nyquist plot illustration of robust perfor-

mance condition |wp| < |1+ L,)|
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4.5.3 The relationship between NP, RS and

RP [7.6.3]

NP & wpS| < 1,Vw (4.29)
RS & wrT| < 1,Vw (4.30)
RP < wpS|+ |wiT| < 1,Vw (4.31)

e A prerequisite for RP is that we satisfy NP and
RS. This applies in general, both for SISO and
MIMO systems and for any uncertainty.

e For SISO systems, if we satisfy both RS and NP,

then we have at each frequency

lwpS| + |wiT| < 2max{|wpS|, |lw;T|} < 2
(4.32)
Therefore, within a factor of at most 2, we will
automatically get RP when NP and RS are
satisfied.

lwpS|+ |w;T| > min{|wp|, |wr|} (4.33)

We cannot have both |lwp| > 1 (i.e. good
performance) and |wy| > 1 (i.e. more than 100%

uncertainty) at the same frequency.
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5 ELEMENTS OF LINEAR
SYSTEM THEORY [4]

#(t) = Az(t) + Bu(t) (5.1)

y(t) = Cx(t) + Du(t) (5.2)

Wole o)l o9

G = E ‘ b (5.4)
C|D

(5.1)—(5.3) is mot a unique description of the

input-output behaviour of a linear system.



Define new states ¢ = Sz, i.e. x = S~ 1q.

Equivalent state-space realization (i.e. with same

input-output behaviour):
A,=SAS"Y, B,=SB, C,=CS"', D,=D
(5.5)
Dynamical system response z(t) for ¢t > tg

¢
z(t) = eM7t0) () —|—/ e =T Bu(r)dr  (5.6)

to

For a system with disturbances d and measurement

noise mn:

T = Az + Bu + Ed (5.7)
y=Czx+ Du+ Fd+n (5.8)

Let A, = SAS™! = A = diag{\;} be diagonal then

et = S~ diag(eti?)} S

Ai

where e?i! is the mode associated with eigenvalue

\i(A).



5.1 System descriptions [4.1]

5.1.1 Impulse response [4.1.2

The impulse response matrix is

0 t<0
g(t) = ) (5.9)
Ce*B+ Dé(t) t>0

With initial state x(0) = 0, the dynamic response to

an arbitrary input w(t) is

y(1) = g(t) * ult) = /O gt — Pu(r)dr  (5.10)

where * denotes the convolution operator.
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5.1.2 Transfer function representation -

Laplace transforms [4.1.3]

Laplace transforms of (5.1) and (5.3) become for
x =10

sx(s) = Az(s) + Bu(s) =

= x(s) = (sI — A)~"tBu(s) (5.11)

y(s) = Cz(s) + Du(s) =

S Y= COI-ATBADIG)

Ve

G(s)

where GG(s) is the transfer function matrix.

Equivalently,

B 1
~ det(sI — A)[

G(s) Cadj(sI — A)B + Ddet(sI — A)]

(5.13)

From Appendix A.2.1,

n n

det(s] —A) = [ [ Ai(sI = A) = [ [(s = Ai(A)) (5.14)
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5.1.3 *State-space realizations [4.1.6]

Inverse system. For a square G(s) we have

s  A-BD-'C| BD™!
| -plc | D

If D=0, set D=¢l. Be careful not to introduce
RHP zeros with this modification.

(5.15)

Improper systems cannot be represented in
state space form.

Realization of SISO transfer functions.

G(s) = Brn18""" 4+ Bis + fo (5.16)

s+ ap_18" 1L+ +ais+ ag

y(s) = G(s)u(s) corresponds to

Y (t) + a1y (E) + -+ ary/ () + agy(t) =
Brnoau™ H(t) + - - + B (t) + Bou(t)
(5.17)

where "~ 1(t) and u™1(t) represent n — 1’th order
derivatives, etc.
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Write this as

yn _ (_an—lyn_l 4+ ﬁn—lun_l) 4.

With the notation & = z'(t) = dx/dt, we get

Tn, = —aopx1+ Bou

Tp—1 = —0121+ Ty + G1u

T1 = —Gp_1T1+ To+ OBn_1u
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corresponding to the realization (observer canonical

form)
—ap—1 1 0 --- 0 0] [ Bn—1]
—An—2 0 1 0 O 677,—2

A — . . . . : B — .

—a9 0 O 1 0 B2

—aq o o0 --- 0 1 61
. —ap 0 O --- 0 O . Bo

(5.18)
C=[1 00 - 0 0]

Example: To obtain the state-space realization of

G(s) = 2=z, first bring out a constant term by

division to get
s —a —2a

G(s) = = + 1
s+ a S+ a

Thus D = 1. Then (5.18) yields A = —a, B = —2a
and C = 1.
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Example: Ideal PID-controller

1 2 1
K(s) = Ko(1+ — +ps) = K, RS T8+ 2

TS TS

5.19)

= Improper = no realization

Proper PID controller

1 TDS
K = K. (1 + — ,e <0.1 5.20
(S) ( +7‘]8+1—|—€TD8) €= ( )

Four common realizations

1+ €

€

D =K.

(5.21)

1. Diagonalized form (Jordan canonical form)

o o0 [ K/ B
a=lo O] s=[ S ] e=n -

€ETD

2. Observability canonical form

A:[O ! ] B:[%], C=[1 0] (5.23)

1
O o €ETD 72
1 1 c
where 71 = Kc(— — 5—), 72= 5 (5.24)
Tr  €2Tp €377



3. Controllability canonical form

A:[(l) —S_lD]’ B:[é]’ 02[71 ’}/2] (5.25)

4. Observer canonical form in (5.18)

=l _ | B _
A:[ o]’ B_[&)], C=[1 0] (5.26)

K. 627'D — T7
61 — Kc

where [y = (5.27)

9
ETITD E2TITD

Note: Transfer function offers more immediate insight.
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5.2 State controllability and state
observability [4.2]

Definition

State controllability. The dynamical system

& = Ax + Bu, or equivalently the pair (A, B), is said
to be state controllable if, for any initial state

z(0) = xg, any time t; > 0 and any final state x1,
there exists an input u(t) such that x(t1) = x;.
Otherwise the system is said to be state

uncontrollable.

1. The pair: (A, B) is state controllable if and only
if the controllability matrix

C2[B AB A2B ... A" 'B] (5.28)

has rank n (full row rank). Here n is the number

of states.
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2. From (5.6) one can verify that for x(t1) = a3

u(t) = —BTeAT(tl_t)Wc(tl)_l(eAtle — x1)
(5.29)
where W,(t) is the Gramian matrix at time ¢,

t
W.(t) 2 / eA"BBT e Tdr (5.30)
0

Thus (A, B) is state controllable if and only if
W.(t) has full rank (and thus is positive definite)
for any ¢ > 0. For a stable system (A is stable)

check only P 2 W.(00),
p=s / eA"BBT e Tdr (5.31)
0

P may also be obtained as the solution to the

Lyapunov equation

AP+ PAT = —BB? (5.32)

3. Let p; be the i’th eigenvalue of A and ¢; the
corresponding left eigenvector, ¢/’ A = p;q.

Then the system is state controllable if and only
if g2 B +# 0, Vi.
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Example:

A= [_02 ;ﬂ, B = [H, C=1[1 0], D=0

The transfer function

1
s+ 4

G(s)=C(sI —A)'B =

has only one state.

1. The controllability matrix has two linearly

dependent rows:

c=[B AB]=|| |

2. The controllability Gramian is singular

B {0.125 0.125}
—10.125 0.125

3. p1 = —2and ps = —4, ¢; =[0.707 —0.707]" and
g2 =10 1]".

¢iB=0, ¢ B=1

the first mode (eigenvalue) is not state

controllable.
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Controllability is a system-theoretic concept
important for computation and realizations; but no

practical insight:

1. It says nothing about how the states behave, e.g.
it does not imply that one can hold (as t — o)
the states at a given value.

2. Required inputs may be very large with sudden

changes.

3. Some states may be of no practical importance.

4. Existence result which provides no “degree of

controllability”.
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Definition State observability. The dynamical
system & = Ax 4+ Bu, y = Cx + Du (or the pair

(A, (")) is said to be state observable if, for any time
t1 > 0, the initial state x(0) = xg can be determined
from the time history of the input u(¢) and the
output y(¢) in the interval [0,¢1]. Otherwise the

system, or (A, C), is said to be state unobservable.

1. (A,C) is state observable if and only if the
observability matrix

- o
CA

1>

(5.33)

| CA™

has rank n (full column rank).

2. For a stable system the observability Gramian
Q= / e TCTCeM dr (5.34)
0

must have full rank n (and thus be positive
definite). @ can also be found as the solution to
the following Lyapunov equation

ATQ+QA=-C'C (5.35)
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3. Let p; be the i’th eigenvalue of A and ¢; the
corresponding eigenvector, At; = p;t;. Then the

system is state observable if and only if

Ct; # 0, Vi.

Observability is a system theoretical concept but

may not give practical insight.
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Kalman’s decomposition

By performing an appropriate coordinate
transformation, any system can be reduce to a
decomposition indicating the state that are or aren’t

controllable and/or observable.

1 A1 A2 0 0 1 B,
T2 0 Asgo 0 0 T2 0
: = + U
3 Asz1 A3z Azz Ass 3 B3
_:i34_ | 0 Ao 0 A44_ | T4 | 0 ]
e
L2
Yy = [Cl 02 O O]
X3
| Ly A
T
| X; |
u | S, | V%
| |
| . |
! S : i
| |
| |
| X3 i
| S3 > ;
| |
| X |
| S, : > |
| |
| |
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5.3 Stability [4.3]

Definition

A system is (internally) stable if none of its
components contains hidden unstable modes and the
injection of bounded external signals at any place in
the system results in bounded output signals
measured anywhere in the system. “internal”, i.e. all

the states must be stable not only inputs/outputs.

Definition

State stabilizable, state detectable and hidden
unstable modes. A system is state stabilizable if
all unstable modes are state controllable. A system
is state detectable if all unstable modes are state
observable. A system with unstabilizable or
undetectable modes is said to contain hidden

unstable modes.
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5.4 Poles [4.4]

Definition

Poles. The poles p; of a system with state-space
description (5.1)—(5.2) are the eigenvalues
Ni(A),1=1,...,n of the matrix A. The pole or
characteristic polynomial ¢(s) is defined as

é(s) 2 det(s] — A) = []", (s — p;). Thus the poles
are the roots of the characteristic equation

d(s) 2 det(sI — A) = 0 (5.36)

5.4.1 Poles and stability

Theorem 6 A linear dynamic system © = Ax + Bu
15 stable if and only if all the poles are in the open
left-half plane (LHP), that is, Re{\;(A)} < 0,Vi. A
matrix A with such a property is said to be “stable”

or Hurwitz.

5.4.2 Poles from transfer functions

Theorem 7 The pole polynomial ¢(s) corresponding
to a minimal realization of a system with transfer
function G(s), is the least common denominator of
all non-identically-zero minors of all orders of G(s).

5-18



Example:

1 s—1 S
Gls) = 1.25(s + 1)(s + 2) [ —6 3—2] (5-37)

The minors of order 1 are the four elements all have
(s +1)(s + 2) in the denominator.

Minor of order 2

det G(s) — (s —=1)(s—2)+6s5 1

C1.252(s+1)2(s+2)2 1.252(s+1)(s +2)
(5.38)

Least common denominator of all the minors:
d(s)=(s+1)(s+ 2) (5.39)

Minimal realization has two poles: s = —1; s = —2.

Example: Consider the 2 x 3 system, with 3 inputs and

2 outputs,
1
) = GG+ -D"
(s —1)(s+2) 0 (s —1)?
—(s+1)(s+2) (s—1)(s+1) (s—1)(s+1)
(5.40)

Minors of order 1:

1 s—1 —1 1 1 (5.41)

s+1" (s+1)(s+2) s—1" s+2 s+2
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Minor of order 2 corresponding to the deletion of column
2:

(s—D(s+2)(s =D+ D+ (s+1)(s+2)(s —1)* _
((s+1)(s+2)(s—1))2

2

My =

— 5.42
(s+1)(s+2) ( )
The other two minors of order two are
—(s—1) 1
(s +1)(s +2)2 T s+ 1D(s+2) (5.43)
Least common denominator:
Pp(s) = (s+1)(s+2)°(s —1) (5.44)
The system therefore has four poles: s = —1, s =1 and

two at s = —2.

Note MIMO-poles are essentially the poles of the
elements. A procedure is needed to determine

multiplicity.



5.5 Zeros [4.5]

e SISO system: zeros z; are the solutions to

In general, zeros are values of s at which G(s) loses

rank.

Example

S + 2

Y =
s2 4+ 7s+12

Compute the response when

ut) = e, y(0)=0,9(0) = 1
L)} = —
Y —  sy(0) —(0) + 7sY — 7y(0) +12Y =1
Y 4+ TsY +12Y +1=1
= Y(s)=0

Assumption: ¢(s) has a zero z, g(z) = 0.
Then for input u(t) = upe** the output is y(t) =

0, ¢ > 0. (with appropriate initial conditions)
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5.5.1 Zeros from state-space realizations

[4.5.1]
Setup:
u = upe, z(t) = xge®, y(t) =0
i = ze*lxy = Fe*lzy + Gupe™®
a-F —a ||| =0
Uo
and
y = Hx+ Ju
= He'ag+ Jupe** =0
Combined

zI - F -G iy
H J U

The zeros are the solutions of

zI — F -
det =0
H J

MATLAB

zero = tzero(F,G,H,J)



5.5.2 Zeros from transfer functions [4.5.2]

Definition Zeros. z; is a zero of G(s) if the rank
of G(z;) is less than the normal rank of G(s). The
zero polynomial is defined as z(s) = [[}2,(s — 2;)
where n, is the number of finite zeros of G(s).

Theorem The zero polynomial z(s), corresponding
to a minimal realization of the system, is the greatest
common divisor of all the numerators of all order-r
minors of G(s), where r is the normal rank of G(s),
provided that these minors have been adjusted in
such a way as to have the pole polynomial ¢(s) as

their denominators.

Example

1 s—1 4
G =533 [ 45  2>s— 1)] (5.45)

The normal rank of G(s) is 2.

2
Minor of order 2: det G(s) = 2(3(;132)ng = 2?:21.

Pole polynomial: ¢(s) = s + 2.
Zero polynomial: z(s) = s — 4.

Note Multivariable zeros have no relationship with
the zeros of the transfer function elements.



Example

Gls) = ! s—hos L 56
VT I+ D)(s5+2) | -6 s—2 |
Minor of order 2 is the determinant
—1)(s—2)+6 1
det G(s) = (s —1)(s —2) + 65 —
1.25%(s 4+ 1)?(s + 2)? 1.25%2(s 4+ 1)(s + 2)
(5.47)
¢(s) = 1.25%(s 4+ 1) (s + 2)
Zero polynomial = numerator of (5.47)
= no multivariable zeros.
Example
s—1 s—2
G(s) = [ } 5.48
(5) =1+ 1 553 (5.48)

e The normal rank of G(s) is 1

e no value of s for which G(s) =0

= ((s) has no zeros.



5.6 More on poles and zeros|4.6]

5.6.1 *Directions of poles and zeros

Let G(s) =C(sI — A)™'B+ D.

Zero directions. Let G(s) have a zero at s = z.
Then G(s) loses rank at s = z, and there exist

non-zero vectors u, and ¥y, such that
G(2)u, =0, y?G(2)=0 (5.49)
u, = input zero direction

Yy, = output zero direction

Yy, gives information about which output (or
combination of outputs) may be difficult to control.

SVD:
G(z)=UxVvH

u, = last column in V'
Y, = last column of U
(corresponding to the zero singular value of G(z))

Pole directions. Let GG(s) have a pole at s = p.
Then G(p) is infinite, and we may write

G(p)up = 00, ¥, G(p) = 0 (5.50)
u, = input pole direction

yp = output pole direction.



Example
Plant in (5.45) has a RHP-zero at z =4 and a
LHP-pole at p = —2.

Glz) = G(4):%[3 4]

4.5 6
- 1[055 —0.83][9.01 0][0.6 —08]"
~ 6]0.83 055 0 0][08 0.6
—0.80 —0.83
b = [ 0.60 } Iz = [ 0.55 } (5.51)
For pole directions consider
1 | —3+¢€

G = G(-2 = —

(p+e) (=2+¢) €2 [ 4.5 3—|—6)]

5.52)
The SVD as € — 0 yields

G(—2te) = & [—0.55 —0.83] [9.01 0] [ 0.6 0'8]}

0.83 —0.55 0 0][-08 —-0.6
0.60 —0.55
Yp = [—0.80} Ip = { 0.83 } (5.53)

Note Locations of poles and zeros are independent
of input and output scalings, their directions are not.



5.6.2 Remarks on poles and zeros [4.6.2]

1. For square systems the poles and zeros of G(s)
are “essentially” the poles and zeros of det G(s).

This fails when zero and pole in different parts of

the system cancel when forming det G(s).

(s+2)/(s+1) 0

0 (s+1)/(s+2)
(5.54)

det G(s) = 1, although the system obviously has

G(s) =

poles at —1 and —2 and (multivariable) zeros at
—1 and —2.

2. System (5.54) has poles and zeros at the same
locations (at —1 and —2). Their directions are
different. They do not cancel or otherwise

interact.

3. There are no zeros if the outputs contain direct
information about all the states; that is, if from y
we can directly obtain x (e.g. C =1 and D = 0);

4. Zeros usually appear when there are fewer inputs

or outputs than states



5. Moving poles. (a) feedback control
(G(I + KG)™ ') moves the poles, (b) series
compensation (GK, feedforward control) can
cancel poles in G by placing zeros in K (but not
move them), and (c¢) parallel compensation
(G + K) cannot affect the poles in G.

6. Moving zeros. (a) With feedback, the zeros of
G(I + KG)™! are the zeros of G plus the poles of
K. ,i.e. the zeros are unaffected by feedback.
(b) Series compensation can counter the effect of
zeros in G by placing poles in K to cancel them,
but cancellations are not possible for RHP-zeros
due to internal stability (see Section 5.7). (c)
The only way to move zeros is by parallel
compensation, y = (G + K)u, which, if y is a
physical output, can only be accomplished by
adding an extra input (actuator).



Example

Effect of feedback on poles and zeros.

SISO plant G(s) = z(s)/¢(s) and K (s) = k.

~ L(s)  kG(s)  kz(s) . zals)
T(s) = 1+ L(s) 1+kG(s) &(s)+kz(s) kcbcz(S)
(5.55)

Note the following:

1. Zero polynomial: z.(s) = z(s)

= zero locations are unchanged.

2. Pole locations are changed by feedback.

For example,

k—0 = ¢q(s) — o(s) (5.56)
k—oo = o¢al(s) — 2(s).2(s) (5.57)

where roots of Z(s) move with k£ to infinity (complex
pattern)

(cf. root locus)



5.7 Internal stability of feedback
systems [4.7]

Note: Checking the pole of S or T' is not sufficient

to determine internal stability

Example (Figure 47). In forming L. = GK we cancel

the term (s — 1) (a RHP pole-zero cancellation) to obtain

E, and S=(I+ L) "=

L =0K =
S s+ k

(5.58)

S(s) is stable, i.e. transfer function from d, to y is stable.

However, the transfer function from d, to u is unstable:

. 1, k(s+1)
w=—K(I+GK) dy = — =5 =sdy (559
K b G by
+ k(s+1) l* u s—1 i*
0 GEEng s(s—1) + | s+1 +

Figure 47: Internally unstable system
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yu

Figure 48: Block diagram used to check internal stability
of feedback system

For internal stability consider
uw=(I+KG) 'd,— KI+GK)'d, (5.60)
y=G(I+KG 'dy+(I+GK)'d, (5.61)

Theorem 4.4 The feedback system in Figure 48 is
internally stable if and only if all four closed-loop

transfer matrices in (5.60) and (5.61) are stable.

Theorem 4.5 Assume there are no RHP pole-zero
cancellations between G(s) and K(s). Then the feedback
system in Figure 48 is internally stable if and only if one

of the four closed-loop transfer function matrices in
(5.60) and (5.61) is stable.
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Implications of the internal stability

requirement

1. If G(s) has a RHP-zero at z, then L = GK,
T=GK(I+GK)™ !, SG=(I+GK) G,
L;=KG and Ty = KG(I + KG)™! will each
have a RHP-zero at z.

2. If G(s) has a RHP-pole at p, then L = GK and
L; = KG also have a RHP-pole at p, while
S=(I+GK)',KS=K(I+GK)! and
Sr =+ KG)™! have a RHP-zero at p.

Exercise: Interpolation constraints. Prove for

SISO feedback systems when the plant G(s) has a
RHP-zero z or a RHP-pole p:

—_

G(z)=0 = L(z)=0 < T(2)=0,5%) =
(5.62)

G '(p=0 = Lp=c0 & T =150p) =
5

0
.63

)
Remark “Perfect control” implies S ~ 0 and 1"~ 1.
RHP-zero = perfect control impossible.

RHP-pole = perfect control possible.

RHP-poles cause problems when tight (high gain)

control is not possible.

5-32



5.8 Stabilizing controllers [4.8]

Stable plants

Lemma For a stable plant G(s) the negative
feedback system in Figure 48 is internally stable if
and only if Q = K(I + GK)~! is stable.

Proof: The four transfer functions in (5.60) and
(5.61) are

KI+GK)™'=Q (5.64)
I+GK)™'=1-GQ (5.65)
I+KG)'=1-QG (5.66)

GUI+KG) ™ t'=GI-QG) (5.67)

which are clearly all stable if and only if G and () are
stable.
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Consequences: All stabilizing negative feedback

controllers for the stable plant G(s) are given by

K=(I-QG)"'Q=Q(I-GQ)™" (5.68)

where the “parameter” () is any stable transfer
function matriz. (Identical to the internal model
control (IMC) parameterization of stabilizing

controllers.)

Figure 49: The internal model control (IMC) structure
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5.9 Stability analysis in the frequency
domain [4.9]

Generalization of Nyquist’s stability test for SISO

systems.

5.9.1 Open and closed-loop characteristic

polynomials [4.9.1]

Figure 50: Negative feedback system

Open Loop:

L(S) = OOZ(SI — Aol)_lBol + D,y (569)

Poles of L(s) are the roots of the open-loop

characteristic polynomial

Goi(s) = det(sl — Ay) (5.70)
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Assume no RHP pole-zero cancellations between
G(s) and K(s). Then from Theorem 4.5 internal
stability of the closed-loop system is equivalent to the
stability of S(s) = (I + L(s)) ™.

The realization of S(s) can be derived as follow:

T = Agzr+ Bo(r—vy) (5.71)
—e = r—y=r—Cux— Dy(r—1y) (5.72)
or
r—y=+Dy) (r—Cyz) (5.73)
and

T = (Aol — Bol(I + l)ol)_lc(ol)aj + BOZ(I + Dol)_lr
(5.74)

Therefore the state matrix of S(s) is:
Acl — Aol - Bol([ + Dol)_lool (575)
And the closed-loop characteristic polynomial is

der(s) 2 det(sT—Ay) = det(sI—Ag+Boy(I+ Do) L Cly)
(5.76)
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Relationship between characteristic polynomials

From (5.69) we get
det(I+ L(s)) = det(I + Coi(sI — Ao) " Bor+ Doi) (5.77)

Schur’s formula yields (with
A1 =14 Dy, A1z = —Clop, Aae = sI — Apr, A21 = Boi)

det(I + L(s)) = jjgi; e (5.78)

where ¢ = det(I + D,;) is a constant (cf. SISO result
from RSI).

Side calculation:

I + Dol — Vol
Bol SI — Aol

det

— det [I + Dol] det [S[ — Aol + Bol (I + l)Ol)_1 COZ}

— det [s] — Ay] det [I 4 Doy + Coy (5T — Ag) ™" Bol}
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5.9.2 MIMO Nyquist stability criteria [4.9.2]

Theorem: Generalized (MIMO) Nyquist
theorem. Let P,; denote the number of open-loop
unstable poles in L(s). The closed-loop system with
loop transfer function L(s) and negative feedback is
stable if and only if the Nyquist plot of det(I + L(s))

i) makes P,; anti-clockwise encirclements of the

origin, and

ii) does not pass through the origin.

Note

By “Nyquist plot of det(I + L(s))” we mean “the

image of det(I + L(s)) as s goes clockwise around

the Nyquist D-contour”.
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5.9.4 Small gain theorem [4.9.4]

p(L(jw)) = max [\(L(jw))|  (5.79)

Theorem: Spectral radius stability condition.
Consider a system with a stable loop transfer
function L(s). Then the closed-loop system is stable
if

p(L(jw)) £ max [N (L(jw))| <1 VYo (5.80)

Proof: Assume the system is unstable. Therefore

det(I 4+ L(s)) encircles the origin, and there is an
eigenvalue, \;(L(jw)) which is larger than 1 at some
frequency. If det(I + L(s)) does encircle the origin, then
there must exists a gain € € (0,1] and a frequency w’ such
that

det(I +eL(jw')) =0 (5.81)
[+ eLie)) =0 (5.82)
& 1+ eXi(L(jw')) =0 for somei (5.83)
o MI3GW)) = —% for some i  (5.84)
= INi(L(jw'))| >1 for some 4 (5.85)
& p(L@w)) =1 (5.86)
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Interpretation: If the system gain is less than 1 in
all directions (all eigenvalues) and for all frequencies
(Vw), then all signal deviations will eventually die

out, and the system is stable.

Spectral radius theorem is conservative because

phase information is not considered.

Small GGain Theorem. Consider a system with a
stable loop transfer function L(s). Then the
closed-loop system is stable if

| L(jw)|| <1 Vw (5.87)

where ||L|| denotes any matrix norm satisfying
|AB|| < ||A]| - ||B||, for example the singular value
a(L).

Note The small gain theorem is generally more

conservative than the spectral radius condition in
(5.80).
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5.10 System norms [4.10]

Yo

» G

Figure 51: System G

Figure 51: System with stable transfer function matrix

(G(s) and impulse response matrix g(t).

Question: given information about the allowed input

signals w(t), how large can the outputs z(t) become?

We use the 2-norm,

J2(t)] = \/Z [ la@pa sy

and consider three inputs:

1. w(t) is a series of unit impulses.

2. w(t) is any signal satisfying ||w(t)||2 = 1.

3. w(t) is any signal satisfying ||w(t)||2 = 1, but
w(t) = 0 for t > 0, and we only measure z(t) for
t > 0.

The relevant system norms in the three cases are the

Hs, Hoo, and Hankel norms, respectively.
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5.10.1 H, norm [4.10.1]

G(s) strictly proper.

For the Hs norm we use the Frobenius norm spatially

(for the matrix) and integrate over frequency, i.e.

A |1 [ . .
G622 | oo [ 3(G(9) Glw) de
\ IGG)IZ=Y",  1Gi; ()2

(5.89)
(G(s) must be strictly proper, otherwise the Hs norm
is infinite. By Parseval’s theorem, (5.89) is equal to

the Ho norm of the impulse response

66l =lsl2 | [~ u"0gn) dn

~"

\  IeB=E, lss (P2
(5.90)

e Note that G(s) and ¢g(t) are dynamic systems
while G(jw) and g(7) are constant matrices (for

a given value of w or 7).
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e We can change the order of integration and

summation in (5.90) to get

1G()]l2 = lg(®)]]2 = \ > / " 1gis () 2dr
(5.91)

where g¢;,(t) is the ¢j'th element of the impulse

response matrix, ¢g(¢). Thus Hz norm can be
interpreted as the 2-norm output resulting from
applying unit impulses §,(¢) to each input, one after
another (allowing the output to settle to zero before
applying an impulse to the next input). Thus

1G> = /Do, |lz:(t)||3 where z(t) is the output
vector resultmg from applying a unit impulse d;(¢) to
the ¢’th input.
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Numerical computations of the Hs norm.

Consider G(s) = C(sI — A)~'B. Then

|G(s)lls = /tr(BTQB) or [ G(s)ll2 = 1/tr(CPCT)
(5.92)

where () = observability Gramian

and P = controllability Gramian
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5.10.2 H, norm [4.10.2]

G (s) proper.

For the H,, norm we use the singular value (induced
2-norm) spatially (for the matrix) and pick out the

peak value as a function of frequency

|G(5) oo £ max (G (jw)) (5.93)

The Ho, norm is the peak of the transfer function
“magnitude”.

Time domain performance interpretations of

the H,, norm.

e Worst-case steady-state gain for sinusoidal

inputs at any frequency.

e Induced (worst-case) 2-norm in the time domain:

l2(t)||2

— z(t
X @) e, 2012
(5.94)

(In essence, (5.94) arises because the worst input
signal w(t) is a sinusoid with frequency w* and a

direction which gives (G (jw*)) as the maximum

gain.)
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Numerical computation of the H,, norm.

Consider

G(s)=C(sI —A)"'B+D

Hoo norm is the smallest value of v such that the
Hamiltonian matrix H has no eigenvalues on the
imaginary axis, where
i A+ BR™IDTC BR™1BY
| -CT(I+DR'DTYC —(A+BR'DTC)T
(5.95)
and R =~%I — D'D

5.10.3 Difference between the Hs, and H.

norims

Frobenius norm in terms of singular values

IG(s) \/ | S oHGUe (5.9

Thus when optimizing performance in terms of the

different norms:
o H,: “push down peak of largest singular value”.

e Hy: “push down whole thing” (all singular

values over all frequencies).
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Example

1
G(s) = 5.97
(5) = —— (5.97)
H-> norm:
1 [ . 1
GO = (5 [ |GG du)}
T ) on N — e’
wzia2
]_ 1 w oo 1 1
= | —— t o — } 2 — e
(27Ta [ all (a) —oo) 2a
Alternatively: Consider the impulse response
1
t)y=L"" =e " t>0 5.98
o)=L (ss ) =m0 (598

to get

lo(®)]2 = \/ [Cempa= [t G

as expected from Parseval’s theorem.

‘H ., norm:

1 1
|G (8) |00 = max |G(jw)| = max i
“ v (w?2+a?)z a

5-47



Example

There is no general relationship between the Hs and

H.. norms.

1 €
Fi(s) = e fa(s) = 2y :S 1 (5.101)
[filloo =1 [[fill2 = o0 (5.102)

1 falle =1 [[f2l[l2 =0

Why is the H,, norm so popular? In robust
control convenient for representing unstructured
model uncertainty, and because it satisfies the

multiplicative property:
IA(s)B(s)lloo < lA(S)llo0 - [[B(s)lloc ~ (5.103)

What is wrong with the Hs norm? It is not an

induced norm and does not satisty the multiplicative

property.
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Example

Consider again G(s) = 1/(s+ a) in (5.97), for which

IG(s)ll2 = +/1/2a.
IG(s)G(s)ll2 = /Ooolﬁ_l[( )P

S+ a

VO

\
= = e
<

5.104)
for a < 1,
IG(s)G(s)]l2 > [|G(s)l2 - |G(s)]]2 (5.105)

which does not satisfy the multiplicative property.

'Hoo norm does satisfy the multiplicative property

[G()G(S)oe = 5 = 1G]l - 1G(3)]1
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6 INTRODUCTION TO
MULTIVARIABLE
CONTROL [3]

6.1 Transfer functions for MIMO
systems [3.2]

L G U8l G J
’LL__> Gl 5 G2 —é— + . Gl
: : 5 l |

(a) Cascade system (b) Positive feed-

back system

Figure 52: Block diagrams for the cascade rule and
the feedback rule

1. Cascade rule. (Figure 52(a)) G = G2G;

2. Feedback rule. (Figure 52(b) ) v = (I — L) !u
where L = GQGl

3. Push-through rule.
Gi(I -GGt = (I-GiGe) tGy

-1



MIMO Rule: Start from the output, move
backwards. If you exit from a feedback loop then
include a term (I — L)~ where L is the transfer
function around that loop (evaluated against the

signal flow starting at the point of exit from the

loop).

Example
z = (P11 + P1oK(I — P K)™ " Poy)w (6.1)
‘P22.<_
+
—> P21 > » K - P12
w + 2z
» P > >

Figure 53: Block diagram corresponding to (6.1)



Negative feedback control systems

T%»K—i—»wd:z@tidl%—

Figure 54: Conventional negative feedback control

system

e [ is the loop transfer function when breaking the

loop at the output of the plant.

L=GK (6.2)
Accordingly
S & (I+L)7!
output sensitivity (6.3)
T 2 I-S=I+L)'L=L{+L)"}

output complementary sensitivity(6.4)

LOEL,SOEsal’ldToET.



Ly is the loop transfer function at the input to
the plant

L; = KG (6.5)

Input sensitivity:
S; 2 (I+ L)
Input complementary sensitivity:
Ty 27— S =Ly(I+L;)"
Some relationships:

I+L) ' '4+J+L0D)'L=S+T=1 (6.6)

GI+KG)'=I+GK)'G (6.7)
GK(I+GK) ' =GU+KG) 'K = (I+GK) " 'GK
(6.8)
T=LUI+L)'=I+L Y '=U+L)"'L
(6.9)

Rule to remember: “G comes first and then G

and K alternate in sequence”.



6.2 Multivariable frequency response
analysis [3.3]

G(s) = transfer (function) matrix
G(jw) = complex matrix representing response

to sinusoidal signal of frequency w

» G(s) >

Figure 55: System G(s) with input d and output y

y(s) = G(s)d(s) (6.10)



Sinusoidal input to channel j
dj (t) — djO sin(wt + Oéj) (611)

starting at t = —oo. Output in channel 7 is a

sinusoid with the same frequency

yi(t) = yio sin(wt + 3;) (6.12)

Amplification (gain):

Yio )
R 195 (Jw)]| (6.13)
jo

Phase shift:
Bi —aj = Lgij(jw) (6.14)

gi;(jw) represents the sinusoidal response from input

7 to output 7.



Example 2 x 2 multivariable system, sinusoidal

signals of the same frequency w to the two input

channels:

= [0] =[] s
The output signal

= [0 < ot BT g

can be computed by multiplying the complex matrix
G(jw) by the complex vector d(w):

yw) = Gw)d(w)

~ [yiee?™ [ dioe?™
o) = | ] e = [0 o)
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6.2.1 Directions in multivariable systems
[3.3.2]

SISO system (y = Gd): gain

Gjw)d(w)|
jd(w)]

y(w
|d(w

)| .
= = [G(jw)

)|

The gain depends on w, but is independent of |d(w)].

MIMO system: input and output are vectors.

= need to “sum up” magnitudes of elements in each

vector by use of some norm

()l = \/Z ()2 = \[ o+ B+ (619

()l = \/Z (2 =\ + v+ (619

The gain of the system G(s) is

ly@)lls _ [GGw)d@)llz _ /v + 30+
[d(w) |2 [d(w)|l2 B+ Ay +
(6.20)

The gain depends on w, and is independent of
|d(w)]||2. However, for a MIMO system the gain
depends on the direction of the input d.



Example Consider the five inputs ( all ||d||2 = 1)

"1 0 0.707
d = _0}’ dz = [1}’ ds = [0.707}’
- 0.707 0.6
di = _—0.707}’ ds = [—0.8}
For the 2 X 2 system
5 4
G = 6.21
! [3 2] (6.21)

The five inputs d; lead to the following output vectors

B [5} B [4} B [6.36} B [0.707} B [—0.2}
=03 27 o BT 3549 = o075 = | 02

with the 2-norms (i.e. the gains for the five inputs)

lyill = 5.83, |lyall2 = 4.47, [lys|l2 = 7.30,
lyallz = 1.00, [lys|]l2 = 0.28



(o)) 0
T

[yll2/ld]|2
N

Figure 56: Gain ||G1d||2/]|d||2 as a function of dsg/d1g
for Gl in (621)

The maximum value of the gain in (6.20) as the
direction of the input is varied, is the maximum

singular value of G,

|Gd||2 B
max = max ||Gd|lo = o(G 6.22
d#0  ||d||2 ||d||2=1” 2= o(G) (6.22)

whereas the minimum gain is the minimum singular

value of GG,

. |IGd]|2 -
min ——— = min ||Gd|ls = (G 6.23
d£0 ||d||2 ||d||2:1H l2=2(©) (6.23)
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6.2.2 Eigenvalues are a poor measure of gain

3.3.3]
Example
o3 9 of)-[%] o

Both eigenvalues are equal to zero, but gain is equal
to 100.

Problem: eigenvalues measure the gain for the
special case when the inputs and the outputs are in
the same direction (in the direction of the

eigenvectors).

For generalizations of |G| when G is a matrix, we
need the concept of a matriz norm, denoted ||G||.

Two important properties: triangle inequality
|G1 + Gaf| < [[G1] + [|G2|| (6.25)
and the multiplicative property

|G1G2|| < |Gl - |G2| (6.26)

p(G) 2 | Amaz(G)| (the spectral radius), does not

satisfy the properties of a matrix norm

6-11



6.2.3 Singular value decomposition [3.3.4]

Any matrix G may be decomposed into its singular

value decomposition,
G=Uxv" (6.27)
where

Y is an [ X m matrix with £ = min{l, m}
non-negative singular values, o;, arranged in

descending order along its main diagonal;

U is an [ X [ unitary matrix of output singular

vectors, u;,

V is an m X m unitary matrix of input singular

vectors, v;,

Example SVD of a real 2 x 2 matrix can always be

written as

o [C0891 —sin91] [01 O] [ cosfl,  +sinf, r

sinfly cosf, 0 o9 —sinfy =+ cosbs
U B yT
(6.28)

U and V involve rotations and their columns are

orthonormal.
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Input and output directions.

The column vectors of U, denoted u;, represent the
output directions of the plant. They are orthogonal

and of unit length (orthonormal), that is

luill2 = V]wit]? + w2 + ...+ Jug|2 =1 (6.29)

ulu; =1, wfu; =0, i#] (6.30)

1

The column vectors of V', denoted v;, are orthogonal

and of unit length, and represent the input directions.

If we consider an input in the direction v;, then the
output is in the direction u;. Since ||v;]|2 = 1 and
|lui|l2 = 1 o; gives the gain of the matrix G in this

direction.

Gv;
5:(G) = |Gurlly = 19Uz 59

|vi]|2
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Maximum and minimum singular values.

The largest gain for any input direction is

_ |Gdll2  ||Gv1|2
o(G) = o01(G) = max — 6.33
(G) =6 =ng Il ]2 6:59)

The smallest gain for any input direction is

Gdls  [Gorls
o(G) = o0i.(G) = min —
o(G) = onl&) =8 L = Toells

(6.34)

where k£ = min{l, m}. For any vector d we have

Gd
(@) < |Gl < 5(Q) (6.35)
|d][2
Define u; = w,v; = v,ur = v and v = v. Then
Gv = ou, Gv=ocu (6.36)

v corresponds to the input direction with largest
amplification, and u is the corresponding output
direction in which the inputs are most effective. The
directions involving v and « are sometimes referred
to as the “strongest”, “high-gain” or “most

important” directions.
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Example

3 2

The singular value decomposition of G5 is

G = [5 4] (6.37)

[0.872 0.490] [7.343 0 ] [0.794 —0.608]H
1:

0.490 —0.872 0 0272 |0.608 0.794
U B vH

The largest gain of 7.343 is for an input in the direction
_ [0.794

vV =
0.608

the direction v = [

} , the smallest gain of 0.272 is for an input in

—0.608

0.794
affect both outputs, we say that the system is interactive.

}. Since in (6.37) both inputs

The system is ill-conditioned, that is, some combinations
of the inputs have a strong effect on the outputs, whereas
other combinations have a weak effect on the outputs.

Quantified by the condition number;
o/o = 7.343/0.272 = 27.0.

Example

Shopping cart. Consider a shopping cart (supermarket
trolley) with fixed wheels which we may want to move in
three directions; forwards, sideways and upwards. For the
shopping cart the gain depends strongly on the input

direction, i.e. the plant is ill-conditioned.
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Example: Distillation process.

Steady-state model of a distillation column

(6.38)

[ 878 —86.4
1108.2 —109.6

Since the elements are much larger than 1 in magnitude
there should be no problems with input constraints.

However, the gain in the low-gain direction is only just

above 1.
o625 —0.7817 [197.2 0 0.707 —0.70871"
~10.781  0.625 0 1.39| | —=0.708 —0.707
U - VH
(6.39)

The distillation process is #ll-conditioned, and the
condition number is 197.2/1.39 = 141.7. For dynamic
systems the singular values and their associated

directions vary with frequency (Figure 57).
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10°
2
10
) O
D 4l =
510 ! g
3 o(G 501
gloo ] §
a(G)
10" ~ 10° ‘ ‘
10° 10° 10° 10 10 0
Frequency [rad/s] Frequency [rad} s]
(a) Spinning satellite in (b) Distillation process in
(6.44) (6.49)

Figure 57: Typical plots of singular values
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6.2.4 Singular values for performance [3.3.5]

Maximum singular value is very useful in terms of

frequency-domain performance and robustness.

Performance measure for SISO systems:

e(W)l/Ir(w)] = [5(w)]

Generalization for MIMO systems ||e(w)||2/||r(w)]||2

o560 < < oistiy) e

For performance we want the gain |le(w)|2/||r(w)||2

small for any direction of r(w)

d(S(jw)) < 1/|lwp(jw)|, Vw < a&(wps) <1, Vw
& |lwpS|le < 6.41)

where the H ., norm is defined as the peak of the

maximum singular value of the frequency response

[M(5) oo £ max (M (jw)) (6.42)
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Typical singular values of S(jw) in Figure 58.

QO
2
=
X
=
&0
&

= _

e Design 1: —

.7 Design 2: - - -

10° 10 10°

Frequency [rad/s]

Figure 58: Singular values of S for a 2 x 2 plant with
RHP-zero

e Bandwidth, wp: frequency where &(.5) crosses

% = 0.7 from below.

Since S = (I + L)}, the singular values inequality

Q(A) — 1 S 5(I+1A)—1 S Q(A) + 1 yields

o(L) - 1< % <o(L)+1  (6.43)

e loww : o(L)>1=45(5)~ (1L)

e highw: (L)< 1=0(5)~1
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6.3 Introduction to MIMO robustness
3.7]

6.3.1 Motivating robustness example no. 1:
Spinning Satellite [3.7.1]

Angular velocity control of a satellite spinning about

one of its principal axes:

1 s—a’ a(s+1)
(5) s? 4 a? [—a(erl) s—a? |’ "
(6.44)
A minimal, state-space realization,
G=C(sI—-A)"'B+D,is
0 al|l O]
A|B —a 00 1
= (6.45)
C|D 1 a|0 0
| —a 1|0 0 |

Poles at s = £ja For stabilization:

K=1

T(s) = GK(I + GK)™ = Sil [_1a 01”] (6.46)



Nominal stability (NS). Two closed loop poles at

s = —1 and

Ll I ] B PN

Nominal performance (NP). Figure 59(a)

Magnitude
QI
9
Magnitude
o

=
|
N

s 10 L
-2 1 0 2 10—4 10—2

J’
Frequency [rad/s] Frequency [rad} s]

IR
o

[EY |

o

(@]

(a) Spinning satellite in (b) Distillation process in
(6.44) (6.49)

Figure 59: Typical plots of singular values

e (L) <1 Vw poor performance in low gain

direction

® (12,021 large = strong interaction



Robust stability (RS).

Check stability: one loop at a time.

21 w1
A

Figure 60: Checking stability margins “one-loop-at-a-

time”
1
5)_1 2 Li(s) === GM =00, PM = 90°  (6.47)
1 S

e Good Robustness? NO

e Consider perturbation in each feedback channel

u'1 = (1 + el)ul, UIQ = (1 + 62)’&2 (648)



B _ 14+ ¢ 0
N 0 1—|—€2

Closed-loop state matrix:
’Cl:A—B’KC’: 0 a B 1+ € 0 1 a
—a 0 0 1+ €9 —a 1

Characteristic polynomial:

det(sI — AL) = 52+ (2+€ +e3)s5+

\ 4
~”~

aij

+14+€1 +e+ (CL2 + 1)6162

7

~\~
ao

Stability for (—1 < €1 < 00, €2 = 0) and

(61 =0,—1 < €2 < 00) (GM=00)

But only small simultaneous changes in the two
channels: for example, let €, = —e5, then the system
is unstable (ag < 0) for

1
|€1‘ > ~ 0.1

va? +1

Summary.

Checking single-loop margins is inadequate for
MIMO problems.



6.3.2 Motivating robustness example no. 2:
Distillation Process [3.7.2]

Idealized dynamic model of a distillation column,

1 87.8 —86.4
G(s) = (6.49)
75s+1 | 108.2 —109.6
(time is in minutes).
2.57 //// \\\\\ Nominal plant: ——
ol /// N Perturbed plant: - - - _
I N
\ AN
1501 Vs ]
I \ RN
I A Tt~ _ Y1
1F, N ﬁ_
0.5_" h ~ ]
I RN - _ 3/2
O | | — _I- ~ | |
0 10 20 30 40 50 60

Time [min]

Figure 61: Response with decoupling controller to fil-
tered reference input r; = 1/(5s + 1). The perturbed
plant has 20% gain uncertainty as given by (6.52).

Inverse-based controller or equivalently steady-state

decoupler with a PI controller (k; = 0.7)
k1

K (s) = FLg1(s) = ML £755) [0.3994 - =0.3149
5 S 0.3943 —0.3200
(6.50)
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Nominal performance (NP).

GKiIlV — KinvG — 0_7[
S

first order response with time constant 1.43 (Fig.
61).

Nominal performance (NP) achieved with decoupling
controller.

Robust stability (RS).

S
s+ 0.7 - 143s+1

In each channel: GM=o00, PM=90°.

S =51=

I, T=T,

I (6.51)

Input gain uncertainty (6.48) with ¢; = 0.2 and
€o — —0.2:

uy = 1.2u1, uyH = 0.8us (6.52)
1 0
((s) = K@ =K@ | -
0 1 + €2

QZ[1+€1 0 ] (6.53)

S O 1—|—€2

Perturbed closed-loop poles are

S1 — —07(1 + 61), SS9 — —07(1 —+ 62) (654)
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Closed-loop stability as long as the input gains 1+ €;

and 1 + €5 remain positive

= Robust stability (RS) achieved with respect to

input gain errors for the decoupling controller.
Robust performance (RP).

Performance with model error poor (Fig. 61)
e SISO: NP+RS = RP
e MIMO: NP+RS # RP

RP 1is not achieved by the decoupling controller.

6.3.3 Robustness conclusions [3.7.3]

Multivariable plants can display a sensitivity to
uncertainty (in this case input uncertainty) which is
fundamentally different from what is possible in
SISO systems.



6.4 (General control problem
formulation [3.8]

(weighted) (weighted)
exogenous inputs exogenous outputs
W P 2z
—
: u v
control signals sensed outputs
K [e——

Figure 62: General control configuration for the case

with no model uncertainty

The overall control objective is to minimize some
norm of the transfer function from w to z, for
example, the H,, norm. The controller design

problem is then:

Find a controller K which based on the information
in v, generates a control signal u which counteracts
the influence of w on z, thereby minimizing the

closed-loop norm from w to z.



6.4.1 Obtaining the generalized plant P
[3.8.1]

The routines in MATLAB for synthesizing ‘H,, and
Ho optimal controllers assume that the problem is in

the general form of Figure 62

Example: One degree-of-freedom feedback

control configuration.

Im + n
Figure 63: One degree-of-freedom control configura-

tion



Equivalent representation of Figure 63 where the
error signal to be minimized is z = y — r and the

input to the controller is v =r — y,,

-----------------------------------

Figure 64: General control configuration equivalent to

Figure 63



w=|lwy | =|r|;z=e=y—";v=r—yY, =r—y—n
| W3 | |7
(6.55)
z = y—r=Gu+d—r=1w — Iwy; +0ws + Gu
v = r1—Yn=r—Gu—-d—n=

— —I’LUl—'—I’LUQ—I’LUg_GU

and P which represents the transfer function matrix

from [w ]’ to[z o] is

I -1 0 G
P = :
- I —-I -G (6.56)

Note that P does not contain the controller.

Alternatively, P can be obtained from Figure 64.
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Remark. In MATLAB we may obtain P via simulink,
or we may use the sysic program in the p-toolbox. The

code in Table 2 generates the generalized plant P in
(6.56) for Figure 63.

Table 2: MATLAB program to generate P

% Uses the Mu-toolbox

systemnames = ’G’; % G is the SISO plant.
inputvar = ’[d(1);r(1);n(1);u(1)]’; % Consists of vectors w and u.
input_toG = ’[u]’;

outputvar = ’[G+d-r; r-G-d-n]’; % Consists of vectors z and v.
sysoutname = ’P’;

sysic;
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6.4.2 Including weights in P [3.8.2]

To get a meaningful controller synthesis problem, for
example, in terms of the H,, or Hs norms, we
generally have to include weights W, and W, in the
generalized plant P, see Figure 65.

——————————————————————————————————————

——————————————————————————————————————

Figure 65: General control configuration for the case

with no model uncertainty

That is, we consider the weighted or normalized
exogenous inputs w, and the weighted or normalized
controlled outputs z = W,z. The weighting matrices
are usually frequency dependent and typically
selected such that weighted signals w and z are of
magnitude 1, that is, the norm from w to z should
be less than 1.
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Example: Stacked S/T/KS problem.

Consider an Hoo problem where we want to bound &(.5)
(for performance), (7T') (for robustness and to avoid
sensitivity to noise) and (K S) (to penalize large
inputs). These requirements may be combined into a

stacked H~ problem

WL K S
min |[N(K)|ow, N = | WrT (6.57)
L WPS -

where K is a stabilizing controller. In other words, we
have z = Nw and the objective is to minimize the Ho

norm from w to z.
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> 2

Figure 66: Block diagram corresponding to general-
ized plant in (6.57)

so the generalized plant P from [w ]’ to [z v

1S

21
Z2
z3

U

W, u

WTG’LL
Wpw + WpGu

_w_

Gu

0 | WuI
0 | WrG

Wpl | WpG
1| -G

]T

(6.58)
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6.4.3 Partitioning the generalized plant P
[3.8.3]

We often partition P as

Py P12]
P = 6.59
[P21 Poo (6.59)
so that
z = P11w + P12’LL (660)
vV = P211,U + PQQU (661)

In Example “Stacked S/T/K S problem” we get
from (6.58)

0 Wl

P = 0 , Pio = WTG] (662)
Wpl WpQG

Py = —I, Pyy=—G (6.63)

Note that Py, has dimensions compatible with the

controller K in Figure 65

6-35



6.4.4 Analysis: Closing the loop to get NV
[3.8.4]

Figure 67: General block diagram for analysis with no

uncertainty

For analysis of closed-loop performance we may
absorb K into the interconnection structure and
obtain the system N as shown in Figure 67 where

z=Nuw (6.64)

where N is a function of K. To find N, first partition
the generalized plant P as given in (6.59)-(6.61),

combine this with the controller equation
u= Kuv (6.65)

and eliminate v and v from equations (6.60), (6.61)
and (6.65) to yield z = Nw where N is given by

N = Py + PioK(I — Py K) "' Py 2 F)(P, K) (6.66)
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Here Fi(P, K) denotes a lower linear fractional
transformation (LFT) of P with K as the parameter.
In words, NNV is obtained from Figure 62 by using K
to close a lower feedback loop around P. Since
positive feedback is used in the general configuration
in Figure 62 the term (I — P> K)™! has a negative

sign.

Example: We want to derive N for the partitioned P
in (6.62) and (6.63) using the LFT-formula in (6.66). We
get

0 " Wl T —W.KS]
N=| 0 |+|WrG|KU+GK) "(-I)=| —WrT
Wl | [WpG . WeS |

where we have made use of the identities
S={I+GK) ', T=GKSandI-T=S5.

In the MATLAB u-Toolbox we can evaluate

N = Fj(P, K) using the command N=starp(P,K). Here
starp denotes the matrix star product which generalizes
the use of LFT's.
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6.4.5 Further examples [3.8.5]

Example: Consider the control system in Figure 68,
where y; is the output we want to control, y2 is a
secondary output (extra measurement), and we also
measure the disturbance d. The control configuration
includes a two degrees-of-freedom controller, a
feedforward controller and a local feedback controller

based on the extra measurement ys.

d
Y
Kq
r + b y2 YTt 1
— K, —>?:> Ky —%} Go - G1 EAS
Ko

Figure 68: System with feedforward, local feedback

and two degrees-of-freedom control

To recast this into our standard configuration of

Figure 62 we define
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-
d
w:[ ]3 r=y—r v=|" (6.67)
T Y2
| d _
K=[Ki1K, —-Ki —-K: Kg] (6.68)
We get
Gi1 —1 | Gi1Gs
0 I 0
P — Gl O G1G2 (6.69)
0 0 Ga
1 0 0

Then partitioning P as in (6.60) and (6.61) yields
Py = [0 (G1G2)T GE o7 .
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6.4.6 * Deriving P from N [3.8.6]

For cases where NN is given and we wish to find a P
such that

N =F(P,K) =Py, + P3K(I — PyyK) ' Py,

it is usually best to work from a block diagram
representation. This was illustrated above for the
stacked N in (6.57). Alternatively, the following

procedure may be useful:

1. Set K =0 in N to obtain FP;1.

2. Define () = N — P;; and rewrite () such that
each term has a common factor
R = K(I — PyyK)™! (this gives P»s).

3. Since () = P;oRP51, we can now usually obtain

Pi;5 and P by inspection.
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Example 3 Weighted sensitivity. We will use the

above procedure to derive P when
N =wpS = ’wp(f—l— GK)_l,

where wp 18 a scalar weight.

1. P11=N(K=O)=’LUPI

2. Q:N—wpI:wp(S—I)z—pr:
—wpGK(I 4+ GK)™!', and we have
R=K{I+GK) ! s0 Ps = —G.

3. Q = —wpGR so we have Pio = —wpG and P21 = 1,
and we get

(6.70)

_ [wpl —wpG
P‘[ I -G }
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6.4.8 A general control configuration

including model uncertainty [3.8.8]

The general control configuration in Figure 62 may

be extended to include model uncertainty. Here the
matrix A is a block-diagonal matrix that includes all
possible perturbations (representing uncertainty) to
the system. It is normalized such that ||All, < 1.

UA YA
—p
w Z
o P €
—>
u v

Figure 69: General control configuration for the case

with model uncertainty
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uA yn

1 N
— N

Figure 70: General block diagram for analysis with

uncertainty included

OUTPUTS
INPUTS
z A
2,

SYSTEM WITH

ACTUATORS,
SENSORS,CONTROLL|

A

Figure 71: Rearranging a system with multiple per-
turbations into the N A-structure
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The block diagram in Figure 69 in terms of P (for
synthesis) may be transformed into the block
diagram in Figure 70 in terms of N (for analysis) by
using K to close a lower loop around P. The same

lower LFT as found in (6.66) applies, and

N = Fi(P,K) = P11 + Pis K(I — PyoK) ' Py (6.71)

To evaluate the perturbed (uncertain) transfer
function from external inputs w to external outputs
z, we use A to close the upper loop around N (see

Figure 70), resulting in an upper LFT:

2 = Fy(N, A)w; Fy(N,A) 2 Noy+Noy A(I—Ny3 A) " Ny
(6.72)

Remark 1 Almost any control problem with uncertainty
can be represented by Figure 69. First represent each
source of uncertainty by a perturbation block, A;, which
is normalized such that ||A;|| < 1. Then “pull out” each
of these blocks from the system so that an input and an
output can be associated with each A; as shown in
Figure 71(a). Finally, collect these perturbation blocks
into a large block-diagonal matrix having perturbation

inputs and outputs as shown in Figure 71(b).
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7 LIMITATIONS ON
PERFORMANCE IN MIMO
SYSTEMS [6]

Differently: In a MIMO system, disturbances, the
plant, RHP-zeros, RHP-poles and delays each have
directions associated with them. A multivariable
plant may have a RHP-zero and a RHP-pole at the
same location, but their effects may not interact.

7.1 Constraints on S and T [6.2]

From the identity S + 1 = I we get
1—6(9) <a(T)<1+a5(9) (7.1)
1—a(T)| <a(S)<1+a(T) (7.2)

= S and T cannot be small simultaneously; (5 is
large if and only if 6(7") is large.



7.2 Sensitivity peaks [6.2.4]

Theorem 8 Weighted sensitivity. Suppose the
plant G(s) has a RHP-zero at s = z. Let wp(s) be
any stable scalar weight. Then for closed-loop

stability the weighted sensitivity function must satisfy

lwp(5)S(s)]loo = max a(wp(jw)S(jw)) 2 lwe(2)]
(7.3)

In MIMO systems we generally have the freedom to
move the effect of RHP zeros to different outputs by

appropriate control.

Theorem 9 Weighted complementary
sensitivity. Suppose the plant G(s) has a RHP-pole
at s = p. Let wr(s) be any stable scalar weight.
Then for closed-loop stability the weighted

complementary sensitivity function must satisfy

lwr (5)T(s)]loo = max o (wr(jw)T(jw)) 2 lwr(p)
(7.4)



7.3 Limitations imposed by
uncertainty [6.10]

7.3.1 Input and output uncertainty

In a multiplicative (relative) form, the output and

input uncertainties (as in Figure 72) are given by

Output uncertainty: G' = (I + Eo)G or

FEo = (G' - G)G™1 (7.5)
Input uncertainty: G’ =G(I + E;) or
E; =G G -G) (7.6)

—» Ey —
1++ » G 1++ >

Figure 72: Plant with multiplicative input and output

uncertainty
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7.3.3 Uncertainty and the benefits of
feedback [6.10.3]

Feedback control. With one degree-of-freedom
feedback control the nominal transfer function is

y = T'r where T = L(I + L)™' is the complementary
sensitivity function. Ideally, T' = I. The change in

response with model error is y' —y = (T’ — T)r where
T — T =S EoT (7.7)

Thus, v —y = S"EoTr = S'Epy, and we see that

e with feedback control the effect of the
uncertainty is reduced by a factor S’ relative to

that with feedforward control.
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7.3.4 Uncertainty and the sensitivity peak

We will derive upper bounds on (S’) which involve

the plant and controller condition numbers

W& = Ze W= m

Factorizations of S’ in terms of the nominal

sensitivity S

S'=SU+EoT)™! (7.9)

Output uncertainty:

S'=S(I+GEG'T)™" =
= SG(I + E/Tr)~'G~' (7.10)

Input uncertainty:

S =I+TK 'E/K) 'S =
= K_l(I+T[EI)_1KS (711)
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We assume: G and G’ are stable; closed-loop
stability, i.e. S and S’ are stable; therefore

(I + EoT)~! and (I + E;Ty)~! are stable; the
magnitude of the multiplicative (relative)
uncertainty at each frequency can be bounded in

terms of its singular value

o(Er) < |lwr|,  o(Eo) < |wol (7.12)

where wy(s) and wo(s) are scalar weights. Typically
the uncertainty bound, |w;| or |wepl, is 0.2 at low

frequencies and exceeds 1 at higher frequencies.

Upper bound on (S5’) for output uncertainty

From (7.9) we derive

a(5)

5(8") < a(8)a((I+EoT)™) <
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Upper bounds on 5(S’) for input uncertainty

The sensitivity function can be much more sensitive

to input uncertainty than output uncertainty.

From (7.10) and (7.11) we derive:

5(8") < Y(G)a(S)a((I + ETy)™) <
a(5)

5(8) < AWK)F(S)5((1+TiE) ™) <
<)y 9

= If we use a “round” controller (y(K) ~ 1) then
the sensitivity function is not sensitive to input

uncertainty.

-7



8 ROBUST STABILITY AND
PERFORMANCE

ANALYSIS [8]

8.1 General control configuration

with uncertainty [8.1]

For our robustness analysis we use a system

representation in which the uncertain perturbations

are “pulled out” into a block-diagonal matrix,

A = diag{A;} =

where each A, represents a specific source of

uncertainty.

A,

(8.1)



uAa

yn

K

Figure 73: General control configuration (for con-

troller synthesis)

ua

N

YA

Yo

Figure 74: N A-structure for robust performance anal-

ysis



UA ya

» M

Figure 75: M A-structure for robust stability analysis

If we also pull out the controller K, we get the
generalized plant P, as shown in Figure 73. For
analysis of the uncertain system, we use the

N A-structure in Figure 74.



(a) Original system with multiple per-

turbations
, /\
=) :
: Agre——
: A
L b e e e e e e - = = - ]
w 2
—> > — >

Y

N

(b) Pulling out the perturbations

Figure 76: Rearranging an uncertain system into the
N A-structure



Consider Figure 76 where it is shown how to pull out
the perturbation blocks to form A and the nominal
system N. As shown in (6.71), N is related to P and
K by a lower LF'T

N =F(P,K)2 P11 + PoK(I — PysK) " *Py; (8.2)

Similarly, the uncertain closed-loop transfer function
from w to z, z = Fw, is related to N and A by an

upper LET (see (6.72)),

F = F,(N,A) £ Nyg+ Noy A( = N;1 A) "' Ny (8.3)

To analyze robust stability of F', we can then
rearrange the system into the M A-structure of
Figure 75 where M = Ny is the transfer function

from the output to the input of the perturbations.



8.2 Representing uncertainty [8.2]

As usual, each individual perturbation is assumed to
be stable and is normalized,

5(A; (jw)) < 1 VY (8.4)

For a complex scalar perturbation we have

10;(jw)| < 1, Yw, and for a real scalar perturbation
—1 < 9; < 1. Since the maximum singular value of a
block diagonal matrix is equal to the largest of the

maximum singular values of the individual blocks, it
then follows for A = diag{A;} that

0(Ai(jw)) 1 Vw, Vi < |[[Alle <1} (8.5)

Note that A has structure, and therefore in the
robustness analysis we do not want to allow all A
such that (8.5) is satisfied.



8.2.1 Unstructured uncertainty

We define unstructured uncertainty as the use of a
“full” complex perturbation matrix A, usually with
dimensions compatible with those of the plant, where
at each frequency any A(jw) satisfying 6(A(jw)) <1
is allowed.

Six common forms of unstructured uncertainty are
shown in Figure 77. In Figure 77(a), (b) and (c) are
shown three feedforward forms; additive uncertainty,
multiplicative input uncertainty and multiplicative

output uncertainty:

II4 : Gp:G—I—EA; E, =wal\, (86)
II; : Gp = G(I—|— E[); Er =w;Ag (87)
IIp : Gp — ([ + EO)G; Eo = wvo(S.S)
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In Figure 77(d), (e) and (f) are shown three feedback
or tnverse forms; inverse additive uncertainty, inverse
multiplicative input uncertainty and inverse

multiplicative output uncertainty:

I 4 : G, =G — E;aG)™ 1 Eig =wialia

(8.9)
;g : Gp=G(I —E;;)™"; Eir = wir Agg
(8.10)
Lo : G,= (- FE0) 'G; Eio = wioAio
(8.11)

The negative sign in front of the E’s does not really
matter here since we assume that A can have any
sign. A denotes the normalized perturbation and E
the “actual” perturbation. We have here used scalar
weights w, so £ = wA = Aw, but sometimes one
may want to use matrix weights, ¥ = Wy AW, where
W7 and W5 are given transfer function matrices.



"""""""" (a)y

""""" o
il |
""""""""" ('b)
"""""""""" e
[ il
"""""""""" (C)

Figure 77: (a) Additive uncertainty, (b) Multiplica-
tive input uncertainty, (c¢) Multiplicative output un-
certainty, (d) Inverse additive uncertainty, (e) Inverse
multiplicative input uncertainty, (f) Inverse multi-

plicative output uncertainty



8.3 Obtaining P, N and M [8.3]

|_>W yA>A] un w
+ +
e TR

Figure 78: System with multiplicative input uncer-

tainty and performance measured at the output

Example 4 System with input uncertainty
(Figure 78). We want to derive the generalized plant P
in Figure 73 which has inputs [ua w ]’ and outputs
(ya 2z wv]". By writing down the equations or simply
by inspecting Figure 78 (remember to break the loop
before and after K) we get

0 0 Wi ]
P=|WpG Wp WpQG (8.12)
i —e —1 —G |

Next, we want to derive the matrix N corresponding to

Figure 74. First, partition P to be compatible with K, 1.e.

T 0 0 T Wy
P = [WPG WP}’ P2 = [WPG} (8.13)
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Py =[-G -I], Poo = -G (8.14)

and then find N = Fi(P, K) using (8.2). We get

N ~WiKG(I+ KG)™" —-W;K(I+GK)™*
| WeGU+KG)™! Wp(I+GK)™!
(8.15)

Alternatively, we can derive N directly from Figure 78 by

evaluating the closed-loop transfer function from inputs
[UA} to outputs [yA

w z
and after K ). For example, to derive Ni2, which is the

} (without breaking the loop before

transfer function from w to ya, we start at the output
(ya ) and move backwards to the input (w) using the
MIMO Rule (we first meet Wi, then —K and we then
exit the feedback loop and get the term (I + GK)™1).

The upper left block, Ni1, in (8.15) is the transfer
function from ua to ya. This 1s the transfer function M

needed in Figure 75 for evaluating robust stability. Thus,
we have M = —-W;KG(I + KG)™!' = —W/T.
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8.4 Definitions of robust stability and
robust performance [8.4]

1. Robust stability (RS) analysis: with a given
controller K we determine whether the system
remains stable for all plants in the uncertainty
set.

2. Robust performance (RP) analysis: if RS is
satisfied, we determine how “large” the transfer
function from exogenous inputs w to outputs z

may be for all plants in the uncertainty set.

In Figure 74, w represents the exogenous inputs
(normalized disturbances and references), and z the

exogenous outputs (normalized errors). We have
z = F(A)w, where from (8.3)

F = F,(N,A) £ Nyg+Noy A(I—N1; A) "' Ny, (8.16)

We here use the H,, norm to define performance and
require for RP that || F(A)|lc < 1 for all allowed
A’s. A typical choice is F = wpS, (the weighted
sensitivity function), where wp is the performance
weight (capital P for performance) and S, represents
the set of perturbed sensitivity functions (lower-case
p for perturbed).
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In terms of the N A-structure in Figure 74 our

requirements for stability and performance are

NS % N is internally stable (8.17)
NP ¥ |Nosfeo <1; and NS (8.18)
RS € F=F,(N,A) is stable VA, |Alls < 1;
and NS (8.19)
RP & [Flloe <1, YA Al < 1;
and NS (8.20)

Remark 1 Allowed perturbations. For simplicity
below we will use the shorthand notation

VA and max (8.21)

to mean “for all A’s in the set of allowed perturbations”,
and “maximizing over all A’s in the set of allowed
perturbations”. By allowed perturbations we mean that
the Hoo norm of A is less or equal to 1, ||Allec < 1, and
that A has a specified block-diagonal structure.
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8.5 Robust stability of the
M A-structure [8.5]

Consider the uncertain NA-system in Figure 74 for
which the transfer function from w to z is, as in
(8.16), given by

F,(N,A) = Ngy + Noy A(IT — N1 A PNy (8.22)

Suppose that the system is nominally stable (with
A = 0), that is, N is stable. We also assume that A
is stable. Thus, when we have nominal stability
(NS), the stability of the system in Figure 74 is
equivalent to the stability of the M A-structure in
Figure 75 where M = Nq;.
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Theorem 10 Determinant stability condition
(Real or complex perturbations). Assume that
the nominal system M (s) and the perturbations A(s)
are stable. Consider the convex set of perturbations
A, such that if A" is an allowed perturbation then so
is cA" where ¢ is any real scalar such that |c| < 1.
Then the M A-system in Figure 75 is stable for all
allowed perturbations (we have RS) if and only if

Nyquist plot of det (I — M (s)A(s)) does not
encircle the origin, VA (8.23)

& |det(I — M(jw)A(jw)) #0, Vw,VA

& N(MA)£1, Vi,Vw,VA (8.25)
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8.6 RS for complex unstructured

uncertainty [8.6]

Theorem 11 RS for unstructured (“full”)
perturbations. Assume that the nominal system
M (s) is stable (NS) and that the perturbations A(s)
are stable. Then the M A-system wn Figure 75 is

stable for all perturbations A satisfying ||A|lse < 1

(i.e. we have RS) if and only if

o(M(jw)) <1 Vuw

~

|M][oc <1

(8.26)
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8.6.1 * Application of the unstructured
RS-condition [8.6.1]

We will now present necessary and sufficient
conditions for robust stability (RS) for each of the six
single unstructured perturbations in Figure 77. with

E=WoAWi, [Allw <1 (8.27)

To derive the matrix M we simply “isolate” the
perturbation, and determine the transfer function

matrix

M = Wy MyWs (8.28)

from the output to the input of the perturbation,
where M for each of the six cases becomes
(disregarding some negative signs which do not affect

the subsequent robustness condition) is given by

G,=G+FEs: My=K(I+GK)"'=KS
G,=G(I+FE;): My=K({I+GK)'G=1T,;
G,=(I+Ep)G: My=GK(I+GK) ‘=T

G, =G —FEiaG)"': My=(I+GK)"'G=5G
G,=GUI—-E;j)™: My=(I+KG)1=5
G,=(I—FEip)'G: My=I+GK)'=S5



Theorem 11 then yields
RS <« ||W1M0W2(]W)||OO < 1,\7 w (830)

For instance, from second equation in (8.29) and
(8.30) we get for multiplicative input uncertainty

with a scalar weight:
RS \V/Gp = G(I—H,U]A]), ||A]HOO S 1l & H’LU[T[HOO <1
(8.31)

Note that the SISO-condition (4.15) follows as a
special case of (8.31). Similarly, (4.21) follows as a
special case of the inverse multiplicative output
uncertainty in (8.29):

RS \V/Gp = ([ — wioAio)_lG,

1A:0]lcc <1< [wioS]leo <1 (8.32)

In general, the unstructured uncertainty descriptions
in terms of a single perturbation are not “tight”.
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8.7 RS with structured uncertainty:
Motivation [8.7]

SAME UNCERTAINTY

—————————————————————————————————————————

—————————————————————————————————————————

NEW M: DMD!

Figure 79: Use of block-diagonal scalings, AD = DA

Consider now the presence of structured uncertainty,
where A = diag{A;} is block-diagonal. To test for
robust stability we rearrange the system into the

M A-structure and we have from (8.26)

RS if a(M(jw)) < 1,Vw (8.33)
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We have here written “if” rather than “if and only
if” since this condition is only necessary for RS when
A has “no structure” (full-block uncertainty). To
reduce concervativism introduce the block-diagonal

scaling matrix

where d; is a scalar and I; is an identity matrix of the
same dimension as the 2’th perturbation block, A;

(Figure 79). This clearly has no effect on stability.

RS if a(DMD™') <1,Vw (8.35)

This applies for any D in (8.34), and therefore the
“most improved” (least conservative) RS-condition is
obtained by minimizing at each frequency the scaled

singular value, and we have

RS if minpepd(D(w)M(jw)D(w)™!) < 1,Vw
(8.36)

where D is the set of block-diagonal matrices whose
structure is compatible to that of A, i.e, AD = DA.



8.8 The structured singular value [8.8]

The structured singular value (denoted Mu, mu, SSV
or i) is a function which provides a generalization of
the singular value, &, and the spectral radius, p. We
will use i to get necessary and sufficient conditions
for robust stability and also for robust performance.

How is u defined? A simple statement is:

Find the smallest structured A (measured in terms
of 7(A)) which makes det(I — MA) = 0; then
u(M) = 1/5(A).

Mathematically,

pw(M)~! 2 min{s(A)| det(I—MA) = 0 for structured A}

A
(8.37)
Clearly, u(M) depends not only on M but also on

the allowed structure for A. This is sometimes

shown explicitly by using the notation ua (M).

Remark. For the case where A is “unstructured” (a full
matrix), the smallest A which yields singularity has
g(A)=1/6(M), and we have u(M) = a(M).



Example 5 Full perturbation (A is unstructured).

Consider
2 2
M= [ } _
~1 -1
B [ 0.894 0.447} [3.162 0} [0.707 —0.707}78 38)
| —0.447 0.894 0 0][0.707 0.707 '
The perturbation
0.707
1 H __ 1 _
A= S UIUT = 3763 [0.707} [0.894 —0.447] =
0.200  0.200
— 8.39
[—0.100 —0.100} (8-39)

with ¢(A) =1/6(M) =1/3.162 = 0.316 makes
det(I — MA) =0. Thus u(M) = 3.162 when A is a full

matrix.

Note that the perturbation A in (8.39) is a full
matrix. If we restrict A to be diagonal then we need
a larger perturbation to make det(I — MA) = 0.
This is illustrated next.



Example 5 continued. Diagonal perturbation (A
is structured). For the matriz M in (8.38), the smallest
diagonal A which makes det(I — MA) =0 is

11 0
A:—[O _1] (8.40)

with 6(A) = 0.333. Thus u(M) = 3 when A is a diagonal

matrix.

Definition 2 Structured Singular Value. Let M
be a given complex matriz and let A = diag{A;}
denote a set of complex matrices with 6(A) <1 and
with a given block-diagonal structure (in which some
of the blocks may be repeated and some may be
restricted to be real). The real non-negative function

(M), called the structured singular value, is defined
by

u(M) 2 :

min{k,,|det(I — k,, MA) =0,6(A) <1}
(8.41)

If no such structured A exists then u(M) = 0.

A value of © = 1 means that there exists a
perturbation with 6(A) = 1 which is just large
enough to make I — M A singular. A larger value of
1 is “bad” as it means that a smaller perturbation
makes I — M A singular, whereas a smaller value of u

is “good”.



8.9 Robust stability with structured
uncertainty [8.9]

Consider stability of the M A-structure in Figure 75
for the case where A is a set of norm-bounded

block-diagonal perturbations.

Theorem 12 RS for block-diagonal
perturbations (real or complex). Assume that
the nominal system M and the perturbations A are
stable. Then the M A-system in Figure 75 is stable
for all allowed perturbations with ¢(A) < 1, Vw,

of and only if

w(M(jw)) <1, Vw (8.42)

Condition (8.42) for robust stability may be

rewritten as
RS & u(M(jw)) c(A(jw)) <1, VYw (8.43)

which may be interpreted as a “generalized small
gain theorem” that also takes into account the

structure of A.



Example 6 RS with diagonal input uncertainty

Consider robust stability of the feedback system in
Figure 78 for the case when the multiplicative input
uncertainty is diagonal. A nominal 2 x 2 plant and the
controller (which represents PI-control of a distillation

process using the DV-configuration) is given by

~87.8 14
_ _1 .
Gls) = =5 [—108.2 —1.4] ’
K(s) — Lizs [ 00015 0 5.4
: 0 —0.075

(time in minutes). The controller results in a nominally
stable system with acceptable performance. Assume there
1s complex multiplicative uncertainty tn each manipulated
mput of magnitude
s+ 0.2
= —— 8.45

wr (s) 0.5s +1 ( )
On rearranging the block diagram to match the
M A-structure in Figure 75 we get
M =wKG(I+ KG)™' = wTr (recall (8.15)), and the
RS-condition u(M) < 1 in Theorem 12 yields

1 01
RS T — V Ar =
s 0 < iy Vo 8= |
(8.46)

This condition is shown graphically in Figure 80 so the
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system is robustly stable. Also in Figure 80, a(T1) can be
seen to be larger than 1/|wr(jw)| over a wide frequency
range. This shows that the system would be unstable for
full-block input uncertainty (Ar full).

Magnitude

Frequency

Figure 80: Robust stability for diagonal input uncer-
tainty is guaranteed since ua,(T7) < 1/|wy|, Yw. The
use of unstructured uncertainty and &(7Ty) is conser-

vative



8.10 Robust performance [8.10]

With an ‘H., performance objective, the
RP-condition is identical to a RS-condition with an
additional perturbation block.

In Figure 81 step B is the key step.

Ap (where capital P denotes Performance) is always
a full matrix. It is a fictitious uncertainty block

representing the H., performance specification.

8.10.1 Testing RP using p [8.10.1]

Theorem 13 Robust performance. Rearrange
the uncertain system into the N A-structure of

Figure 81. Assume nominal stability such that N 1is
(internally) stable. Then

def

RP [Flloo = [Fu(N, A)]Joo <1, V[Alle <1

~
& pR(N(jw)) <1, Vw (8.47)

where @ 1s computed with respect to the structure

A = [ﬁ AOP] (8.48)

and Ap s a full complex perturbation with the same

dimensions as F7L .



P
STEP A ]}I
F o<1, V [ Afle<1

STEPB {
A e
i VI Ap [[o< 1
RS,
VIA <1
1 I
STEPC ¥
Ade—
A 1S RS,
VIIA <1
" N
>
STEPD T ~
A
Ap"_ ) ~
is RSV || A o<1

¥ (RS theorem)

,LLK(N) <1, Vw

Figure 81: RP as a special case of structured RS. F' =
F,(N,A)



8.10.2 Summary of u-conditions for NP, RS
and RP [8.10.2]

Rearrange the uncertain system into the NA-
structure, where the block- diagonal perturbations
satisfy ||A|ls < 1.

Introduce
F = F,(N,A) = Nyy + Noy A(I — N1 A) ' Ny,

and let the performance requirement (RP) be

| F||co < 1 for all allowable perturbations. Then we

have:
NS <« N (internally) stable (8.49)
NP < 6(Nag) =pa, <1, Vw, and NS (8.50)
RS & pa(Ni1) <1, Vw, and NS (8.51)
~ A 0
RP ~(N) <1, Vw, A =
& pux(N) <1, Vw, [0 Ap]’

and NS (8.52)

Here A is a block-diagonal matrix (its detailed
structure depends on the uncertainty we are
representing), whereas Ap always is a full complex
matrix. Note that nominal stability (NS) must be

tested separately in all cases.



What does 4 = 1.1 for RP mean?

Our RP-requirement would be satisfied exactly if we
reduced both the performance requirement and the

uncertainty by a factor of 1.1.

To find the worst-case weighted performance for a
given uncertainty, one needs to keep the magnitude
of the perturbations fixed (7(A) < 1).

To find p® numerically, we scale the performance
part of N by a factor k,, = 1/u° and iterate on k,,
until 4 = 1. That is, at each frequency “skewed-u” is
the value p®(N) which solves

W(KnN)=1, K, = [é 1/()“5] (8.53)

Note that p underestimates how bad or good the
actual worst-case performance is. This follows
because p®(IN) is always further from 1 than u(NV).
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8.11 * Application: RP with input
uncertainty [8.11]

|—>W[—>A] w
K ltGFv--FWP_’%

L

L,

—»N—P-

Figure 82: Robust performance of system with input

uncertainty
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8.11.1 Interconnection matrix [8.11.1]

On rearranging the system into the N A-structure, as

shown in Figure 82, we get

N — [ w]T[ IUIKS]

8.04
wpSG  wpS ( )

where Ty = KG(I + KG)™', S = (I + GK)~! and
for simplicity we have omitted the negative signs in

the 1,1 and 1,2 blocks of N, since u(N) = u(UN)

. . —I7 0
with unitary U = [ 0 I]

For a given controller K we can now test for NS, NP,
RS and RP using (8.49)-(8.52). Here A = A; may be
a full or diagonal matrix (depending on the physical

situation).
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8.11.2 RP with input uncertainty for SISO
system [8.11.2]

For a SISO system, conditions (8.49)-(8.52) with N
as in (8.54) become

NS < S, SG, KS and Tt are stable (8.55)
NP < |wpS| <1, Vw (8.56)
RS < |w/Ti| <1, Vw (8.57)
RP < |wpS|+ |wTi| <1, Vw (8.58)
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8.11.3 Robust performance for 2 x 2
distillation process [8.11.3]

Consider again the distillation process example from
Chapter 3 (Motivating Example No. 2) and the
corresponding inverse-based controller:

1 87.8 —86.4 0.7
G(s) = . K(s)=—G(s)™!
)= 571 [108:2 -—10913]’ (8) = = G)
(8.59)
The controller provides a nominally decoupled
system with
L=11 S=eland T =1tI (8.60)
where
0.7 1 S
l = —, €E = — — ,
S 1+1 s40.7
0.7 1
t=1—¢€=

s+0.7 143s+1

We have used e for the nominal sensitivity in each

loop to distinguish it from the Laplace variable s.
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Weights for uncertainty and performance:

s+ 0.2 s/2+ 0.05
wils) = gas . WP =T

(8.61)

The weight wr(s) may approximately represent a 20%
gain error and a neglected time delay of 0.9 min. |wr(jw)|
levels off at 2 (200% uncertainty) at high frequencies.
The performance weight wp(s) specifies integral action, a
closed-loop bandwidth of about 0.05 [rad/min]| (which is
relatively slow in the presence of an allowed time delay of

0.9 min) and a maximum peak for 5(S) of M, = 2.

LR | T T T T T T T T T
RP
NP
I{E; o - T =D T T T T T T T T T
gyl gy g sy S = ik Y Ll Pt el S
10°7° 1072 107" 10° 10 10
Frequency

Figure 83: p-plots for distillation process with decou-
pling controller
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NS Yes.

NP With the decoupling controller we have

5'(N22) = 5'(pr) —

s/2 4 0.05
s+ 0.7

(dashed-dot line in Figure 83 <= NP is OK.)

RS Since in this case w; 17 = w;T is a scalar times
the identity matrix, we have, independent of the
structure of Ay, that

hs + 1
(0.5s +1)(1.43s+ 1)

HA; (w]T]) = |1,U]t| = 10.2

and we see from the dashed line in Figure 83
that RS is OK.

RP Poor.
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Table 3: MATLAB program for p-analysis

% Uses the Mu toolbox

GO = [87.8 -86.4; 108.2 -109.6];

dyn = nd2sys(1,[75 11);

Dyn=daug(dyn,dyn) ; G=mmult(Dyn,GO);

YA

% Inverse-based control.

YA

dynk=nd2sys([75 1],[1 1.e-5],0.7);
Dynk=daug(dynk,dynk) ; Kinv=mmult (Dynk,minv(GO));
A

% Weights.

YA

wp=nd2sys([10 1],[10 1.e-5]1,0.5); Wp=daug(wp,wp);
wi=nd2sys([1 0.2],[0.5 1]); Wi=daug(wi,wi);
A

% Generalized plant P.

/A

systemnames = ’G Wp Wi’;

inputvar = ’[ydel(2); w(2) ; u(2)]’;
outputvar = ’[Wi; Wp; -G-w]’;

input_-to_G = ’[u+ydel]’;

input_toWp = ’[G+w]’; input_to Wi = ’[u]’;
sysoutname = ’P’;

cleanupsysic = ’yes’; sysic;

h

N = starp(P,Kinv); omega = logspace(-3,3,61);
Nf = frsp(N,omega) ;

h

% mu for RP.

h

blk = [1 1; 1 1; 2 2];

[mubnds,rowd, sens,rowp,rowg] = mu(Nf,blk,’c’);
muRP = sel(mubnds,’:’,1); pkvnorm(muRP)

%

% (ans

5.7726) .
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Table 4: MATLAB program for p-analysis

% Worst-case weighted sensitivity

/A

[delworst,muslow,musup] =
%

% mu for RS.

%

Nrs=sel(Nf,1:2,1:2);

[mubnds,rowd,sens,rowp,rowgl=mu(Nrs,[1 1; 1 1],°c’);

muRS = sel(mubnds,’:’,1); pkvnorm(muRS)

h

% mu for NP (= max. singular value of Nnp).

A
Nnp=sel(Nf,3:4,3:4);

[mubnds,rowd, sens,rowp,rowgl=mu(Nnp, [2 2],’c’);
muNP = sel(mubnds,’:’,1); pkvnorm(muNP)
vplot(’1liv,m’ ,muRP,muRS,muNP) ;

wcperf (Nf,blk,1); musup

% (musup = 44.93 for
h delta=1).

% (ans = 0.5242).

% (ans = 0.5000).
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8.12 pu-synthesis and D K-iteration
8.12]

The structured singular value p is a very powerful
tool for the analysis of robust performance with a
given controller. However, one may also seek to find
the controller that minimizes a given p-condition:

this is the p-synthesis problem.

8.12.1 DK-iteration [8.12.1]

At present there is no direct method to synthesize a
p-optimal controller. However, for complex
perturbations a method known as D K-iteration is
available. It combines H.-synthesis and p-analysis,
and often yields good results. The starting point is
the upper bound on u in terms of the scaled singular

value

< min & -1
w(N) < min 5(DND™)
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The idea is to find the controller that minimizes the
peak value over frequency of this upper bound,

namely

. . -1
min(min || DN (K) D™ |oo) (8.62)

by alternating between minimizing ||DN(K)D ™1
with respect to either K or D (while holding the
other fixed).

1. K-step. Synthesize an H, controller for the

scaled problem,
ming ||DN(K)D ™|« with fixed D(s).

2. D-step. Find D(jw) to minimize at each
frequency (DN D™ !(jw)) with fixed N.

3. Fit the magnitude of each element of D(jw) to a
stable and minimum phase transfer function
D(s) and go to Step 1.
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Magnitude

8.12.2 * Example: p-synthesis with
DK-iteration [8.12.4]

Simplified distillation process

1 [ 87.8 —86.4 ]

G(s) = ——
(8) = 7s 1 | 1082 —109.6

(8.63)

The uncertainty weight wyl and performance weight wpl
are given in (8.61), and are shown graphically in

Figure 84. The objective is to minimize the peak value of
px (IN), where N is given in (8.54) and

A = diag{Ar, Ap}. We will consider diagonal input
uncertainty (which is always present in any real
problem), so Ay is a 2 X 2 diagonal matrix. Ap is a full

2 X 2 matrix representing the performance specification.

10 E T T T TTTTg T T T T T T T T T T T T

10° 10 10" 10° 10" 10

Frequency

Flgure 84 Uncertainty and performance weights. Notice that there is a
frequency range (“window”) where both weights are less than one in magni-
tude.
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Table 5: MATLAB program to perform DK-iteration

% Uses the Mu toolbox
GO = [87.8 -86.4; 108.2 -109.6];

dyn = nd2sys(1,[75 1]1); Dyn = daug(dyn,dyn);
G = mmult(Dyn,GO) ;

b

% Weights.

b

wp = nd2sys([10 1],[10 1.e-5],0.5); % Approximated
wi = nd2sys([1 0.2],[0.5 1]); % integrator.
Wp = daug(wp,wp); Wi = daug(wi,wi);

h

% Generalized plant P. 7%

systemnames = ’G Wp Wi’;

inputvar = ’[ydel(2); w(2) ; u(2)]1’;
outputvar = ’[Wi; Wp; -G-w]’;

input_to_G = ’[u+ydel]’;

input_toWp = ’[G+w]’; input_toWi = ’[ul’;
sysoutname = ’P’; cleanupsysic = ’yes’;
sysic;

A
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Table 6: MATLAB program to perform DK-iteration
% Initialize.
yA
omega = logspace(-3,3,61);
blk = [1 1; 1 1; 2 2];

nmeas=2; nu=2; gmin=0.9; gamma=2; to0l=0.01; dO0 = 1;
dsysl = daug(d0,d0,eye(2),eye(2)); dsysr=dsysl;

A

% START ITERATION.

)

% STEP 1: Find H-infinity optimal controller

% with given scalings:

)

DPD = mmult(dsysl,P,minv(dsysr)); gmax=1.05*gamma;

[K,Nsc,gamma] = hinfsyn(DPD,nmeas,nu,gmin,gmax,tol);

Nf=frsp(Nsc,omega) ; % (Remark:
h % Without scaling:
% % N=starp(P,K);).

% STEP 2: Compute mu using upper bound:

yA

[mubnds,rowd,sens,rowp,rowg] = mu(Nf,blk,’c’);

vplot(’liv,m’ ,mubnds); murp=pkvnorm(mubnds,inf)

YA

% STEP 3: Fit resulting D-scales:

yA

[dsysl,dsysr]=musynflp(dsysl,rowd,sens,blk,nmeas,nu); % choose 4th order.
YA

% New Version:

% [dsysL,dsysR]=msf (Nf,mubnds,rowd,sens,blk) ; % order: 4, 4, O.
% dsysl=daug(dsysL,eye(2)); dsysr=daug(dsysR,eye(2));

yA

% GOTO STEP 1 (unless satisfied with murp).

yA
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Iteration No. 1.
Step 1: With the initial scalings, D° = I, the Ho

software produced a 6 state controller (2 states from
the plant model and 2 from each of the weights) with
an Ho, norm of v = 1.1823.

Step 2: The upper u-bound gave the p-curve shown
as curve “Iter. 17 in Figure 85, corresponding to a

peak value of u=1.1818.

Step 3: The frequency-dependent d; (w) and do(w)
from Step 2 were each fitted using a 4th order
transfer function. d;(w) and the fitted 4th-order
transfer function (dotted line) are shown in
Figure 86 and labelled “Iter. 17”.

Iteration No. 2.

Step 1: With the 8 state scaling D'(s) the H
software gave a 22 state controller and
| DN (DY) 71| o = 1.0238.

Iteration No. 3.

Step 1: With the scalings D?(s) the Ho, norm was
only slightly reduced from 1.024 to 1.019.
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T T T
Iter. 1
Iter. 2
ir______/___lter. 3_
3
0.8
0.6
! ool ! ool ! ool ! ool ! Lo N
107 1072 10" 10° 10" 10° 10°

Frequency [rad/min]

Figure 85: Change in p during D K-iteration

------ 4th_order:ﬁt:

:::::::%h\\\\§§>\ 7= Initial
10° |

Magnitude

10 0 1 2 3

10 10 10™ 10 10 10 10
Frequency [rad/min]

Figure 86: Change in D-scale d; during D K-iteration
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Y1

0 10 20 30 40 50 60 70 80 90 100
Time [min]

Figure 87: Setpoint response for u-“optimal” con-
troller K3. Solid line: nominal plant. Dashed line:

uncertain plant G4
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9 Controller Design [9]

9.1 Trade-offs in MIMO feedback
design [9.1]

Figure 88: One degree-of-freedom feedback

y(s) = T(s)r(s)+ S(s)d(s) —T(s)n(s) (9.1)
u(s) = K(s)S(s)[r(s) —n(s) —d(s)] (9.2)



Closed-loop objectives:

L.

AT

For disturbance rejection make &(.S) small.

For noise attenuation make &(7T') small.

For reference tracking make ¢(T) =~ o(T) ~ 1.
For control energy reduction make ¢(K.S) small.

For robust stability in the presence of an additive

perturbation make & (K.S) small.

. For robust stability in the presence of a

multiplicative output perturbation make (7)

small.

The closed-loop requirements 1 to 6 cannot all be

satisfied simultaneously. Feedback design is therefore

a trade-off over frequency of conflicting objectives.



Over specified frequency ranges, we can approximate

the closed-loop requirements by the following

open-loop objectives:

L.

For disturbance rejection make o(GK) large;
valid for frequencies at which ¢(GK) > 1.

. For noise attenuation make 6(GK) small; valid

for frequencies at which 6(GK) < 1.

. For reference tracking make o(GK) large; valid

for frequencies at which o(GK) > 1.

For control energy reduction make & (K) small;
valid for frequencies at which ¢(GK) < 1.

. For robust stability to an additive perturbation

make ¢(K') small; valid for frequencies at which
7(GK) < 1.

. For robust stability to a multiplicative output

perturbation make 6(GK ) small; valid for
frequencies at which ¢(GK) < 1.



9.2 (General control problem
formulation [9.3.1]

v, p

K [e—

Figure 89: General control configuration




The state-space realization of the generalized plant
P is given by

A | By Bs
s
P = 01 D11 D12 (9'5)
| C2 | D21 Doy |

where
Fi(P,K)= P, + PyK(I — P K) 'Pyy  (9.7)

H-> and H., control involve the minimization of the
Hs and Ho, norms of Fj( P, K) respectively.



9.3 'H, optimal control [9.3.2]

The standard Ho optimal control problem is to find

a stabilizing controller K which minimizes

I E(s)]l2 = \/217r /_OO F(jw)F(jw)Tdw; F = Fy(P,K)

(9.8)
For a particular problem the generalized plant P will
include the plant model, the interconnection
structure, and the designer specified weighting
functions. This is illustrated for the LQG problem in

the next subsection.

Stochastic interpretation: suppose in the general
control configuration that the exogenous input w is
white noise of unit intensity. That is:

Ef{wt)w(r)"} =15(t —7) (9.9)



The expected power in the error signal z is then
given by:

E{ lim — / ) z(t)Tz(t)dt} (9.10)

T—oo 2T _T

= tr BE{z(t)z(t)"}

1 oo
= — F(jw)F(jw)! dw
2T ) _ o
(by Parseval’s Theorem)
= [IFll3 = [IF(P, K)II3 (9.11)

Thus, by minimizing the Hs norm, the output (or
error) power of the generalized system, due to a unit
intensity white noise input, is minimized; we are

minimizing the root-mean-square (rms) value of z.
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9.3.1 LQG: a special Hs optimal controller

[9.3.3]
t = Ax+ Bu+ wg (9.12)
y = Cr+w, (9.13)
where
{0t = [1 O

(9.14)

The LQG problem is to find u = K(s)y such that

J=E{ lim - T "Ru| d 9.15
= 1mf/0 2" Qr + u' Ru dt (9.15)

T'— o0

is minimized with Q = Q7 > 0 and R = R? > 0.



Define;:

2= [Qo% }3] m (9-16)

and represent the stochastic inputs wy, w,, as

[zd] - [VZ vO] w (9.17)

where w is a white noise process of unit intensity.
Then the LQG cost function is

J—E{ lim %/O z(t)Tz(t)dt} = |F(P,K)||3

T—o0
(9.18)
where
z(s) = F(P, K)w(s) (9.19)
and the generalized plant P is given by
A |W: 0. B
P:_Pll P12-g Q| 0 0;0
Py P 0] 0 0 R
_ el o vilo




C
V% Wn + _ + |
U | Veeeececcccecacacesca-e-e-ca-esss-e-es-s-e-ss-s-e-es-s-s-es-a-e-=r Yy
K |«
Figure 90: The LQG problem: general control config-
uration
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9.4 'H, optimal control [9.3.4]

With reference to the general control configuration of
Figure 89, the standard H,, optimal control problem
is to find all stabilizing controllers K which minimize

HFl(Pv K)HOO — mj}X5(Fl(Pv K)(]w)) (9'20)

This has a time domain interpretation as the induced
(worst-case) 2-norm. Let z = Fj(P, K)w, then

IFUP ) = max 50 (02)

where ||z(£)]|s = \/fo S |2:(t)|2dt is the 2-norm of

the vector signal.

It is often computationally (and theoretically)
simpler to design a sub-optimal one (i.e. one close to
the optimal controller in the sense of the H., norm).
Let Ymin be the minimum value of ||F;(P, K)||o, over
all stabilizing controllers K. Then the H,
sub-optimal control problem is: given a v > Ymin,

find all stabilizing controllers K such that

IE (P, K)[oo <
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9.4.1 Mixed-sensitivity H., control [9.3.5]

To optimize performance, minimize ||w1.S/||so,

to minimize control inputs, minimize ||ws K S||so-

loisll. =

Compromise:

ngS

General setting: disturbance d as a single exogenous

T
input, error signal z = [ 2 21 } , where

z1 = Wiy and 2o = —Wau, ( 91).

P !

— W —:—P'Zl

. z

S [ 7 N TN,
+ _ :
o ¢ 3 .
+ y + :

u Setpoint r =0 |V
K [«

Figure 91: S/KS mixed-sensitivity optimization in
standard form (regulation)
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Thus 21 = W1Sw and z9 = W K.Sw and:

W | WG
0 —Ws (9.23)

21 B 1T ]

- - - Py Pog U

/l} - — - —

and

Fy(P,K) = (9.25)
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Another useful mixed sensitivity optimization

problem, is to find a stabilizing controller which

minimizes

Wy S
WoT

oo

(9.26)

The S/T mixed-sensitivity minimization problem can

be put into the standard control configuration as

shown in Figure 92.

P s
— Wi ——

><!+

K |«

Figure 92: S/T mixed-sensitivity optimization in

standard form
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(9.27)
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9.5 Helicopter control [12.2]
9.5.1 Problem description [12.2.1]

Objective: reduce the effects of atmospheric
turbulence on helicopters. The reduction of the
effects of gusts is very important in reducing a pilot’s
workload, and enables aggressive maneuvers to be
carried out in poor weather conditions. Also, as a
consequence of decreased buffeting, the airframe and
component lives are lengthened and passenger

comfort is increased.

9.5.2 The helicopter model [12.2.2]

The aircraft model used in our work is representative
of the Westland Lynx, a twin-engined multi-purpose
military helicopter, approximately 9000 Ibs gross
weight, with a four-blade semi-rigid main rotor. The
unaugmented aircraft is unstable, and exhibits many
of the cross-couplings characteristic of a single

main-rotor helicopter.
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The equations governing the motion of the helicopter
are complex and difficult to formulate with high

levels of precision.

State Description
0 Pitch attitude
1) Roll attitude
p Roll rate (body-axis)
q Pitch rate (body-axis)
£ Yaw rate
Vg Forward velocity
Uy Lateral velocity
U, Vertical velocity

Table 7: Helicopter state vector

The starting point for this study was to obtain an
eighth-order differential equation modelling the
small-perturbation rigid motion of the aircraft about

hover.
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Controlled outputs:

e Heave velocity H .

e Pitch attitude 6

> Y1
e Roll attitude ¢

e Heading rate W

together with two additional (body-axis)

measurements

e Roll rate p
: } Y2
e Pitch rate q

The controller (or pilot in manual control) generates
four blade angle demands which are effectively the
helicopter inputs. The blade angles are

e main rotor collective \

e longitudinal cyclic >
U
e lateral cyclic

e tail rotor collective ’

Note: dynamics unstable, non-minimum phase.

-18



Goal

full-authority controllers: the controller has total
control over the blade angles of the main and tail
rotors, and is interposed between the pilot and the

actuation system.

One degree-of-freedom controllers as shown in

Figure 93 are to be designed.

Notice that in the standard one degree-of-freedom
configuration the pilot reference commands r; are
augmented by a zero vector because of the rate
feedback signals. These zeros indicate that there are

no a priori performance specifications on

v =[p q].
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Pilot commands Controlled outputs

3 U1
R K G T

r rate feedback

0 Yo

(b)

Figure 93: Helicopter control structure (a) as im-
plemented, (b) in the standard one degree-of-freedom

configuration



9.5.3 'H., mixed-sensitivity design [12.2.3]

o Wi —

r— W3 lho—is] K > G > Y

Figure 94: S/KS mixed-sensitivity minimization

Find a stabilizing controller K to minimize the cost

function

W1 SWs

(9.28)
WK SWy

(This cost was considered by Yue and Postlethwaite
(1990) in the context of helicopter control. Their
controller was successfully tested on a piloted flight
simulator at DRA Bedford)



s+ 12 s+ 2.81
Wi = di 0.5 :
! v { 510012 s+ 0.005°
s+ 2.81 s+ 10
0.89 0.5 ———
s+0.005" " s+0.01°
2 2
- - <}9-29>
(s+4)(s+4.5) (s+4)(s+4.5)
s + 0.0001
Wy = 0.5 I 9.30
’ s+10 ¢ ( )
Wi = diag{l, 1, 1, 1, 0.1, 0.1} (9.31)
103
102
10t *
100 | |
10— 1 *
1072 *
1075=310= 20~ 1 190 101 162 103 L079=310=20= 1 190 101 162 103
(a) S (b) KS

Figure 95: Singular values of S and KS (S/KS de-
sign)
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A MATRIX THEORY AND
NORMS

A.1 Basics

Complex Matrix A € C*™
Real Matrix Ac RIxm

elements a;; = Re a;; + j Im a;;

[ = number of rows
_ 44 29 e
= “outputs” when viewed as an operator
m = number of columns

= “inputs” when viewed as an operator

e A’ = transpose of A (with elements a;;),

e A = conjugate of A (with elements

Re az-j —j Im aij),

o AH 2 AT — conjugate transpose (or Hermitian

adjoint) (with elements Re a;; — jIm aj;),



Matrix inverse:

_ adjA
Al =
det A
where adj A is the adjugate (or “classical adjoint”) of

(A.1)

A which is the transposed matrix of cofactors c;; of
A,

Cij — [adJA]ﬂ é (—1)i+j det Aij (A2)
Here A% is a submatrix formed by deleting row 7 and

column j of A.

Example:

ailp a2
A= [ ;  det A = aj1a22 — a12a2;
az1 a2

At ! [a” _a”] (A.3)

B det A —a2 ail

Some matrix identities:
(AB)' = BT AT, (AB)" = BH A" (A.4)
Assuming the inverses exist,
(AB)"'=B"tA"! (A.5)

A is symmetric if AT = A,
A is Hermitian if A” = A,

A Hermitian matrix is positive definite if 2 Az > 0

for any non-zero vector x.



A.1.1 Some determinant identities

The determinant is defined as

det A =>"" | a;jc;; (expansion along column j) or
det A = Z?:1 a;;ci; (expansion along row i),
where c;; is the i5’th cofactor given in (A.2).

1. Let A; and As be square matrices of the same

dimension. Then
det(AlAg) = det(AgAl) — det Al - det AQ (A6)

2. Let ¢ be a complex scalar and A an n x n

matrix. Then
det(cA) = " det(A) (A.7)
3. Let A be a non-singular matrix. Then

det A=' =1/det A (A.8)

4. Let A1 and A be matrices of compatible
dimensions such that both matrices 4; A4, and
As Ay are square (but A; and As need not
themselves be square). Then

det([ + A1A2) = det([ + A2A1) (Ag)

(A.9) is useful in the field of control because it
yields det(I + GK) = det(I + KG).



A1 A A 0
det[ 11 12] _ det[ 11 ]

0 AQQ A21 A22
det(All) . det(Ag(gA 10)

6. Schur’s formula for the determinant of a

partitioned matrix:

Ay A
dot [ 11 12]

A21 A22
det(All) . det(AQQ — A21A1_11A12)
= det(Agg) . det(A11 — A12A2_21A21) (All)

where it is assumed that A;; and/or Aoy are

non-singular.



A.2 Eigenvalues and eigenvectors

Definition

Eigenvalues and eigenvectors. Let A be a square
n X n matrix. The eigenvalues \;, 2 = 1,...,n, are
the n solutions to the n’th order characteristic
equation

det(A — \I) =0 (A.12)

The (right) eigenvector ¢; corresponding to the
eigenvalue )\; is the nontrivial solution (¢; # 0) to

(A= XNDt; =0 < At; = Mt (A.13)
The corresponding left eigenvectors g; satisty

When we just say eigenvector we mean the right

eigenvector.
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Remarks

e The left eigenvectors of A are the (right)

eigenvectors of A%

o p(A) 2 max; A (A)] is the spectral radius of A.

e Ligenvectors corresponding to distinct

eigenvalues are always linearly independent.

e Define

T:{tl,tg,...,tn}; A:diag{)\l,)\g,...,)\n}
(A.15)

where A1, Ao, ..., A\, are distinct.

Then we may then write (A.13) in the following

form

AT = TA (A.16)
From (A.16) we then get that the eigenvector

matrix diagonalizes A in the following manner

A=TtAT (A.17)



A.2.1 Eigenvalue properties

L.

trA = > . \; where trA is the trace of A (sum of

the diagonal elements).

. The eigenvalues of an upper or lower triangular

matrix are equal to the diagonal elements of the

matrix.

For a real matrix the eigenvalues are either real,

or occur in complex conjugate pairs.

. A and AT have the same eigenvalues (but in

general different eigenvectors).

. The eigenvalues of A=! are 1/Aq,...,1/\,.

The matrix A + ¢l has eigenvalues \; + c.

. The matrix cA* where k is an integer has

eigenvalues cA¥.

. Consider the [ x m matrix A and the m x [

matrix B. Then the [ x [ matrix AB and the
m X m matrix BA have the same non-zero

eigenvalues.



10. Eigenvalues are invariant under similarity
transformations, that is, A and DAD~! have the

same eigenvalues.

11. The same eigenvector matrix diagonalizes the
matrix A and the matrix (I + A4)~ 1.

12. Gershgorin’s theorem. The eigenvalues of the
n X n matrix A lie in the union of n circles in the
complex plane, each with centre a;; and radius
i = )iz |@ij| (sum of off-diagonal elements in
row ). They also lie in the union of n circles,
each with centre a;; and radius r; =} ., |a;|

(sum of off-diagonal elements in column 7).

13. A symmetric matrix is positive definite if and

only if all its eigenvalues are real and positive.

From the above we have, for example, that

1 1
NI+ L) 1+ (D)
(A.18)

ANi(S)=X((I+ L)) =



A.3 Singular Value Decomposition

Definition: Unitary matrix. A (complex) matrix
U is unitary if

vt =yu-t (A.19)

Note:
IAO)| =1 Vi

Definition: SVD. Any complex [ x m matrix A
may be factorized into a singular value

decomposition

A=UxvH (A.20)

where the [ X [ matrix U and the m x m matrix V are
unitary, and the [ X m matrix > contains a diagonal
matrix >; of real, non-negative singular values, o;,

arranged in a descending order as in

2:[201]; [>m (A.21)

or

S=[3 0]; [<m (A.22)

where
Y, =diag{o1,092,...,0r}; k=min(l,m) (A.23)

and
A A

oO=01>09>...20L=20 (A24)
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e The unitary matrices U and V form orthonormal
bases for the column (output) space and the row
(input) space of A. The column vectors of V,
denoted v;, are called right or input singular
vectors and the column vectors of U, denoted u;,
are called left or output singular vectors. We

define 4 = uq, v = vy, u = ur, and v = vy.

e SVD is not unique since A = U'XV’ H, where
U =US,V'=V8S, S =diag{e’’} and 0; is any
real number, is also an SVD of A. However, the

singular values, o;, are unique.

oi(A) = (AT A) = [\ (AAH)  (A.25)



The columns of U and V' are unit eigenvectors of
AAT and AH A, respectively. To derive (A.25) write

AAT = (UxvHwozvhHE = (uxv?)veHiut)
= yUxxfu# (A.26)

or equivalently since U is unitary and satisfies
UH =U~! we get

(AAU = Uz (A.27)

= U is the matrix of eigenvectors of AA* and {o?}
are its eigenvalues. Similarly, V' is the matrix of

eigenvectors of A7 A.

Definition: The rank of a matrix is equal to the
number of non-zero singular values of the matrix.
Let rank(A) = r, then the matrix A is called rank
deficient if r < k = min(l, m), and we have singular
values o, =0 for e =r+1,...k. A rank deficient
square matrix is a singular matrix (non-square

matrices are always singular).



A.3.3 SVD of a matrix inverse

Provided the m X m matrix A is non-singular
At =vyty# (A.28)

Let j =m — i+ 1. Then it follows from (A.28) that

oi(A™Y = 1/0;(A), (A.29)
u;(A7Y = v(A), (A.30)
vi(A7Y) = w,(A) (A.31)

and in particular

0(A™1) =1/a(A) (A.32)



A.3.4 Singular value inequalities

a(4) < |A(A)] <a(4) (A.33)
g(A") =5(A) and &(AT) =5(A) (A.34)
d(AB) < a(A)a(B) (A.35)
o(A)5(B) < 5(AB) or &(A)a(B) < 5(AB)A.36)
a(A)a(B) < a(AB) (A.37)

max{5(A),5(B)} < & [g] < V2max{5(A),5(B)}

(A.38)
o _g] <o(A)+a(B) (A.39)
_[4 0 e -
o 0 B] = max{d(A),5(B)} (A.40)
0;(A) —a(B)<o;(A+ B) <o;(A)+a(B) (A.41)

Two special cases of (A.41) are:
g(A) —a(B)|<a(A+B)<d(A)+a(B) (A.42)
o(A) —o(B) <g(A+B) <g(A)+a(B) (A43)
(A.43) yields
c(A)—1<gl+A)<cg(A)+1 (A.44)

On combining (A.32) and (A.44) we get

1
51+ A)-1

o(A) —1< <g(A)+1  (A45)
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A.4 Condition number

The condition number of a matrix is defined as

the ratio

V(A) = 01(A)/or(A) = 5(A)/a(A) (A.46)

where k = min(l, m).

-14



A.5 Norms

Definition
A norm of e (which may be a vector, matrix, signal
or system) is a real number, denoted ||e||, that

satisfies the following properties:

1. Non-negative: |le|| > 0.

2. Positive: ||e|| = 0« e = 0 (for semi-norms we
have |le|| =0 < e =0).

3. Homogeneous: ||a-e|| = |af - ||e|| for all complex

scalars «.

4. Triangle inequality:

lex + eaf| < lex ]| + [lez]] (A.47)



We will consider the norms of four different objects

(norms on four different vector spaces):

1. e 1s a constant vector.

2. e 18 a constant matrix.

3. e is a time dependent signal, e(t), which at each
fixed t is a constant scalar or vector.

4. eis a “system”, a transfer function G(s) or
impulse response ¢(t), which at each fixed s or ¢

is a constant scalar or matrix.

-16



A.5.1 Vector norms

General:

lall, = (3 JasP) /7 p>1

)

Vector 1-norm (or sum-norm)

A
lalls 2 ) lail

1

Vector 2-norm (Euclidean norm).

A
lalls 2 \/Z 0.2
7

a'a=al;

(A.48)

(A.49)

(A.50)

(A.51)



Vector co -norm (or max norm)

[allmax = llalloo £ max|ai]  (A52)
[allmax < llall2 < v/ [la]mas (A.53)
lall2 < flall < v/m llall> (A.54)

A a2

g
I
8

A

7N

Figure 96: Contours for the vector p-norm, |jafl, =1

for p=1,2,00



A.5.2 Matrix norms

Definition

A norm on a matrix ||A| is a matrix norm if, in
addition to the four norm properties in

Definition A.5, it also satisfies the multiplicative
property (also called the consistency condition):

IAB[[ < [|A[[- || B] (A.55)

Sum matrix norm.

| Allsum = lasj (A.56)

@]
Frobenius matrix norm (or Euclidean norm).

|Alr = /3 o = Vu(ATA) - (A5T)

Max element norm.

| Allmax = maxai;| (A.58)

)

Not a matrix norm as it does not satisfy (A.55).
However note that vim ||A||max S & matrix norm.



Induced matrix norms

Y

» A

Figure 97: Representation of (A.59)

z = Aw (A.59)
The induced norm is defined as
A
4[], 2 max 1Al (A.60)
£0 ||w||,

where ||w|, = (32, |w;|P)!/P denotes the vector

p-norm.

e We are looking for a direction of the vector w

such that the ratio ||z||,/||w||, is maximized.

e The induced norm gives the largest possible
“amplitying power” of the matrix. Equivalent
definition is:

1Allip = max [|Aw]|, = max [lAw|, (A.61)

[wllp<1 Jwllp=1
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| Alli1 = max; (>, |aijl)

“maximum column sum”

1Al ico = maxi(3_; |as;])

“maximum row sum’”

(A.62)

|Alli2 = 5(A) = /p(A" A)

“singular value or spectral norm”

Theorem 14 All induced norms ||A||;p, are matriz

norms and thus satisfy the multiplicative property

IABllip < [|Allip - [| Bl (A.63)

Figure 98:
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Implications of the multiplicative property

1. Choose B to be a vector, i.e B = w.
[Aw]| < [[A[ - [Jw]] (A.64)

The “matrix norm ||A|| is compatible with its

corresponding vector norm ||w||”.

2. From (A.64)

A
4] 2 max 12 (A.65)

w0 |w]]

For induced norms we have equality in (A.65)

|Al|r > & (A) follows since ||w||r = ||w]|2.

3. Choose both A = z¥ and B = w as vectors.

Then we derive the Cauchy-Schwarz inequality

27 w| < |22 - Jwll2 (A.66)
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A.5.3 The spectral radius p(A)

p(4) = max |\, (A)
Not a norm!

Example:

1 0 1 10
Ay = . Ay =
10 1 0 1

p(A1) =1, p(Az) =1
but

Theorem 15 For any matriz norm (and in

particular for any induced norm)

p(A) < [|A]

(A.67)

(A.68)

(A.69)

(A.70)

(A.71)

1-23



A.5.4 Some matrix norm relationships

5(4) < | Allr < Vmm(m) 5(4) (AT
|Allmax < 5(A) < VIm || Allmax (A.73)
5(4) < /AT [ Al (A.74)

— Al < 5(A) VI Al (ATH)

Jm

1 _
W”AHH <a(A) < vm ||Alla (A.76)

max{d (A), | Al r, [[Alli, [[Allicc} < |Allsum  (A.77)

e All these norms, except ||A||max, are matrix
norms and satisfy (A.55).

e The inequalities are tight.

e ||Allmax can be used as a simple estimate of (A).
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The Frobenius norm and the maximum singular
value (induced 2-norm) are invariant with respect to

unitary transformations.

U1 AUz || = [| Al (A.78)
ag(U1AUs) = a(A) (A.79)

Relationship between Frobenius norm and singular
values, 0;(A)

4l = \/Z 72 (4) (A.80)

Perron-Frobenius theorem

min | DAD ™l = min [ DAD1ac = p(|Al)
(A.81)

where D is a diagonal “scaling” matrix.

Here:

e |A| denotes the matrix A with all its elements
replaced by their magnitudes.

e o(|A|) = max; |A;(|A|)] is the Perron root
(Perron-Frobenius eigenvalue). Note:

p(A) < p(|A])
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A.5.5 Matrix and vector norms in MATLAB

c(A) = [[All:2
A1

[ A0

| Al F

| Al sum

| Al max

p(A)
p(|Al)
v(A) =a(A4)/a(A)

For vectors:

norm(A,2) or max(svd(A))
norm(A,1)

norm(A,’inf’)
norm(A,’fro’)

sum (sum(abs(A)))

max (max (abs(A)))

(which is not a matrix norm)

max (abs (eig(A)))
max (eig(abs(A)))
cond (A)

norm(a,1)
norm(a,?2)

norm(a,’inf’)

1-
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A.5.6 Signal norms

Contrary to spatial norms (vector and matrix
norms), choice of temporal norm makes big

difference for signals.

Example:

A e

Figure 99: Signals with entirely different 2-norms and

O-110T11S.

ler(®)lloe =1, [lex(t)]l2 = o0
le2(t)lloc = 00, [le2(t)]l2 = 1
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Compute norm in two steps:

1. “Sum up” the channels at a given time or

frequency using a vector norm.

2. “Sum up” in time or frequency using a temporal

NOorm.

A &

Figure 100: Signal 1-norm and oco-norm.

General:

0o 1/p
l, norm: |le(t)|, = </ Z ei(7)|l’d’r>

— 0



1-norm in time (integral absolute error (IAE), see
Figure 100):

el = [ Sleldr (a8

2-norm in time (quadratic norm, integral square

error (ISE), “energy” of signal):

Je(®)l = \/ [ Slewpa (ass)

oo-norm in time (peak value in time, see
Figure 100):

Je(8)lloc = max (macx e;(7))) (A.86)

Power-norm or RMS-norm (semi-norm since it

does not satisfy property 2)

le(®)[[pow = 1im %/_T;@Z-(T)Pdf (A.87)

T—>oo\

1-29



